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Taking the Liouville theorem as a guiding principle, we propose a possible generalization of classical
Hamiltonian dynamics to a three-dimensional phase space. The equation of motion involves two
Hamiltonians and three canonical variables. The fact that the Euler equations for a rotator can be cast
into this form suggests the potential usefulness of the formalism. In this article we study its general
properties and the problem of quantization.

I. INTRODUCTION

A notable feature of the Hamiltonian description
of classical dynamics is the Liouville theorem,
which states that the volume of phase space occu-
pied by an ensemble of systems is conserved. The
theorem plays, among other things, a fundamental
role in statistical mechanics. On the other hand,
Hamiltonian dynamics is not the only formalism
that makes a statistical mechanics possible. Any
set of equations which lead to a Liouville theorem
in a suitably defined phase space will do (provided
of course that ergodicity may be assumed). With
this in mind, let us consider the following scheme.
Let (x, y, z)=-r be a triplet of dynamical variables

(canonical triplet) which span a three-dimensional
phase space. This is a formal generalization of
the conventional phase space spanned by a canoni-
cal pair (p, q). Next introduce two functions, H and
G, of (x, y, z), which serve as a pair of "Hamilto-
nians" to determine the motion of points in phase
space. More precisely, we postulate the following
"Hamilton eq,atiOns"":

dx a(H, G)
dt a(y, z) '

dy a(H, G)
dt a(z, x} '

[F,H, G]. Obviously a PB is antisymmetric under
interchange of any pair of its components. As a
result we haveH=I' =0, i.e., bothH and G are
constants of motion. The orbit of a system in
phase space is thus determined as the intersection
of two surfaces, H =const. and G =const.
Equation (1}or (1'}also shows that the velocity

field dr/dt is divergenceless,
V (VH x VG) =- 0,

and this amounts to a Liouville theorem in our
phase space.
The above properties immediately tempt us to

construct a statistical mechanics where a canoni-
cal ensemble is characterized by a generalized
Boltzmann distribution in phase space with a
weight factor

e -8H-yC
Two temperaturelike intensive parameters are
thus required to specify the ensemble, much as
in a grand canonical ensemble.
It is obvious that this kind of generalization can

be extended to a phase space of any dimensionality,
n. We would introduce an n-component vector x&
and n —1 Hamiltonians H„and postulate in lieu of
Eqs. (1) and (2)

dz a(H, G)
dt a(x, y)

or in a vector notation
dr—=VHxVQ.dt

For any function F(x, y, z), then, we have

dF a(F,H, G)
dt a(x, y, z}

=VF ~ (VHx VG}. (2)
We may call the right-hand side of (2) a general-
ized Poisson bracket (PB), to be denoted by

dF a(F,H„H„.. . ,H„,)

where c&»..., is the Levi-Civita tensor.
From the standpoint of physics, however, we

must first examine the relevance and applicability
of such generalizations. Are there real physical
systems which may be described in this way'P Or
else can one think of these generalizations as a
possible direction in which classical and quantum
mechanics might develop?
In this paper we will limit ourselves to the

three-dimensional case only. Then the first ques-
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Nambu’s attempt of quantization  
was unfortunately not successful. 

“One is repeatedly led to discover that the quantized version is 
essentially equivalent to the ordinary quantum theory. This may 
be an indication that quantum theory is pretty much unique, 
although its classical analog may not be.”

at Komaba,  
in 1991



Nambu’s Original motivation:  
an extension of  
Liouville theorem

Hamiltonian dynamics :  
   area-preserving flow in phase space 

1 Extension of ALMY proposal for “quantizing” Nambu bracket

1.1 Classical triple commutator and 3D area-preserving diffeomorphisms

Nambu’s idea is to extend the usual Hamiltonian dynamics

dX

dt
= {H,X} (1)

{F,G} =
∂F

∂ξ2

∂G

∂ξ1
− ∂G

∂ξ1

∂F

∂ξ2
(2)

in phase space (ξ1, ξ2) = (q, p) of canonical variables to arbitrary dimensional extended

phase space, especially to odd dimensions. The volume preservation

∂iDi(H) = 0 (3)

becomes manifest by expressing the Hamilton equation as

dX

dt
= Di(H)∂iX, Di(H) ≡ ϵij∂jH ∂i =

∂

∂ξi
(4)

Let us first start by recapitulating the original Nambu bracket on the basis of my old

note. Consider 3D space {ξi}, which is supposed to be the coordinate parameters for a

single classical membrane. Area (volume) preserving diffeomorphism (APD) is given by

ξi → yi(ξ) (5)

such that

{y1, y2, y3} = 1 (6)

where

{A,B,C} ≡ ϵijk∂iA∂jB∂kC (7)

is the Nambu-Poisson (NP) bracket (triple bracket), which satisfies

1. Skew symmetry

{A1, A2, A3} = (−1)ϵ(p){Ap(1), Ap(2), Ap(3)} (8)

where p(i) is the permutation of indices and ϵ(p) is the parity of the permutation.

2. Derivation

{A1A2, A3, A4} = A1{A2, A3, A4} + {A1, A3, A4}A2 (9)
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  volume-preserving flow in an extended phase space
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1. Introduction

In 1973, Nambu1) proposed the following system of equations of motion for the flows of a

point (ξ1, ξ2, ξ3) in a three-dimensional phase space R3:

dξi

dt
= {H,G, ξi} ≡ X i, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbitrary

triplet of three functions (K,L,M) on the phase space in terms of three-dimensional

Jacobian,b

{K,L,M} =
∂(K,L,M)

∂(ξ1, ξ2, ξ3)
= ϵijk∂iK∂jL∂kM. (1.2)

Therefore the vector field X i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X i = ϵijk∂jH∂kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ξi satisfy a “canonical” Nambu bracket

relation,

{ξi, ξj, ξk} = ϵijk. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dqi

dt
=

∂H

∂pi
= {H, qi}, (1.5)

dpi
dt

= −∂H

∂qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions; we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = δji .

Once this generalization is given, it is obvious that similar systems in the phase spaces

of arbitrary dimensions n+1, irrespectively of odd or even dimensions, can be constructed

by replacing 3-dimensional Jacobian in (1.1) by a general (n + 1)-dimensional Jacobian

with n Hamiltonians. Let us call this general case the Nambu mechanics of order n.
bWe assume the usual summation convention for coordinate indices in phase space.
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between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm

$1/2#10Watts

I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i

dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)

ξi = ξi(t;Q1, P, E)

A =
)

2αβ(E −G/β), k2 =

*
G(β − α)

αβ(E −G/β)

∂S

∂E
= 0

u = A(t− t0), ξ3 = −
)

2(E −G/β) dnu

dX

dt
= {H,G,X} = Di(H,G)∂iX, Di(H,G) = ϵijk∂jH∂kG, ∂iD

i(H,G) = 0
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“N”-gauge symmetry:  

Since the r.h.side is a known (algebraic) function of ξ1, ξ2, ξ3(ξ1, ξ2, t) and ∂iξ3(ξ1, ξ2, t),

this is the desired EE equation. We have completed step I.

There is now a natural way to step II. The form (3.4) exhibited in the last equality

suggests itself to represent, without losing generality, the field ξ3 as the vorticity of a

two-component vector field (S1, S2) as

ξ3 ≡ ϵ3ij∂iSj = ∂1S2 − ∂2S1. (3.5)

Then, Eq. (3.4) can be expressed as (paired) partial differential equations for Si, being

supplemented with an arbitrary scalar field S0 that does not contribute to the vorticity

of ∂tSi on the l.h. side of Eq. (3.4):

∂tSi = H̄∂iḠ+ ∂iS0 (3.6)

H̄ = H(ξ1, ξ2,∂1S2 − ∂1S2), Ḡ = G(ξ1, ξ2, ∂1S2 − ∂1S2). (3.7)

We call this system of equations “generalized HJ equations” in the (1/2)-formalism.

The emergence of S0 can be understood from a gauge symmetry of the Nambu equa-

tions of motion, which was stressed by Nambu himself, but has often been discarded

by later workers. The system of the equations (1.1) is invariant under transformations

(H,G) → (H ′, G′) of the two Hamilton functions such that

HδG−H ′δG′ = δΛ, (3.8)

where a generating function Λ is an arbitrary function of G and G′, satisfying

∂Λ

∂G
= H,

∂Λ

∂G′ = −H ′. (3.9)

This property ensures that ∂(H′,G′)
∂(H,G) = 1 or equivalently, in terms of the partial derivatives

with respect to ξi,

∂iH∂jG− ∂jH∂iG = ∂iH
′∂jG

′ − ∂jH
′∂iG

′, (3.10)

and consequently the r.h.sides of (1.1) are invariant under (H,G) → (H ′, G′). Now, if the

pair (H,G) is replaced by (H ′, G′), the r.h.side of (3.6) is equal to

H̄ ′∂iḠ
′ + ∂iS0 = H̄∂iḠ− ∂iΛ+ ∂iS0.
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H̄ = H(ξ1, ξ2,∂1S2 − ∂1S2), Ḡ = G(ξ1, ξ2, ∂1S2 − ∂1S2). (3.7)

We call this system of equations “generalized HJ equations” in the (1/2)-formalism.

