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1. INTRODUCTION

By a simplicial complex A on the vertex set V = [n] = {1,2,...,n}, we mean

that A is a family of subsets of V' which satisfies the following conditions:
(i) {i} € Aforeveryi € V (ii) Fe A, G C Fimply G € A.

An element of A is called a face of A. The dimension of A, denoted by
dim A, is the maximum of the dimension dim F' = §(F) — 1, where F runs
through all faces of A and f(F’) denotes the cardinality of a set F'. A simplicial
complex A is called pure if all facets (maximal faces with respect to inclusion)

of A have the same dimension.
For a face F of A,

linka(F)={GeA : FUGEA FNG =10}
is called the link of F. For a subset W of V/,
Ay ={FeA : FCW}
is called the restriction to W of A.

Throughout this talk, let K be a field, and let S = K[X;,...,X,] be a
polynomial ring over K, unless otherwise specified. The ring S can be viewed as
a standard graded K-algebra (i.e., S = €, o is an N-graded ring with Sy = K,
S = K|[S;]) with the unique homogeneous maximal ideal m = (Xi,..., X,,).
For a simplicial complex A, the Stanley—Reisner ideal In and the Stanley-
Reisner ring K[A] are defined by

In = (Xz "'Xip 1< < "'<’ip§7”l, {’il,...,ip} ¢A)S,
K[A] = S/Ia.
Note that any squarefree monomial ideal I C S with indeg/ > 2 can be
written as [ = I for some simplicial complex A, and that K[A] is a graded

reduced K-algebra with dim K[A] = dim A + 1. See [BH, St] about simplicial
complexes and Stanley—Reisner rings.

Let R = S/I be an arbitrary standard graded K-algebra. The ring R is
said to be Buchsbaum (resp. to have (FLC)) if Ext%(S/m,R) — H:(R)) is

'In: The 29th symposium on Commutative Ring Theory; Nov.17-21, 2007; at Nagoya.
This report is a preliminary version. The final version will be published elsewhere.



surjective (resp. H{(R) has finite length) for every i < dim R. In particular,
any Buchsbaum ring has (FLC).

The Stanley—Reisner ring K[A] has (FLC) if and only if A is pure and
K[linka{i}] is Cohen-Macaulay for every i € V. When this is the case, K[A]
is Buchsbaum; see e.g., [St].

Let A be a simplicial complex, and let G(In) = {m4,...,m,} denote the
minimal set of monomial generators of In. Then one can easily check the
following fact.

Fact 1.1. Let In = (my,...,m,) be as above. Then I is a complete intersec-
tion (i.e., Ia is generated by a reqular sequence) if and only if ged(m;,m;) =1
for every i, j with i # j.

In general, if I C S is generated by a regular sequence, then S/I* is Cohen—
Macaulay for every integer £ > 1. When [ is generically a complete intersection
(i.e., Ip is a complete intersection for all minimal prime ideal P over I), the
converse is also true; see [CN]. Hence, for example, I is a complete intersec-
tion if and only if S/I4 is Cohen-Macaulay for every £ > 1.

In [GT], Goto and Takayama introduced the notion of generalized complete
intersection complexes and characterized those complexes: a simplicial com-
plex A is said to be a generalized complete intersection complex if A is pure
and K [linka{i}] is a complete intersection for any vertex i € V. The following
theorem gives a motivation of our study.

Theorem 1.2 (Goto-Takayama (see also [GT])). Let A be a simplicial complex
on'V = [n]|. Then the following conditions are equivalent:

(1) K[A] is a generalized complete intersection in the sense of [GT].
(2) S/I4 has (FLC) for every £ > 1.

Clearly, a complete intersection is a generalized complete intersection. In
[GT], they gave examples which are not complete intersections but generalized
complete intersection complexes. However, their complexes A are disconnected
or dim A = 1. So it is natural to ask the following question:

Question 1.3. Assume that a simplicial complex A is connected and dim A >
2. If A is a generalized complete intersection complex, then is it a complete
intersection?

The main aim of this talk is to give a complete answer to this question.
Before stating our result, let us define the following notion:

Definition 1.4. A simplicial complex K[A] (or A) is called a locally com-
plete intersection (resp. Gorenstein, Cohen-Macaulay) if K[A]p is a complete
intersection (resp. Gorenstein, Cohen—Macaulay) for every P € Proj K[A].

Note that K[A] is a locally complete intersection if and only if K[A]x,
is a complete intersection for every 1 < i < m. Moreover, since k[A]x, =
K[linka{i}][X;, X; '] we have:



Lemma 1.5. Let A be a simplicial complex on V' = [n]. Then the following
conditions are equivalent:

(1) K[A] is a locally complete intersection.
(2) K[A]x, is a complete intersection for everyi € V.
(3) K[linka{i}| is a complete intersection for everyi € V.