The emergence of S0 can be understood from a gauge symmetry of the Nambu equa-

tions of motion, which was stressed by Nambu himself, but has often been discarded

by later workers. The system of the equations (1.1) is invariant under transformations

(H,G) → (H ′, G′) of the two Hamilton functions such that

HδG−H ′δG′ = δΛ, (3.8)

where a generating function Λ is an arbitrary function of G and G′, satisfying

∂Λ

∂G
= H,

∂Λ

∂G′ = −H ′. (3.9)

This property ensures that ∂(H′,G′)
∂(H,G) = 1 or equivalently, in terms of the partial derivatives

with respect to ξi,

∂iH∂jG− ∂jH∂iG = ∂iH
′∂jG

′ − ∂jH
′∂iG

′, (3.10)

and consequently the r.h.sides of (1.1) are invariant under (H,G) → (H ′, G′). Now, if the

pair (H,G) is replaced by (H ′, G′), the r.h.side of (3.6) is equal to

H̄ ′∂iḠ
′ + ∂iS0 = H̄∂iḠ− ∂iΛ+ ∂iS0.
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between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by
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Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i

dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)

ξi = ξi(t;Q1, P, E)

A =
)
2αβ(E −G/β), k2 =

*
G(β − α)

αβ(E −G/β)

∂S

∂E
= 0

u = A(t− t0), ξ3 = −
)
2(E −G/β) dnu

dX

dt
= {H,G,X} = Di(H,G)∂iX, Di(H,G) ≡ ϵijk∂jH∂kG, ∂iD

i(H,G) = 0, ∂iD
i(H) = 0

Λ = Λ(G,G′)
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Remark: There is a “gauge freedom” with respect to the choice of Hamiltonians as 
emphasized by Nambu himself.

When these results are put together, we find that the terms proportional to ∂iξ3 (i = 1, 2)
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tions of motion, which was stressed by Nambu himself, but has often been discarded

by later workers. The system of the equations (1.1) is invariant under transformations
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where a generating function Λ is an arbitrary function of G and G′, satisfying
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Note also that Nambu equations of motion is equivalent to the choice of vector potential  
for      in the so-called Clebsch representation (also mentioned by Nambu): 

!
r2 + z20 x1 x2 x3 x4 x− x1, x− x2, x− x3 e1 e2 e3

←− Time ←− Space −→
Poincaré-Cartan

An =

"
dnξ

#
pµ1µ2···µn{xµ1 , xµ2 , . . . , xµn}+ e

2
(pµ1µ2···µnp

µ1µ2···µn + 1)
$

dω(n) = pµ1µ2···µndx
µ1 ∧ dxµ2 ∧ · · · ∧ dxµn

Di =
1

2
ϵijkFjk Fjk = ∂jAk − ∂kAj Ak = H∂kG+ ∂kψ or −G∂kH + ∂kψ

H∂kG →
%

a

Ha∂kGa

e = 1

x→ e−τ

" 1

0

dxx−α
′s−α0+N−1 →

" ∞

0

dτ e−(α0s+α0−N)τ =
1

α(s)−N
, α(s) = α′s+ α0
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This suggests a more general form                                          (no conserved Hamiltonian) 
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1. skew symmetry

1 Extension of ALMY proposal for “quantizing” Nambu bracket

1.1 Classical triple commutator and 3D area-preserving diffeomorphisms

Nambu’s idea is to extend the usual Hamiltonian dynamics

dX

dt
= {H,X} (1)

{F,G} =
∂F

∂ξ2

∂G

∂ξ1
− ∂G

∂ξ1

∂F

∂ξ2
(2)

in phase space (ξ1, ξ2) = (q, p) of canonical variables to arbitrary dimensional extended

phase space, especially to odd dimensions. The volume preservation

∂iDi(H) = 0 (3)

becomes manifest by expressing the Hamilton equation as

dX

dt
= Di(H)∂iX, Di(H) ≡ ϵij ∂H

∂ξj
(4)

Let us first start by recapitulating the original Nambu bracket on the basis of my old

note. Consider 3D space

(ξ1, ξ2, ξ3)

, which is supposed to be the coordinate parameters for a single classical membrane. Area

(volume) preserving diffeomorphism (APD) is given by

ξi → yi(ξ) (5)

such that

{y1, y2, y3} = 1 (6)

where

{A,B,C} ≡ ϵijk∂iA∂jB∂kC (7)

is the Nambu-Poisson (NP) bracket (triple bracket), which satisfies

1. Skew symmetry

{A1, A2, A3} = (−1)ϵ(p){Ap(1), Ap(2), Ap(3)} (8)

where p(i) is the permutation of indices and ϵ(p) is the parity of the permutation.

2

2. Leipniz rule2. Derivation

{A1A2, A3, A4} = A1{A2, A3, A4} + {A1, A3, A4}A2 (9)

3. Fundamental identity (FI-1)

{{A1, A2, A3}, A4, A5} + {A3, {A1, A2, A4}, A5}

+{A3, A4, {A1, A2, A5}} = {A1, A2, {A3, A4, A5}} (10)

The 3D APD involves 2 independent functions. Let them be f and g. The infinitesimal

3D APD generator is then given as

D(F,G) ≡ ϵijk∂jF∂kG ∂i (11)

≡ Di(F,G) ∂i (12)

The area-preserving property is nothing but the identity

∂iD
i(F,G) = ∂k(ϵ

ijk∂iF∂jG) = 0 (13)

Now for an arbitrary scalar function X(ξi), the 3D APD acts as

D(F,G)X = {F,G,X} = Di(F,G)∂iX (14)

Apart from the issue of global definition of the functions f, g, we can represent an arbitrary

infinitesimal area-preserving diffeomorphism in this form.

On the other hand, if the base 3D space {ξi} of the membrane is mapped on the world

volume embedded into a target space of dimension d whose coordinates are Xα (α =

1, 2, . . . , d), the induced infinitesimal area (volume) element is

dV ≡
!
{Xα, Xβ, Xγ}2dξ1dξ2dξ3 (15)

assuming for simplicity that the target space is a flat Euclidean space. This is of course

invariant under general 3D diffeomorphisms.

The triple product {Xα, Xβ, Xγ} is “invariant” under the APD. Or more precisely, it

transforms as a scalar. Namely,

{Y α, Y β, Y γ}− {Xα, Xβ, Xγ} = ϵD(F,G){Xα, Xβ, Xγ} + O(ϵ2) (16)
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Takhtajan, and others, ~1993

The FI is the most crucial consistency condition for interpreting the 
Nambu equations of motion as  

     infinitesimal canonical transformations,  

though Nambu himself was unaware of this fact at the time of his proposal. 

Basic properties of  
Nambu bracket:



Why Nambu mechanics and its quantization ?

❖interesting by itself:  adds flexibility to our thinking, with respect to                               
the methodology of dynamical descriptions of any physical and  

  mathematical phenomena.

❖possible relevance to (covariant) formulations of Matrix theories, 
M-theory membranes, and string/M theory, in general.

❖a challenge:  quantization seems to be as (more) difficult as (than) 
the direct quantization of general relativity has been.  

                                                                     Why is it so difficult?

←− Time ←− Space −→

x→ e−τ

! 1

0

dxx−α
′s−α0+N−1 →

! ∞

0

dτ e−(α0s+α0−N)τ =
1

α(s)−N
, α(s) = α′s+ α0
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!  quantum gravity  !
In my opinion, there is no completely satisfactory  

quantum Nambu mechanics to this day. 



Nambu-type symmetry and Nambu bracket naturally appear in classical 
theory of relativistic membrane: 

Classical world-volume action  (Dirac, 1962) can be rewritten by introducing an auxiliary variable e.

Lorentz invariant in 11 dimensional sense, giving the invariant effective mass square. It
seems reasonable also in the former spatial compactification scheme to suppose this, if both
would give results which are equivalent to each other in the large N limit. Motivated by
this problem, we studied in ref. [8] the quantization (or more precisely discretization) of the
Nambu bracket [9]. Indeed, the Nambu (-Poisson) bracket naturally appears in covariant
treatments of classical membranes. For instance, the bosonic action of a membrane can be
expressed in the form

Amem = − 1
ℓ3
11

!
d3ξ

"1
e
{Xµ, Xν , Xσ}N{Xµ, Xν , Xσ}N − e

#
, (1.3)

{Xµ, Xν , Xσ}N ≡
$

a,b,c

∂aX
µ∂bX

ν∂cX
σ, (1.4)

giving the Dirac-Nambu-Goto form when the auxiliary variable e is eliminated. Note that
ξa (a = 1, 2, 0) parametrize the 3 dimensional world volume of a membrane, and space-time
indices µ, ν, . . . run over 11 directions of the target space-time. This is analogous to the
treatments of strings where Poisson bracket plays a similar role [10].

In ref. [8] we proposed two possibilities of quantization, one of which was to use the
ordinary square matrices and their commutators, and the other was more radically to
introduce new objects, cubic matrices, with 3 indices. A natural idea was to regularize
the above action (1.3) directly by replacing the NP bracket by a discretized version and
the integral over the world volume by an appropriate “Trace” operation in the algebra of
quantized coordinates corresponding to classical coordinates Xµ(ξ). The usual light-front
action should appear as a result of an appropriate gauge fixing of a higher gauge sym-
metry which generalizes its continuous counter part, the area-preserving diffeomorphism
transformations formulated a la Nambu’s mechanics2

δXµ = {F,G,Xµ}N, (1.5)

with (F (ξ), G(ξ)) being two independent local gauge parameter-functions. However, at
that time, we could not accomplish our program. One of the stumbling blocks was our
tacit demand that the light-front time coordinate should also emerge automatically in the
process of gauge fixing.

In the present work, we reconsider the program of covariantization of M(atrix) the-
ory.3 With regards to the difficulty of the emergence of time parameter, we reset our
goal at a lower level. Namely, we introduce from beginning a single invariant (proper)
time parameter τ together with an “ein-bein” auxiliary variable e(τ), which transforms
as dτe(τ) = dτ ′e′(τ ′) under an arbitrary re-parametrization τ → τ ′ and generates the
mass-shell condition for the center-of-mass variables with effective mass square operator.

2We use Nambu’s transformations solely as a convenient notational tool to motivate higher gauge sym-

metry. Therefore, our canonical formalism developed in the next section follows the standard one and has

nothing to do with Nambu’s original intention of extending canonical structure itself.
3For examples of other attempts of applying Nambu brackets towards covariant formulation of Matrix

theory, see e.g. [11] and references therein.
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If we replace the Nambu bracket by an appropriate discretized version  
(or quantized version), we would obtain regularized (super) membrane theory, 
which could be manifestly covariant and would hopefully be a covariantized 
version of so-called M(atrix) theory!

This was how I first became aware of Nambu’s work around 1997.   
Similar idea for a regularization of relativistic string had been briefly discussed by Nambu  
far back in 1976. 



From a more general viewpoint, we can possibly consider two  
basic approaches to the quantization of Nambu mechanics.

1.   Matrix-type Mechanics

Nambu himself studied only this direction.  

However, he had not taken FI into account, unfortunately.  
For example, such a dynamics cannot be laid properly into the framework of  
canonical transformations for the interpretation of Nambu equation of motion.  
(The triple canonical structure would not be preserved by the time evolution. )  
Actually, this seems to be one of the reasons why he met with little success  
in his attempt at quantization.

For more details, see, e.g. my lecture note (especially, part II),  
T.Y. arXiv 1612:08513,  published in “Non-Commutative Geometry and Physics 4”  
(eds.Y. Maeda et al., World Scientific, 2017) ;  
also a general account in JPS Bulletin, Butsuri  72, 231(2017).



One among early attempts of matrix-type quantization, FI being taken into account,   
was our work in 1999, Awata, Li, Minic, T.Y. (hep-th/9906248,  JHEP 02(2001)013). 

More recently, I have slightly extended this method in the case of square matrices,  
and applied it to construct a possible covariantized version of the M(atrix) theory. 

From the viewpoint of relativistically covariant formulation of many-body systems in the
configuration-space picture as opposed to the usual second-quantized-field theory picture,
we usually expect that the proper time-parameter should be associated independently with
each particle degree of freedom, since we have to impose mass-shell conditions separately
to each particle.4 This is possible in the usual relativistic quantum mechanics where we
can separately treat particle degrees of freedom and field degrees of freedom which mediate
interactions among particles, especially using Dirac’s interaction representation. However,
in the matrix models such as super Yang-Mills quantum mechanics, such a separation is
not feasible, since the SU(N) gauge symmetry associated with matrices requires us to treat
the coordinate degrees and interaction degrees of freedom embedded together in each ma-
trix as a single entity. In fact, in either case of M-theory compactifications of the super
Yang-Mills quantum mechanics, there is no trace of mass-shell conditions set independently
for each constituent parton. We extend a higher gauge symmetry exhibited in our version
of quantized Nambu bracket, and show that it provides a novel mechanism for formulating
many-body systems covariantly in a configuration space formulation, replacing methods
with many independent proper times and characterizing the peculiar general-relativisitic
nature of D-particles as the partons of M-theory.

In section 2, we first reformulate our old proposal for a discretized Nambu bracket, and
introduce a covariant canonical formalism to develop higher gauge transformations which
are crucially important to the present work. In section 3, we present the bosonic part of
our action. We discuss various symmetry properties of the action and their implications.
In particular, it will be demonstrated that our theory reduces to the usual formulation of
Matrix theory in a light-front gauge. In section 4, we extend our theory to a supersymmetric
theory, with some details being relegated to Appendix. In section 5, we conclude by
mentioning various future possibilities and confronting problems.

2. Canonical formalism of higher gauge symmetries

In the present and next sections, for the purpose of explaining the basic ideas and for-
malisms in a simple setting without complications of fermionic degrees of freedom, we
restrict ourselves to bosonic variables. Extension to including fermionic variables in a
supersymmetric fashion will be discussed later.

We start first from briefly recapitulating our old proposal for a quantized version of
the NP bracket in the matrix form in the first part (1) and then in sequels, part (2) and
part (3), we will extend our discussions further in the framework of a first-order canonical
formalism.

2.1 Coordinate-type variables

We denote N×N hermitian matrix variables using slanted boldface symbol, like X, Y , Z, · · · ,
and introduce non-matrix variables associated with them and denoted by a special subscript

4For instance, we can recall the old many-time formalism of Dirac-Fock-Podolsky [12]. It should also

be remembered that the usual Feynman-diagram method is a version of covariant many-body theories

in configuration space. The Feynman parameters or Schwinger parameters play the role of proper times

introduced for each world line separately.
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 “M”-variables 
(auxiliary but dynamical)
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calculation, it is easy to confirm that the FI is valid:

[A,B, [C,D,E]] = [[A, B,C], D,E] + [C, [A, B,D], E] + [C,D, [A,B,E]].

A crux of such a calculation is that the terms involving the commutator
[A,B] cancel among themselves on the r.h.side, to be consistent with the
l.h.side with [C,D,E]M ≡ 0. The remaining terms are arranged into the
form coinciding with the l.h.side using the ordinary Jacobi identities for
matrix commutators.

Now, the dynamical variables and also the parameters of higher trans-
formations are in general a set of matrices and associated auxiliary variables
which are denoted by A = (AM ,A), . . . , etc. Thus we denote the space-
time coordinate variables by Xµ(τ) = (Xµ

M(τ), Xµ(τ)). We introduced an
(Lorentz) invariant (proper) time parameter τ . The roles of τ and of the
auxiliary variables Xµ

M(τ) will be discussed later.
The higher transformations are defined to be

δXµ = i[F,G,Xµ]

with two “parameters”, F = (FM, F ) and G = (GM,G) of local transforma-
tions, both of which are arbitrary functions of time. Therefore the auxiliary
variable of these spacetime coordinate variables are invariant under higher
transformations by definition,

δXµ
M = 0,

while their matrix part is transformed as

δXµ = i[FMG − GMF , Xµ] + i[F , G]Xµ
M.

The first term takes the form of usual SU(N) (infinitesimal) unitary trans-
formation with the hermitian matrix FMG − GMF . The second term rep-
resents a shift of the matrix. Due to this term, we can shift using the
traceless matrix i[F , G] which is almost (but not completely) independent
of the first term. As in the case of the Nambu equations of motion, we can
treat this shift as being completely independent of the first term by a slight
generalization. Namely, in analogy with (23), we generalize the transfor-
mation by introducing an arbitrary number of pairs (F (r), G(r)) instead of
a single pair (F,G) to

δHLXµ = δHXµ + δLXµ = (0, i[H, Xµ]) + (0,LXµ
M) (32)

T.Y., JHEP06(2016)058 [arXiv: 1603.06402]

In this work, we have proposed various different possibilities of realizing FI in terms 
of square matrices and cubic (or higher) matrices. 

f !ab
c = −fa !b

c = fab !

c = fab
c (71)

fabc

! = 0, fabc
d = 0 (72)

Indeed, putting

F = F !T

! + FaT
a, G = G !T

! + GaT
a, etc. , (73)

we obtain the following expression which is equivalent with the ALMY bracket.

[F,G,H] = F !GaHbf

!ab
cT

c + G !FaHbf
a "b

cT
c + H !FaGbf

ab !

cT
c (74)

= F ![G, H ] + G ![H , F ] + H ![F ,G] (75)

where and in what follows matrix components are in general denoted by boldface symbols

A = A !T

! + A, A ≡ AaT
a (76)

Here, it is to be noted that the component A ! needs not be identified with Tr(A).

———

A◦ A• A " A! A" A !

A ! A "

——–

We now take the matrices X,Y , ... together with auxiliary partners X !, Y !, ... as dy-

namical variables.

X = (X !, X), Y = (Y !,Y ), . . .

[X,Y, Z] ≡ (0, X ![Y ,Z] + Y ![Z,X] + Z ![X, Y ])

[X,Y, Z] = −[Y,X,Z] = −[X,Z, Y ] = −[Z, Y,X]

[F,G, [X,Y, Z]] = [[F,G,X], Y, Z] + [X, [F,G, Y ], Z] + [X,Y, [F,G,Z]]

< [F,G,U ], V > + < U, [F,G, V ] >= 0

< U, V >≡ Tr(UV )

for any pair U = (0,U), V = (0,V ) and

< U, V >= Tr(U , V )

11

total skew symmetry⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄
For any pair (A,B) with A ! = 0 = B !, Tr(A) = 0 = Tr(B), we can define invariant

bilinear product

⟨A,B⟩ = Tr(AB) (77)

The reason for this is simply that the 3-bracket gauge transformation reduces to the usual

2-bracket ( namely, commtator) gauge transformation

[F,G,A] = [F !G − G !F , A] (78)

By choosing A = B = [C,D,E], the bilinear internal product of arbitrary pair of 3-bracket

is invariant.

⟨[C,D,E], [C,D,E]⟩ = Tr
!
(C ![D, E] + D ![E, C] + E ![C, D])2

"

= Tr
!
C2

! [D, E]2 + D2

! [E,C]2 + E2

! [C,D]2

+ 2[D !D,E][E, C !C] + 2[D, E !E][C !C,D] + 2[E !E, C][C, D "D]
"

(79)

However, there is no bilinear product involving the added components A !, B ! etc. If

we require these components together with matrix components play a role of dynamical

variables, it is desirable such bilinear products with these components. Let us examine

3-bracket gauge transformation Tr(A,B) in the general case.