In particular, A is a generalized complete intersection if and only if A is pure
and a locally complete intersection.

Corollary 1.6. Let A be a simplicial complex on V. If K[A] is a complete
intersection (resp. Gorenstein, Cohen—Macaulay), then so is K[linka(F')] for
any face F' of A.

Proof. It immediately follows from the fact linkyy, g3 (F\ {7}) = linka (F') for
1e F. U

Example 1.7. Let A be a simplicial complex corresponding to 5-gon. That
iS, K[A] = K[Xl, XQ, Xg, X4, X5]/(X1X3, )(1)(47 X2X4, X2X5, X3X5). Then
K[A] is a locally complete intersection but not a complete intersection.

Indeed, K[linka{1}] = K[Xs, X5|/(X2X5) is a complete intersection. Simi-
larly, K[linka{i}] is also a complete intersection for other i € [5].

The following theorem is a main result in this talk; see also Section 2.

Theorem 1.8. Let A be a simplicial complez on V = [n| with dim A > 2.
Assume that A is a locally complete intersection. Then it is a disjoint union
of finitely many simplicial complezes whose Stanley—Reisner rings are complete
intersections.

In the case dim A = 1, we can also characterize locally complete intersection
complexes. See Section 3.

2. PROOF OF THE MAIN THEOREM

In this section, we will prove the main theorem. First of all, we remark the
following lemma.

Lemma 2.1. Assume that V. = Vi U Vs such that Vi N Vy = 0. Let A; be a
locally complete intersection complex on V; fori = 1,2. Then a disjoint union
A1 U A5 is also a locally complete intersection complex on V.

Proof. Put Vi = [m] and V5 = [n]. If we write

K[A] = K[Xy,...,Xn]/In, and K[As] = K[Y3,...,Y,]/1A,,
then

KAl = K[Xq, ..., X, Y1, ... Yol /(Uays Iny, {X0Y b i<icm, 1<j<n)-

Hence
are complete intersection rings. Thus A is also a locally complete intersection.
O



Remark 2.2. In the above lemma, we suppose that both A; and A, are general-
ized complete intersections. Then A;UA, is a generalized complete intersection
if and only if dim A; = dim As.

Example 2.3. Let A be the disjoint union of the standard (m — 1)-simplex
and the standard (n — 1)-simplex. Then A is a locally complete intersection
complex by Lemma 2.1. Moreover, K[A] is isomorphic to

and it is a generalized complete intersection if and only if m = n.
By virtue of Lemma 2.1, it suffices to show the following theorem.

Theorem 2.4. Let A be a simplicial complex on V' = [n]. Assume that A is
connected and dim A > 2. Then the following conditions are equivalent:

(1) K[A] is a complete intersection.
(2) K[A] is a locally complete intersection.
(2)" K[A] is a generalized complete intersection.

From now on, assume that A is a locally complete intersection, connected
complex which is not a complete intersection. Suppose that dim A > 1. Note
that A is pure since A is connected and locally complete intersection and
hence A satisfies Serre condition (S3). Let G(Ia) = {m,...,m,} denote the
minimal set of monomial generators of In. Then p > 2 and degm; > 2 for
every i = 1,2,...,pu, and that there exists i, 7 (1 < i < j < n) such that
ged(m;, m;) # 1.

In order to prove Theorem 2.4, it is enough to show that dimA = 1. In
what follows, X;, Y}, ... denote corresponding variables to vertices z;, yj, . . ..

Lemma 2.5. We may assume that degm; = degm; = 2.

Proof. Take m;, my (j # k) such that ged(m;,my) # 1. If degm; =
deg my = 2, then there is nothing to prove.

Now suppose that degmy > 3. By [GT, Lemmas 3.4, 3.5], we may assume
that degm; = 2 and ged(m;,mi) = X,. Write my, = X, X;, --- X, and
m; = X,X,. Then [GT, Lemma 3.6] implies that X; X, € G(Ia). Set m; =
Xy Xy, € In. Then degm; = degm; = 2 and ged(m;, m;) = X, # 1, as
required. 0

The following lemma is simple but important.

Lemma 2.6. Let x1,z9,y be distinct vertices such that X1Y, XoY € In. For
any z € V\ {x1,z2,y}, at lease one of monomials X117, XoZ and Y Z belongs
to [A-

Proof. Tt immediately follows from the fact that K[linka{z}] is a complete
intersection. u

Lemma 2.7. There exist some integers k, £ > 2 such that

(1) V=Azy,..., Tk Y1, -, Y}
(2) X1Vi, ..., XoYi € In.



(3) #{i : 1 <i<k, X;Y; ¢ Ia} <1 holds for each j =2,... L.