Tr
#
([F !G − G !F ,A] + A ![F ,G])B + A([F !G − G !F ,B] + B ![F ,G]))

$

= Tr
!
A ![F , G]B + AB ![F ,G]

"
= A !Tr([F ,G]B) + Tr([F ,G]A)B ! (80)

This indicates that we can have invariant bilinear product

⟨A,B⟩ ≡ A !B " + A "B ! + Tr(AB) (81)

by adding another component A ", B " as dual corresponding to A !, B !, respectively, such

that infinitesimal gauge transformation are given by

[F,G,A] " = −Tr([F ,G]A), (82)

[F,G,B] " = −Tr([F ,G]B) (83)
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fundamental identity⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄
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M, like XM, YM, ZM, · · · , for the coordinate-type dynamical variables involving D-particle
coordinates. These variables are assumed to be scalars with respect to the reparametriza-
tion of τ . When we deal with matrix elements explicitly, we designate them as Xab without
boldface symbol. Originally in ref. [8] we identified the XM’s to be the traces of the cor-
responding matrices. But that is not necessary, and in the present paper we treat them as
independent dynamical degrees of freedom.5 This is the price we have to pay to realize a
higher gauge symmetry, but we will have some reward too. We will later introduce differ-
ent and independent matrices and associated variables for the momentum-type dynamical
variables, involving D-particle momenta as canonical conjugates of the coordinate-type
variables. When it is necessary to extract the trace part of matrix variables, we denote
them by another special subscript ◦ such as

X◦ ≡
1
N

Tr(X), X = X◦ + X̂, Tr(X̂) = 0 (2.1)

with X̂ being the traceless part. It is sometimes convenient to represent the pair (XM,X)
symbolically as

X ≡ (XM, X). (2.2)

The quantized NP bracket, which we simply call 3-bracket in what follows, is in general
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as a generalization of (1.5), the FI is nothing but the distribution law of gauge transforma-
tions for 3-bracket. Without loosing generality, we can assume that the gauge-parameter

5This situation itself is essentially the same as the treatment of the so-called Lorentzian version of

3-bracket which was utilized in attempting to extend the BLG model of conformal field theory for M2

branes as a possible effective low energy description for infinitely extended multiple M2 branes in an SO(8)-

invariant fashion. See e.g. [13] and references therein. However, our interpretation and treatment of them

are quite different from such attempts. In our canonical treatment no indefinite metric appears, except for

the usual space-time Lorentz indices. Our intention of using some unusual symbols below is partially in

order to emphasize the difference and to avoid possible confusions.

– 6 –

❖ 3-bracket These variables are treated as 
ordinary canonical coordinates 
for D-particles in the sense of 11 
dimensions of M-theory.  

The Nambu transformations 
appear as the characteristic  
symmetry for this system, not as 
the equations of motion. 



1  Nambu’s Leibnitz rule (basic property 2.) is not satisfied, and does not play any 
important role for this construction: its absence is not necessarily a defect but is actually 
useful in constraining the form of possible actions and observables of the theory.

2  Nambu’s original suggestion about a candidate for the bracket for three square matrices 
 A,B,C was different, but was close to this form :
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(a) skew symmetry:

[A,B,C] = −[B,A,C] = [B,C,A] = · · · , (25)

(b) derivation law:

[A1A2, B, C] = [A1, B, C]A2 +A1[A2, B, C], etc. (26)

In particular, he postulates the following triple commutator as a candidate
for quantum triple bracket:

[A,B,C]N ≡ ABC +BCA+ CAB −BAC −ACB − CBA

= A[B,C] +B[C,A] + C[A,B]

= [A,B]C + [B,C]A+ [C,A]B (27)

and correspondingly the generalized Heisenberg equations of motion,

i
dF

dt
= [H,G,F ]N.

In this definition, only the property (a) is manifestly satisfied, but not (b)
automatically. So he discussed various possibilities of algebraic structures
for the set of operators H,G, . . . , F, . . ., including possible generalizations
as (23), by studying slightly weakened versions of these conditions. Unfor-
tunately, however, the main conclusione was that it was difficult to realize
quantization nontrivially. Nambu then studied the possibilities of using
non-associative algebras, but his conclusion was again not definitive.

6. The fundamental identity and canonical structure

Further developments of Nambu mechanics rested largely upon a semi-
nal work by Takhtajan14 which appeared after two decades since Nambu’s
original proposal. In this work, it was pointed out that there exists an im-
portant identity (now known as the “Fundamental Identity”, FI) satisfied
by the Nambu bracket, which generalizes the Jacobi identity in the case of
Poisson bracket. For an arbitrary set of five functions (F1, . . . , F5), it takes
the form

{F1, F2, {F3, F4, F5}} = {{F1, F2, F3}, F4, F5}
+ {F3, {F1, F2, F4}, F5}+ {F3, F4, {F1, F2, F5}}. (28)

eTo quote his own words, “One is repeatedly led to discover that the quantized version is
essentially equivalent to the ordinary quantum theory. This may be an indication that
quantum theory is pretty much unique, although its classical analogue may not be.”

He then studied how the derivation law could be satisfied with this ansatz.  
His conclusion was that the equation of motion reduced to the usual Heisenberg eq. :     
                typically as 
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eFor example, under the above ansatz, (b) requires that [H,G] = 0. Consequently,
H = αG+ β with α,β are c-numbers. Then we arrive at the usual Heisenberg equation
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 ,  FI not satisfied !

essentially usual form!

Remarks: 



3  If we assume the Nambu-type 3 bracket for cubic (and higher) matrices, FI can be satisfied.

For an example, 
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Notice also that if we consider the triple commutator of the form

[G,A,B]

it follows from the property of skew-symmetry that this bracket is invariant under
A ! A + G and B ! B + G. In other words, [G,G,B] = [G,A,G] = 0 precisely
because of the property of skew-symmetry.

4. Cubic matrices and the Nambu bracket

In this section we want to address the following question: Is there a many-index

matrix representation of the three-dimensional quantum Nambu bracket? For ex-
ample, the three-dimensional classical Nambu bracket is naturally realized in terms
of functions of three variables. Then it is natural to ask: is it possible to realize

the three-dimensional quantum Nambu bracket in terms of three-index objects Aijk
(cubic matrices)? It turns out that the answer to this question is positive. In this

section we give some explicit examples of the three-dimensional quantum Nambu
bracket written in terms of three-index objects or cubic matrices.

Let us introduce the following generalization of the traces

hAi ⌘
X

pm

Apmp , hABi ⌘
X

pqm

ApmqBqmp , hABCi ⌘
X

pqrm

ApmqBqmrCrmp ,

(4.1)

which satisfy hABi = hBAi and hABCi = hBCAi = hCABi. Let us furthermore
define a triple-product

(ABC)ijk ⌘
X

p

AijphBiCpjk =
X

pqm

AijpBqmqCpjk . (4.2)

Given this triple-product we define the following skew-symmetric quantum Nambu

bracket

[A,B,C] ⌘ (ABC) + (BCA) + (CAB)� (CBA)� (ACB)� (BAC) . (4.3)

The middle index j of Aijk can be treated as an internal index for the matrix re-
alization of the three-dimensional quantum Nambu bracket we considered in the

previous section. Therefore we expect that the F.I. should be satisfied. This in-
deed turns out to be the case. Note also that h(ABC)i = hBihACi 6= hABCi and
h(ABC)Di = hBihACDi.
Then by using the following relations

((ABC)DE) = ((ADC)BE) = (AB(CDE)) = (AD(CBE)) ,

(A(BCD)E) = (A(DCB)E), (4.4)

one can directly prove that the skew-symmetric Nambu bracket (4.3) with the triple-
product (4.2) obeys the F.I. (3.3).
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However, 

In this talk, I will not pursue this and other similar (or related) possibilities further.  

                      Hopefully, it is reserved as future works for everyone. 



4  Distinction between Nambu dynamics and Nambu symmetry

If we consider relativistic extended objects, we can naturally introduce higher symplectic forms  

!
r2 + z20 x1 x2 x3 x4 x− x1, x− x2, x− x3 e1 e2 e3

←− Time ←− Space −→
Poincaré-Cartan

An =

"
dnξ

#
pµ1µ2···µn{xµ1 , xµ2 , . . . , xµn}+ e

2
(pµ1µ2···µnp

µ1µ2···µn + 1)
$

dω(n) = pµ1µ2···µndx
µ1 ∧ dxµ2 ∧ · · · ∧ dxµn

x→ e−τ

" 1

0

dxx−α
′s−α0+N−1 →

" ∞

0

dτ e−(α0s+α0−N)τ =
1

α(s)−N
, α(s) = α′s+ α0

Proceedings of the International Conference on Symmetries and Quark Models

(Gordon and Breach, 1970)

E pc mc2 v > 0 v < 0
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S
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g2s g4s g6s

g2o g4o g6o

1

and the world-volume action as 

Nambu (n=2, 1980) , Hoppe (n=3, 1982), Sugamoto (n>2, 1983)  
….. with various different gauge choices.

However, the dynamical evolution of this system is governed by a single Hamiltonian.   
The appearance of this higher symplectic structure only reflects the existence of  
n-dimensional volume-preserving diffeomorphism (“Nambu symmetry”).  

Indeed, this system can directly be converted to the standard quadratic action with  
world-volume metric. As such, dynamics can be formulated naturally in the usual 
Hamiltonian form. 

For more details (n=2 case), see T.Y. PTP 97,941(1997).
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2.  Wave-type Mechanics
As a preliminary step toward a wave-mechanical quantization,  
one natural approach would be to try to construct  
Hamilton-Jacobi-type formalisms for Nambu Mechanics.

Apparently, however, no one has ever pursued such a formalism seriously. 

“It’s difficult!”     (from a conversation with Takhtajan, 2017, in ICTS, Bangarole, India)

Once the wave-mechanical approach is established, it should also be possible   
to construct path-integral formulation. 

Remark: There has been also another possibility, such as an attempt by   
               Dito, Flato, Steinheimer, Takhtajan , 1996 (CMP 183,1,1997; hep-th/9602016),  
pursuing a possibility of deformation-type (called “Zariski” quantization)  
with both Leibnitz and FI being taken into account.  
(NB: naive deformations in terms of the usual Moyal-type do not satisfy FI) 
Unfortunately, to my knowledge, application of this method to concrete physical 
systems has been extremely scarce.  
                              I have nothing to say about such approaches in this talk. 



Obstacles, at least naively, against HJ formalism:

❖canonical triplet does not lend, at least apparently,  natural decomposition of 
the phase space into pairs of generalized coordinates and momenta.

1. Introduction

In 1973, Nambu1) proposed the following system of the equations of motion for the flows

of a point (⇠1, ⇠2, ⇠3) in a 3-dimensional phase space R3:

d⇠
i

dt
= {H,G, ⇠

i} ⌘ X
i
, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbi-

trary triplet of three functions (K,L,M) on the phase space in terms of 3-dimensional

Jacobian,b

{K,L,M} =
@(K,L,M)

@(⇠1, ⇠2, ⇠3)
= ✏

ijk
@iK@jL@kM. (1.2)

Therefore the vector field X
i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X
i = ✏

ijk
@jH@kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ⇠i’s satisfy a “canonical” Nambu bracket

relation,

{⇠i, ⇠j, ⇠k} = ✏
ijk
. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dq
i

dt
=

@H

@pi
= {H, q

i}, (1.5)

dpi

dt
= �@H

@qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions: we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = �
j

i
.

Once this generalization is given, it is obvious to construct similar systems in the

phase spaces of arbitrary dimensions n + 1, irrespectively of odd or even dimensions, by

replacing 3-dimensional Jacobian in (1.1) by a general (n+1)-dimensional Jacobian with

n Hamiltonians. Let us call this general case the Nambu mechanics of order n.

bWe assume the usual summation convention for coordinate indices in phase space.
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❖no explicit formulation of finite canonical transformations is known,                        as 
as opposed to the infinitesimal ones.

❖there is no action integral defined for each one-dimensional trajectory in the 
phase space, as opposed to a known (due to Takhtajan) action functional for a 
continuous family, forming a surface, of the one-dimensional trajectories. 

But this method introduces a huge unphysical redundancy; it does not seem appropriate for  
our purpose of constructing Hamilton-Jacobi like formalism and also toward quantization. 



Indeed, to my knowledge, there has been no serious attempt toward  
Hamilton-Jacobi formalism until my own attempt in 2016-2017. 

I will spend the rest of my talk  
to present a possible approach to such a 
formalism and discuss its implication for 
the quantization problem of Nambu 
mechanics on the basis of this work.  

Our vision (or prospect) will be quite 
different from Nambu’s conclusion. 
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1. Introduction
In 1973, Nambu (Ref. [1]) proposed the following system of equations of motion for the flows of a
point (ξ1, ξ2, ξ3) in a three-dimensional phase space R3:

dξ i

dt
= {H , G, ξ i} ≡ X i, (1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbitrary triplet of
three functions (K , L, M ) on the phase space in terms of the three-dimensional Jacobian,1

{K , L, M } = ∂(K , L, M )

∂(ξ1, ξ2, ξ3)
= ϵijk∂iK∂jL∂kM . (2)

Therefore the vector field X i defined in Eq. (1), generating the lines of flows in the phase space, is
equal to

X i = ϵijk∂jH∂kG, (3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution on an
equal footing. The phase-space coordinates ξ i satisfy a “canonical” Nambu bracket relation,

{ξ i, ξ j, ξ k} = ϵijk . (4)

1 We assume the usual summation convention for coordinate indices in phase space.
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An interesting reformulation of the HJ formalism that does not presuppose any 
knowledge of an action functional nor of canonical transformations was 
emphasized by Einstein (“free of surprising tricks of trades”,1917) , at least in its 
physical essence, in his attempt at generalizing the Sommerfeld-Epstein  
quantization to non-separable cases and giving a coordinate-independent 
formulation of semi-classical quantum theory.

between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm

$1/2#10Watts

I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i
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:the same value for all closed 
curves that can be continuously 
transformed to each other if 

algebraic functions of the canonical variables. We call this type of partial differential

equation an “Euler-Einstein (EE) equation” for later convenience, since they are analogous

to the standard Euler equations in fluid mechanics where the role of the vector field pi is

played by the velocity field of the fluid.

Here, following Einstein, it is convenient to introduce the notation

H̄ = H̄(q, t) = H(p(q, t), q),

which helps us to make clear the difference in independent variables between H and H̄,

before performing partial differentiation. Now let us further require that the motion of

fluid has no vorticity:

∂pj
∂qi

− ∂pi
∂qj

= 0,

which guarantees the existence of the “velocity” potential J such that

pi =
∂J

∂qi
.

Then the sum of the second and third terms in the l.h.side of (2.5) simply takes the form

∂H̄/∂qi.

The EE equations now take the form,

∂

∂qi

!∂J
∂t

+ H̄
"
= 0.

Thus we arrived at a single equation

∂J

∂t
+ H̄ = f(t),

where f is an arbitrary function of time only. Obviously, the arbitrariness of f does not

affect the dynamics, since we can always redefine a new potential function S such that

∂J/∂t− f = ∂S/∂t and pi = ∂S/∂qi. Hence we obtain the HJ equation

∂S

∂t
+ H̄ = 0. (2.6)

Conversely, we can also reproduce the original Hamilton equations of motion, in a

manner analogous to the way we make transitions from the Euler picture to the Lagrange

picture in fluid mechanics. Suppose we know the trajectories in configuration space as

7

It seems that both de Broglie and Schrödinger had been greatly influenced 
by Einstein’s work in their inception of wave mechanics.  

Historical remark 1:

The spirit of my attempt toward HJ-like formalism for Nambu mechanics is along this line of thought. 



Historical remark 2:

Attempt to generalize the Hamilton-Jacobi theory to systems with higher symplectic 
forms has a long history: there have been works by Caratheodory (1929), De Donder 
(1935), Weyl (1935), Lepage (1942), ….., Kastrup (1977), Rinke (1980), Nambu (1980) 
and others. 

However, to my knowledge, all those works have dealt only with the various case of  
a single Hamiltonian, including Nambu’s 1980 paper on string dynamics  
which is essentially equivalent with De Donder-Weyl formulation. 

Any field theory, including world-volume theories of extended objects, can  
formally have a higher symplectic form whose rank coincides with the  
dimensions of the base space. 

For a review, see, e.g., Kastrup, Phys. Rep. 101, 1 (1983)

My attempt has little relation to these works. 



Conventional HJ formalism and geometrical interpretation

: generalized momenta 

solutions of the equations of motion, (1.5) and (1.6), are uniquely fixed since we now have

2n conditions. These conditions in turn determine the action as a function (or a field),

S(q, t;Q), of n independent variables qi with fixed parameters Qi’s. Then, the momenta

as the canonical conjugates of qi’s and hence the Hamiltonian H = H(p, q) also become

fields, and are expressed in terms of the action function as

pi(q, t) =
@S

@qi
, (2.1)

H(q, p(q, t)) +
@S

@t
= 0, (2.2)

which constitute the HJ equation as a partial di↵erential equation of first order for the

action function or field S. These equations are usually derived on the basis of familiar

variational principles associated with the action integral. The parameters Q
i emerge

as constants of integration for the HJ equation: such a solution with n independent

integration constants is called a “complete solution”. Given a complete solution, we

obtain general solutions, now with 2n integration constants, of the Hamilton equations

of motion by simple quadratures, after imposing the following conditions (called “Jacobi

conditions” for convenience in the present paper) on it,

@S

@Qi
= �Pi, (2.3)

by introducing Pi’s as new and additional constant parameters, and solving them for

q
i = q

i(t;P,Q) and pi = pi(t;P,Q). The solvability is guaranteed by requiring

det
⇣

@
2
S

@Qi@qj

⌘
6= 0. (2.4)

The equations (2.1) together with their counterparts (2.3) at t = 0 are interpreted as

defining relations for a canonical transformation from (p, q; t) to (P,Q; 0) which unfolds

the time development by sending H to zero as signified by (2.2). Finally, the condition

(2.3) can be rephrased in the following form. Since the HJ equation involves the action

field through its derivatives, we can always shift it by adding a constant. In particular,

by choosing a shift in the form S ! S̃ = S + PiQ
i, the condition (2.3) is @S̃/@Qi = 0.

This interpretation is appropriate to Schrödinger’s wave mechanical quantization: the

condition @S̃/@Qi = 0 naturally arises in deriving classical trajectories in the limit ~ ! 0

from a wave function whose phase is S̃/~.
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: action as a field on the base     
  (configuration) space 

 Hamilton-Jacobi equation as  governing equation 

These are partial di↵erential equations of first order for the vector field pi(q, t) on the

configuration space of independent variables (q, t), since @H/@pi and @H/@q
i are known

algebraic functions of the canonical variables. We call this type of partial di↵erential

equations “Euler-Einstein (EE) equations” for later convenience, since they are analogous

to the standard Euler equations in fluid mechanics where the role of the vector field pi is

played by the velocity field of fluid.

Here, following Einstein, it is convenient to introduce the notation,

H̄ = H̄(q, t) = H(p(q, t), q),

which helps us in manifesting the di↵erence of independent variables between H and H̄,

before performing partial di↵erentiations. Now let us further require that the motion of

fluid has no vorticity:

@pj

@qi
� @pi

@qj
= 0,

which guarantees the existence of the “velocity” potential J such that

pi =
@J

@qi
.