Proof. By Lemma 2.5, there exists vertices x1,z9,y; € V such that X;Y7,
XoY) € In. Thus one can write V' = {z1, ..., 2k, 41, ..., ye} such that

Xli/h X2}/17 LR Xk‘Yi € IA)
HYVQa )/1}/37 R Yin ¢ IA

If =1, then A = Ay} UA(,, . 4 is a disjoint union since {y1,x;} ¢ A for
all . This contradicts the connectedness of A. Hence ¢ > 2. Thus it is enough
to show (3) in this notation.

Now suppose that there exists an integer j with 2 < j < £ such that

i 1<i<k, X;Y; &1} >2.

When k = 2, we have X Y;, X,Y; ¢ In. On the other hand, as X;Y;, XoY; €
In and Y; # X, X5, Y:, we obtain that at least one of XY}, XyY;, Y1Y; belongs
to Ia. It is impossible. So we may assume that k£ > 3 and X;_1Y;, X;,Y; € Ia.
Then {x)_1}, {x} and {y;} belong to linka{y;}, and X;_1Y7, X, Y7 form part
of a minimal system of generators of Ik, {y,}- This contradicts the assumption
that K[linka{y;}] is a complete intersection. O

In what follows, we fix the notation as in Lemma 2.7. First, we suppose
that there exists ig with 1 < iy < k such that

i+ 1<i<€ XY ¢Ia} =1

In this case, we may assume that X;Y5 ¢ In and X Y € Ip forall 3 <j </
without loss of generality. Note that XoYs, ..., X Y5 € In by Lemma 2.7. We
claim that {x1,y2} is a facet of A. As X;Y5 € I for each i = 2,... k, we have
that {x1,y2, x;} ¢ A. Similarly, {z1,y2,y,;} ¢ A since X;Y; € Ia for j =1 or
3 < j < (. Hence {x1,ys} is a facet of A, and dim A = 1 because A is pure.

By the observation as above, we may assume that for every ¢ with 1 <14 <k,
i 1 1<) <0 XY ¢ In}>2

or X;Y; € Ip holds for all j =1,... 7.

Now suppose that there exists ji, jo with 1 < j; < jo < £ such that XY},
XY, ¢ In. Then X,Y;,, X,Y;, € I5 for all r # i by Lemma 2.7. It follows
that X, X; € Ia from Lemma 2.6. Then we can relabel z; (say ys41). Repeating

this procedure, we can get one of the following cases:

Case 1: V ={xy,...,2,,y1,...,ys} such that X;Y; € Ia for all i, j with
1<i<r, 1 <5< s.

Case 2: V = {x1,%9, Y1, -+, Ym, 21, - - - Zp, W1, . . ., W4} such that
XYyeln, XoYVj€ln (j=1,...,m)
X1Zj¢[A, XQZJE]A (j: ,...,p)
X1W]E]A, XQWJ¢[A (j:l”q)

holds for some m > 1, p,q > 2.



If Case 1 occurs, then A = Ay, 20 U Ay, .4y s a disjoint union. This
contradicts the assumption. Thus Case 2 must occur. If {zy,z5} € A, then
it is a facet and so dimA = 1. Hence we may assume that {z;, 22} ¢ A.
However, since A is connected, there exists a path between z; and 5.

Cases (2-a): the case where {z1,w;} € A for some k with 1 <k <gq.

We may assume that {z;,w;} € A. Now suppose that dim A > 2. Then
since {21, w, } is not a facet, there exists u € V' \{z1, x5} such that {z1,w;,u} €
A Tfu=2(2<75<p)(resp. u=y; (1 <i<m)), then G(Linkafuw;}) contains
XoZy and XyZ; (resp. XoY;); see figure below. It is impossible since linka{w; }
is a complete intersection. When u = wy, we can obtain a contradiction by a
similar argument as above. Therefore dim A = 1.

21 wq

Zj

Figure: the case {21, 2;, w1} € A in Case (2-a)

Cases (2-b): the case where {z;, w;} ¢ A for all j, k.

Then we may assume that (i) {z1,y1} € A and (ii) {y1, 92} € Aor {y;,w;} €
A. Now suppose that dim A > 2. Then since {z1,y;} is not a facet, we have

{z1,y1,ui} € A, {z1,y1,wx} € Aor {zlaylazj} € A.

When {z1,91,4:} € A, we obtain that {X,Y1, X1V} € G(Linkagz,y). This is
a contradiction. When {z1,y;,wr} € A, we can obtain a contradiction by
a similar argument as in Case (2-a). Thus it is enough to consider the case
{z1,11, 2} € A.