Then the sum of the second and third terms in the l.h.side of (2.5) takes simply the form

@H̄/@qi.

The EE equations now take the following form,

@

@qi

⇣
@J

@t
+ H̄

⌘
= 0.

Thus we arrived at a single equation

@J

@t
+ H̄ = f(t),

where f is an arbitrary function of time only. Obviously, the arbitrariness of f does not

a↵ect the dynamics, since we can always redefine a new potential function S such that

@J/@t� f = @S/@t and pi = @S/@qi. Hence we obtain the HJ equation

@S

@t
+ H̄ = 0. (2.6)

Conversely, we can also reproduce the original Hamilton equations of motion, in an

analogous way as we make transitions from the Euler picture to the Lagrange picture in
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fluid mechanics. Suppose we know the trajectories in configuration space as functions,

q
i = q

i(t), of t satisfying (1.5). Then the motions of the momenta as functions of time

automatically satisfy (1.6) as a consequence of the HJ equation:

dpi

dt
=

@pi

@t
+

@pi

@qj

dq
j

dt
=

@
2
S

@qi@t
+

@
2
S

@qj@qi

dq
i

dt
= �@H

@qi
� @H

@pj

@
2
S

@qi@qj
+

@
2
S

@qj@qi

dq
i

dt
= �@H

@qi
.

This can be regarded as a version of the integrability condition for the Hamilton-Jacobi

equation if pi = @S/@qi is separately treated as di↵erential equations. Its validity is

actually guaranteed by our derivation, since this calculation merely inverts the process

from (1.6) to (2.6). This is one of the merits of the Einstein approach.

On the other hand, (1.5) itself is obtained by the Jacobi condition (2.3), given a

complete solution to (2.6): by a total di↵erentiation of (2.3) by t, we obtain

0 =
@
2
S

@Qi@t
+

@
2
S

@Qi@qj

dq
j

dt
= � @H̄

@Qi
+

@
2
S

@Qi@qj

dq
j

dt
= �@H

@pj

@
2
S

@qj@Qi

+
@
2
S

@Qi@qj

dq
j

dt
,

which gives (1.5) under the condition (2.4).

The above procedures actually fit well to an abstract but modern language of di↵eren-

tial forms. First define a closed (and exact) two-form in the phase space (p, q, t) adjoined

by a time variable,

!
(2) = dpi ^ dq

i � dH ^ dt = d!
(1) (2.7)

where

!
(1) = pidq

i �Hdt. (2.8)

The EE equations together with the vortex-free condition are equivalent with a demand

that the 2-form !
(2) vanishes, when it is evaluated under the projection to the configura-

tion space (qi, t), by assuming pi = pi(q, t) and hence dpi =
@pi

@qj
dq

j + @pi

@t
dt:

!̄
(2) ⌘ !

(2)|(q,t) =
1

2

⇣
@pj

@qi
� @pi

@qj

⌘
dq

i ^ dq
j �

⇣
@pi

@t
+

@H̄

@qi

⌘
dq

i ^ dt = 0. (2.9)

Obviously, the vortex-free condition is non-trivial only for n � 2. The requirements

of vortex-free flow and consequently of the HJ equation for potential function S as the

vanishing condition for !̄(2) are equivalently formulated as the condition that the 1-form
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!
(1) in the phase space becomes exact after the projection to the configuration space:

namely, the equality

!̄
(1) ⌘ !

(1)|(q,t) = dS =
@S

@qi
dq

i +
@S

@t
dt (2.10)

is nothing but the HJ equation.

It is also useful, though not essential to our development, to note the following in

understanding the connection of !
(2) to the action principle. If we do not make the

projection by treating pi and q
j as independent variables, we can characterize it by7)

i
Ṽ
(!(2)) = 0, (2.11)

where the symbol iL(·) denotes in general the operation of internal multiplication of a

vector di↵erential operator L on di↵erential forms abbreviated as “ ·” . In the present

case,

L = Ṽ = V +
@

@t
, V ⌘ @H

@pi

@

@qi
� @H

@qi

@

@pi
, (2.12)

corresponding to the Hamilton equations of motion. In this sense, Ṽ , whose component

form is (�@H/@q
i
, @H/@pi, 1), is called a “null vector” for the form !

(2). This property

is akin to the above formulation with projection. The null condition (2.11), which is an

analogue of our vanishing condition, is essentially equivalent, due to the Stokes theorem,

with the usual variational principle for the action integral S[p, q; t] =
R
!
(1) in the phase

space. A null vector in this sense is often called a “line field”, alternatively, reflecting the

fact that its properties are similar to those associated with the Faraday magnetic lines of

forces in electromagnetism: the null condition is analogous to an obvious property that the

circulation or rotation (corresponding to !
(2)) of vector potential (corresponding to !

(1))

along the boundary of infinitesimal square containing magnetic line of forces is always

zero. For more details about this, see the reference7). A moral here is that the HJ theory

can also be interpreted as a couterpart of the null condition (2.11) under the Einstein

projection from phase space to the base configuration space. Since the null condition

in phase space includes the action principle as one of its consequences, the vanishing

condition can be regarded as amounting to replacing the action principle without action

integral explicitly.

For guiding our later development, it is convenient to regard the HJ theory as con-

sisting of three steps. We call the initial process to obtain the EE equations from the

9

Now, in the case of Nambu mechanics, we have an action functional proposed in ref.2).

However, it is a functional not of one-dimensional trajectories, but of n-dimensional (hy-

per) surfaces, represented say by ⇠
i(t, s1, . . . , sn�1), which consist of continuous families

of one-dimensional trajectories, parametrized by spatial world-hyper surface coordinates

(s1, . . . , sn�1), as if we were treating objects extending in (n� 1)-dimensions. This is not

convenient for our purpose. Although nothing prevents us to treat arbitrary families of

trajectories, such an approach forces us to introduce too many inessential and unphys-

ical degrees of freedom, caused by the presence of the additional parameters si’s which

are not necessary for describing the true dynamical degrees of freedom: si’s are simply

redundant, at least for the present purpose, since they do not correspond to any “en-

ergetic” couplings among trajectories, a property which is related to the existence of n

independent “Hamiltonians”, in spite of the fact that we have only a single time for the

dynamical evolution.

To make things worse, we do not know an appropriate and useful characterization for

finite canonical transformations, to a similar extent as we are familiar with in ordinary

Hamilton mechanics. The origin of this di�culty will be discussed in section 3. Thus it is

not at all straightforward to proceed if we try to mimic the above procedure. We therefore

start with a di↵erent root, due originally to Einstein6), which does not presuppose, at the

beginning, any knowledge of action functional, nor of canonical transformations.e

Since, under the above conditions on the initial and end points, the trajectories are

uniquely determined, we can follow the time development of pi’s as functions qi’s on the

configuration space, pi = pi(q, t). Then we rewrite the l.h.side of (1.6) as

@pi

@t
+

@pi

@qj

dq
j

dt
=

@pi

@t
+

@H

@pj

@pi

@qj
,

by using (1.5). We then obtain

@pi

@t
+

@H

@qi
+

@H

@pj

@pi

@qj
= 0. (2.5)

eHistorical remark: Einstein’s original intension was to extend the Sommerfeld quantum condition to
non-separable cases, giving a coordinate-independent formulation of the semi-classical quantum condition,
the significance of which is now well known in connection with the theory of quantum chaos. This work
(the second of ref.6)) played an influential role in a forming period of quantum mechanics and was cited
by Schrödinger and also by de Broglie in their monumental works. In this attempt, Einstein gave a simple
descriptive formulation of the HJ formalism, which is, according to him, “free of surprising tricks of the
trade”.6) Unfortunately, this small but useful observation is almost forgotten now. The present author
could not find any appropriate reference which explicitly mentioned his observation.
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These are partial di↵erential equations of first order for the vector field pi(q, t) on the

configuration space of independent variables (q, t), since @H/@pi and @H/@q
i are known

algebraic functions of the canonical variables. We call this type of partial di↵erential

equations “Euler-Einstein (EE) equations” for later convenience, since they are analogous

to the standard Euler equations in fluid mechanics where the role of the vector field pi is

played by the velocity field of fluid.

Here, following Einstein, it is convenient to introduce the notation,

H̄ = H̄(q, t) = H(p(q, t), q),

which helps us in manifesting the di↵erence of independent variables between H and H̄,

before performing partial di↵erentiations. Now let us further require that the motion of

fluid has no vorticity:

@pj

@qi
� @pi

@qj
= 0,

which guarantees the existence of the “velocity” potential J such that

pi =
@J

@qi
.

Then the sum of the second and third terms in the l.h.side of (2.5) takes simply the form

@H̄/@qi.

The EE equations now take the following form,

@

@qi

⇣
@J

@t
+ H̄

⌘
= 0.

Thus we arrived at a single equation

@J

@t
+ H̄ = f(t),

where f is an arbitrary function of time only. Obviously, the arbitrariness of f does not

a↵ect the dynamics, since we can always redefine a new potential function S such that

@J/@t� f = @S/@t and pi = @S/@qi. Hence we obtain the HJ equation

@S

@t
+ H̄ = 0. (2.6)

Conversely, we can also reproduce the original Hamilton equations of motion, in an

analogous way as we make transitions from the Euler picture to the Lagrange picture in
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fluid mechanics. Suppose we know the trajectories in configuration space as functions,

q
i = q

i(t), of t satisfying (1.5). Then the motions of the momenta as functions of time

automatically satisfy (1.6) as a consequence of the HJ equation:

dpi

dt
=

@pi

@t
+

@pi

@qj

dq
j

dt
=

@
2
S

@qi@t
+

@
2
S

@qj@qi

dq
i

dt
= �@H

@qi
� @H

@pj

@
2
S

@qi@qj
+

@
2
S

@qj@qi

dq
i

dt
= �@H

@qi
.