First we suppose that {y;,y2} € A.
21 Y1 Y2

°
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Figure: the case {z1,v1,2;},{y1,y2} € A in Case (2-b)

Then linka{y;} contains an egde {z1,z2;} and {y»}. Since linka{y;} is also
connected, we can find vertices z,, ys such that {z,,ys} € linka{y:}. In
particular, {z,,ys, y1} € A. This yields a contradiction because XY, XY is
contained in G(Linka{za})-

Next suppose that {y;,w;} € A.



21 Y1 w1
1 <V .\.xz
<j
Figure: the case {z1,v1, 2}, {y1, w1} € A in Case (2-b)

Then linka{y;} contains an egde {z, z;} and {wy}. Since linka{y;} is also
connected, we can also find vertices z,, ys such that {z,,ys} € linka{y:}
(notice that {z;, w;} ¢ A). Hence we have dim A = 1. We complete the proof
of Theorem 2.4.

Let A be a simplicial complex with dim A > 2. The Stanley—Reisner ring
K[A] satisfies the Serre condition (Sz), that is, depth K[A]p > min{2, height P},
if and only if A is pure and linka(F') is connected for every face F' with
dim linka (F') > 1.

Corollary 2.8. Let A be a simplicial complex with dim A > 2. Assume that
K[A] satisfies (S2). Then the following conditions are equivalent:

(1) K[A] is a complete intersection.

(2) For any face F with dimlinka F' = 1, linka F' is a complete intersec-
tion.

(3) There exists W C V' such that dim Ay < dim A — 3 which satisfies
the following condition:

“linka{x} is a complete intersection for all x € W.”
Proof. Note that A is pure. Put d = dim A + 1.
(1) = (3) : It is enough to put W = V.

(3) = (2) : Let W be a subset of V satisfying the condition (3). Let F' be
a face with dim linka (F') = 1. Since A is pure, §(F) = d — 1 —dim linka (F) =
d—2. As dimAy\w < d —4, F is not contained in V' \ W. Thus there exists
i € F such that ¢ € W. Then since linka{i} is a complete intersection by the
assumption, linka (F') is also a complete intersection, as required.

(2) = (1) : We use an induction on d > 3. First suppose that d = 3. Then
for each i € V, we have that dimlinka{i} = 1. Hence linka{i} is a complete
intersection by the assumption (3). Hence by Theorem 2.4, K[A] is a complete
intersection.

Next suppose that d > 4. Let i € V. Since K[A] satisfies (Ss), we have that
I’ = linka{i} is connected and dimT' = (d — 1) — 1 = d — 2 > 2. Moreover, for
any face G in I" with dim linkp(G) = 1, linkp(G) = linka (GU{4}) is a complete
intersection by assumption. Hence, by the induction hypothesis, K[linka{i}] is
a complete intersection. Therefore K[A] is a complete intersection by Theorem
2.4 again. U

Combining Theorem 2.4 with Cowsik—Nori’s theorem and Goto-Takayama’s
theorem, we get:



Corollary 2.9. Let A be a simplicial complex with dim A > 2. Assume that
A is pure and connected. Then the following conditions are equivalent:

(1) S/I is Cohen—Macaulay for every ¢ > 1.
(2) S/IY is Buchsbaum for every £ > 1.
(3) S/IL has (FLC) for every £ > 1.

If S/1I is (FLC) (resp. Cohen—Macaulay) for some positive integer ¢, then
S/Ia is Buchsbaum (resp. Cohen—Macaulay). In particular, A is pure. See
[HTT, Theorem 2.6].

If A'is not connected, then (2) and (3) are not necessarily equivalent. See
below.

Example 2.10. Let n > 2 be a positive integer. Let

IT=1In=(21,...;2) (Y1, yn) €S = K[z1,.. ., Toy Y1, -+, Yn-

Then A is the disjoint union of the standard (n — 1)-simplices. Moreover, S/I*
has (FLC) for every £ > 1 by Theorem 1.2. And one can see that S/I* is not
Buchsbaum for every ¢ > 2.

3. THE CASE dimA =1

Proposition 3.1. Let A be a connected simplicial complexr of dimA = 1.
Then the following conditions are equivalent:

(1) K[A] is a locally complete intersection.
(2) K[A] is a locally Gorenstein.
(3) A is either one of the following complexes:
(a) n-gon for some n > 3;
(b) n-pointed path for some n > 2.

Proof. Suppose that dimlinka{i} = 0. Then linka{i} consists of finite points.
Hence if it is Gorenstein, then it is either one point or two points. Such a link
is also a complete intersection. O

In the case dimA = 1, (1) and (3) in Corollary 2.9 is not equivalent in
general. But we get the following result.

Proposition 3.2. Let A be a simplicial complex with dimA = 1. Assume
that A is pure and connected. Then the following conditions are equivalent:

(1) S/IL is Cohen—Macaulay for every £ > 1.
(2) S/IX is Buchsbaum for every £ > 1.
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