This can be regarded as a version of the integrability condition for the Hamilton-Jacobi

equation if pi = @S/@qi is separately treated as di↵erential equations. Its validity is

actually guaranteed by our derivation, since this calculation merely inverts the process

from (1.6) to (2.6). This is one of the merits of the Einstein approach.

On the other hand, (1.5) itself is obtained by the Jacobi condition (2.3), given a

complete solution to (2.6): by a total di↵erentiation of (2.3) by t, we obtain

0 =
@
2
S

@Qi@t
+

@
2
S

@Qi@qj

dq
j

dt
= � @H̄

@Qi
+

@
2
S

@Qi@qj

dq
j

dt
= �@H

@pj

@
2
S

@qj@Qi

+
@
2
S

@Qi@qj

dq
j

dt
,

which gives (1.5) under the condition (2.4).

The above procedures actually fit well to an abstract but modern language of di↵eren-

tial forms. First define a closed (and exact) two-form in the phase space (p, q, t) adjoined

by a time variable,

!
(2) = dpi ^ dq

i � dH ^ dt = d!
(1) (2.7)

where

!
(1) = pidq

i �Hdt. (2.8)

The EE equations together with the vortex-free condition are equivalent with a demand

that the 2-form !
(2) vanishes, when it is evaluated under the projection to the configura-

tion space (qi, t), by assuming pi = pi(q, t) and hence dpi =
@pi

@qj
dq

j + @pi

@t
dt:

!̄
(2) ⌘ !

(2)|(q,t) =
1

2

⇣
@pj

@qi
� @pi

@qj

⌘
dq

i ^ dq
j �

⇣
@pi

@t
+

@H̄

@qi

⌘
dq

i ^ dt = 0. (2.9)

Obviously, the vortex-free condition is non-trivial only for n � 2. The requirements

of vortex-free flow and consequently of the HJ equation for potential function S as the

vanishing condition for !̄(2) are equivalently formulated as the condition that the 1-form
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solutions of the equations of motion, (1.5) and (1.6), are uniquely fixed since we now have

2n conditions. These conditions in turn determine the action as a function (or a field),

S(q, t;Q), of n independent variables qi with fixed parameters Qi’s. Then, the momenta

as the canonical conjugates of qi’s and hence the Hamiltonian H = H(p, q) also become

fields, and are expressed in terms of the action function as

pi(q, t) =
@S

@qi
, (2.1)

H(q, p(q, t)) +
@S

@t
= 0, (2.2)

which constitute the HJ equation as a partial di↵erential equation of first order for the

action function or field S. These equations are usually derived on the basis of familiar

variational principles associated with the action integral. The parameters Q
i emerge

as constants of integration for the HJ equation: such a solution with n independent

integration constants is called a “complete solution”. Given a complete solution, we

obtain general solutions, now with 2n integration constants, of the Hamilton equations

of motion by simple quadratures, after imposing the following conditions (called “Jacobi

conditions” for convenience in the present paper) on it,

@S

@Qi
= �Pi, (2.3)

by introducing Pi’s as new and additional constant parameters, and solving them for

q
i = q

i(t;P,Q) and pi = pi(t;P,Q). The solvability is guaranteed by requiring

det
⇣

@
2
S

@Qi@qj

⌘
6= 0. (2.4)

The equations (2.1) together with their counterparts (2.3) at t = 0 are interpreted as

defining relations for a canonical transformation from (p, q; t) to (P,Q; 0) which unfolds

the time development by sending H to zero as signified by (2.2). Finally, the condition

(2.3) can be rephrased in the following form. Since the HJ equation involves the action

field through its derivatives, we can always shift it by adding a constant. In particular,

by choosing a shift in the form S ! S̃ = S + PiQ
i, the condition (2.3) is @S̃/@Qi = 0.

This interpretation is appropriate to Schrödinger’s wave mechanical quantization: the

condition @S̃/@Qi = 0 naturally arises in deriving classical trajectories in the limit ~ ! 0

from a wave function whose phase is S̃/~.
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1. Introduction

In 1973, Nambu1) proposed the following system of the equations of motion for the flows

of a point (⇠1, ⇠2, ⇠3) in a 3-dimensional phase space R3:

d⇠
i

dt
= {H,G, ⇠

i} ⌘ X
i
, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbi-

trary triplet of three functions (K,L,M) on the phase space in terms of 3-dimensional

Jacobian,b

{K,L,M} =
@(K,L,M)

@(⇠1, ⇠2, ⇠3)
= ✏

ijk
@iK@jL@kM. (1.2)

Therefore the vector field X
i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X
i = ✏

ijk
@jH@kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ⇠i’s satisfy a “canonical” Nambu bracket

relation,

{⇠i, ⇠j, ⇠k} = ✏
ijk
. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dq
i

dt
=

@H

@pi
= {H, q

i}, (1.5)

dpi

dt
= �@H

@qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions: we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = �
j

i
.

Once this generalization is given, it is obvious to construct similar systems in the

phase spaces of arbitrary dimensions n + 1, irrespectively of odd or even dimensions, by

replacing 3-dimensional Jacobian in (1.1) by a general (n+1)-dimensional Jacobian with

n Hamiltonians. Let us call this general case the Nambu mechanics of order n.

bWe assume the usual summation convention for coordinate indices in phase space.

2

Now, in the case of Nambu mechanics, we have an action functional proposed in ref.2).

However, it is a functional not of one-dimensional trajectories, but of n-dimensional (hy-

per) surfaces, represented say by ⇠
i(t, s1, . . . , sn�1), which consist of continuous families

of one-dimensional trajectories, parametrized by spatial world-hyper surface coordinates

(s1, . . . , sn�1), as if we were treating objects extending in (n� 1)-dimensions. This is not

convenient for our purpose. Although nothing prevents us to treat arbitrary families of

trajectories, such an approach forces us to introduce too many inessential and unphys-

ical degrees of freedom, caused by the presence of the additional parameters si’s which

are not necessary for describing the true dynamical degrees of freedom: si’s are simply

redundant, at least for the present purpose, since they do not correspond to any “en-

ergetic” couplings among trajectories, a property which is related to the existence of n

independent “Hamiltonians”, in spite of the fact that we have only a single time for the

dynamical evolution.

To make things worse, we do not know an appropriate and useful characterization for

finite canonical transformations, to a similar extent as we are familiar with in ordinary

Hamilton mechanics. The origin of this di�culty will be discussed in section 3. Thus it is

not at all straightforward to proceed if we try to mimic the above procedure. We therefore

start with a di↵erent root, due originally to Einstein6), which does not presuppose, at the

beginning, any knowledge of action functional, nor of canonical transformations.e

Since, under the above conditions on the initial and end points, the trajectories are

uniquely determined, we can follow the time development of pi’s as functions qi’s on the

configuration space, pi = pi(q, t). Then we rewrite the l.h.side of (1.6) as

@pi

@t
+

@pi

@qj

dq
j

dt
=

@pi

@t
+

@H

@pj

@pi

@qj
,

by using (1.5). We then obtain

@pi

@t
+

@H

@qi
+

@H

@pj

@pi

@qj
= 0. (2.5)

eHistorical remark: Einstein’s original intension was to extend the Sommerfeld quantum condition to
non-separable cases, giving a coordinate-independent formulation of the semi-classical quantum condition,
the significance of which is now well known in connection with the theory of quantum chaos. This work
(the second of ref.6)) played an influential role in a forming period of quantum mechanics and was cited
by Schrödinger and also by de Broglie in their monumental works. In this attempt, Einstein gave a simple
descriptive formulation of the HJ formalism, which is, according to him, “free of surprising tricks of the
trade”.6) Unfortunately, this small but useful observation is almost forgotten now. The present author
could not find any appropriate reference which explicitly mentioned his observation.
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In the geometrical picture, the action (variational) principle is replaced by the requirement

functions, qi = qi(t), satisfying (1.5). Then the motions of the momenta as functions of

time automatically satisfy (1.6) as a consequence of the HJ equation:

dpi
dt

=
∂pi
∂t

+
∂pi
∂qj

dqj

dt
=

∂2S

∂qi∂t
+

∂2S

∂qj∂qi
dqi

dt
= −∂H

∂qi
− ∂H

∂pj

∂2S

∂qi∂qj
+

∂2S

∂qj∂qi
dqi

dt
= −∂H

∂qi
.

This can be regarded as a version of the integrability condition for the Hamilton-Jacobi

equation if pi = ∂S/∂qi is separately treated as differential equations. Its validity is

actually guaranteed by our derivation, since this calculation merely inverts the process

from Eq. (1.6) to Eq. (2.6). This is one of the merits of the Einstein approach.

On the other hand, Eq. (1.5) itself is obtained by the Jacobi condition (2.3), given a

complete solution to (2.6): by a total differentiation of (2.3) by t, we obtain

0 =
∂2S

∂Qi∂t
+

∂2S

∂Qi∂qj
dqj

dt
= − ∂H̄

∂Qi
+

∂2S

∂Qi∂qj
dqj

dt
= −∂H

∂pj

∂2S

∂qj∂Qi
+

∂2S

∂Qi∂qj
dqj

dt
,

which gives Eq. (1.5) under condition (2.4).

The above procedures actually fit well into an abstract but modern language of differ-

ential forms. First define a closed (and exact) 2-form in the phase space (p, q, t) adjoined

by a time variable,

ω(2) = dpi ∧ dqi − dH ∧ dt = dω(1) (2.7)

where

ω(1) = pidq
i −Hdt. (2.8)

The EE equations together with the vortex-free condition are equivalent to a demand that

the 2-form ω(2) vanishes when it is evaluated under the projection to the configuration

space (qi, t), by assuming pi = pi(q, t) and hence dpi =
∂pi
∂qj dq

j + ∂pi
∂t dt:

ω̄(2) ≡ ω(2)|(q,t) =
1

2

!∂pj
∂qi

− ∂pi
∂qj

"
dqi ∧ dqj −

!∂pi
∂t

+
∂H̄

∂qi

"
dqi ∧ dt = 0. (2.9)

Obviously, the vortex-free condition is nontrivial only for n ≥ 2. The requirements of

vortex-free flow and consequently of the HJ equation for potential function S as the

vanishing condition for ω̄(2) are formulated equivalently to the condition that the 1-form

ω(1) in the phase space becomes exact after the projection to the configuration space:

namely, the equality

ω̄(1) ≡ ω(1)|(q,t) = dS =
∂S

∂qi
dqi +

∂S

∂t
dt (2.10)
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algebraic functions of the canonical variables. We call this type of partial differential

equation an “Euler-Einstein (EE) equation” for later convenience, since they are analogous

to the standard Euler equations in fluid mechanics where the role of the vector field pi is

played by the velocity field of the fluid.

Here, following Einstein, it is convenient to introduce the notation

H̄ = H̄(q, t) = H(p(q, t), q),

which helps us to make clear the difference in independent variables between H and H̄,

before performing partial differentiation. Now let us further require that the motion of

fluid has no vorticity:

∂pj
∂qi

− ∂pi
∂qj

= 0,

which guarantees the existence of the “velocity” potential J such that

pi =
∂J

∂qi
.

Then the sum of the second and third terms in the l.h.side of (2.5) simply takes the form

∂H̄/∂qi.

The EE equations now take the form,

∂

∂qi

!∂J
∂t

+ H̄
"
= 0.

Thus we arrived at a single equation

∂J

∂t
+ H̄ = f(t),

where f is an arbitrary function of time only. Obviously, the arbitrariness of f does not

affect the dynamics, since we can always redefine a new potential function S such that

∂J/∂t− f = ∂S/∂t and pi = ∂S/∂qi. Hence we obtain the HJ equation

∂S

∂t
+ H̄ = 0. (2.6)

Conversely, we can also reproduce the original Hamilton equations of motion, in a

manner analogous to the way we make transitions from the Euler picture to the Lagrange

picture in fluid mechanics. Suppose we know the trajectories in configuration space as
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conditions. These conditions in turn determine, at least locally, the action as a function

(or a field), S(q, t;Q), of n independent variables qi with fixed parameters Qi’s. Then, the

momenta as the canonical conjugates of the qi and hence the Hamiltonian H = H(p, q)

also become fields, and are expressed in terms of the action function as

pi(q, t) =
∂S

∂qi
, (2.1)

H(q, p(q, t)) +
∂S

∂t
= 0, (2.2)

which constitute the HJ equation as a partial differential equation of first order for the

action function or field S. These equations are usually derived on the basis of familiar

variational principles associated with the action integral. The parameters Qi emerge

as constants of integration for the HJ equation; such a solution with n independent

integration constants is called a “complete solution”. Given a complete solution, we

obtain general solutions, now with 2n integration constants, of the Hamilton equations

of motion by simple quadratures, after imposing on it the conditions (called “Jacobi

conditions” for convenience in the present paper),

∂S

∂Qi
= −Pi, (2.3)

by introducing the Pi as new and additional constant parameters, and solving them for

qi = qi(t;P,Q) and pi = pi(t;P,Q). The solvability is guaranteed by requiring

det
! ∂2S

∂Qi∂qj

"
̸= 0. (2.4)

Equation (2.1) together with their counterpart equations (2.3) at t = 0 are interpreted as

defining relations for a canonical transformation from (p, q; t) to (P,Q; 0) which unfolds

the time development by sending H to zero as signified by (2.2). Finally, condition (2.3)

can be rephrased in the following form. Since the HJ equation involves the action field

through its derivatives, we can always shift it by adding a constant. In particular, by

choosing a shift in the form S → S̃ = S + PiQi, condition (2.3) is ∂S̃/∂Qi = 0. This

interpretation is appropriate to Schrödinger’s wave mechanical quantization: the condition

∂S̃/∂Qi = 0 naturally arises in deriving classical trajectories in the limit ! → 0 from a

wave function whose phase is S̃/!.
Now, in the case of Nambu mechanics, we have an action functional proposed in

Ref.2). However, it is a functional not of one-dimensional trajectories, but of n-dimensional
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and define the action  
function s.t.

Together with  
the requirement

Rationale: Starting with the Hamilton eps. of motion, 

1. Introduction

In 1973, Nambu1) proposed the following system of equations of motion for the flows of a

point (ξ1, ξ2, ξ3) in a three-dimensional phase space R3:

dξi

dt
= {H,G, ξi} ≡ X i, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbitrary

triplet of three functions (K,L,M) on the phase space in terms of three-dimensional

Jacobian,b

{K,L,M} =
∂(K,L,M)

∂(ξ1, ξ2, ξ3)
= ϵijk∂iK∂jL∂kM. (1.2)

Therefore the vector field X i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X i = ϵijk∂jH∂kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ξi satisfy a “canonical” Nambu bracket

relation,

{ξi, ξj, ξk} = ϵijk. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dqi

dt
=

∂H

∂pi
= {H, qi}, (1.5)

dpi
dt

= −∂H

∂qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions; we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = δji .

Once this generalization is given, it is obvious that similar systems in the phase spaces

of arbitrary dimensions n+1, irrespectively of odd or even dimensions, can be constructed

by replacing 3-dimensional Jacobian in (1.1) by a general (n + 1)-dimensional Jacobian

with n Hamiltonians. Let us call this general case the Nambu mechanics of order n.
bWe assume the usual summation convention for coordinate indices in phase space.

2

1. Introduction

In 1973, Nambu1) proposed the following system of equations of motion for the flows of a

point (ξ1, ξ2, ξ3) in a three-dimensional phase space R3:

dξi

dt
= {H,G, ξi} ≡ X i, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbitrary

triplet of three functions (K,L,M) on the phase space in terms of three-dimensional

Jacobian,b

{K,L,M} =
∂(K,L,M)

∂(ξ1, ξ2, ξ3)
= ϵijk∂iK∂jL∂kM. (1.2)

Therefore the vector field X i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X i = ϵijk∂jH∂kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ξi satisfy a “canonical” Nambu bracket

relation,

{ξi, ξj, ξk} = ϵijk. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dqi

dt
=

∂H

∂pi
= {H, qi}, (1.5)

dpi
dt

= −∂H

∂qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions; we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = δji .

Once this generalization is given, it is obvious that similar systems in the phase spaces

of arbitrary dimensions n+1, irrespectively of odd or even dimensions, can be constructed

by replacing 3-dimensional Jacobian in (1.1) by a general (n + 1)-dimensional Jacobian

with n Hamiltonians. Let us call this general case the Nambu mechanics of order n.
bWe assume the usual summation convention for coordinate indices in phase space.

2

we obtain the p. d. stream equations (“Euler-Einstein” equation) for the momentum fields 

(hyper) surfaces, represented say by ξi(t, s1, . . . , sn−1), which consist of continuous families

of one-dimensional trajectories, parametrized by spatial world-hypersurface coordinates

(s1, . . . , sn−1), as if we were treating objects extending in (n − 1) dimensions. This is

not convenient for our purpose. Although nothing prevents us from treating arbitrary

families of trajectories, such an approach forces us to introduce too many inessential

and unphysical degrees of freedom, caused by the presence of the additional parameters

si that are not necessary for describing the true dynamical degrees of freedom: si are

simply redundant, at least for the present purpose, since they do not correspond to any

“energetic” couplings among trajectories, a property that is related to the existence of n

independent “Hamiltonians”, in spite of the fact that we have only a single time for the

dynamical evolution.

To make things worse, we do not know an appropriate and useful characterization for

finite canonical transformations, to a similar extent that we are familiar with in ordinary

Hamilton mechanics. The origin of this difficulty will be discussed in section 3. Thus

it is not at all straightforward to proceed if we try to mimic the above procedure. We

therefore start with a different root, due originally to Einstein (Ref. 6)), that does not

presuppose any knowledge of an action functional, nor of canonical transformations.e

Since, under the above conditions on the initial points and endpoints, the trajectories

are uniquely determined, we can follow the time development of the pi as functions the

qi on the configuration space, pi = pi(q, t). Then we rewrite the l.h.side of (1.6) as

∂pi
∂t

+
∂pi
∂qj

dqj

dt
=

∂pi
∂t

+
∂H

∂pj

∂pi
∂qj

,

by using (1.5). We then obtain

∂pi
∂t

+
∂H

∂qi
+

∂H

∂pj

∂pi
∂qj

= 0. (2.5)

These are partial differential equations of first order for the vector field pi(q, t) on the

configuration space of independent variables (q, t), since ∂H/∂pi and ∂H/∂qi are known
eHistorical remark: Einstein’s original intention was to extend the Sommerfeld quantum condition to

non-separable cases, giving a coordinate-independent formulation of the semiclassical quantum condition,
the significance of which is now well known in connection with the theory of quantum chaos. This work
(the second of Ref.6)) played an influential role in a forming period of quantum mechanics and was cited
by Schrödinger and also by de Broglie in their monumental works. In this attempt, Einstein gave a simple
descriptive formulation of the HJ formalism, which is, according to him, “free of surprising tricks of the
trade”.6) Unfortunately, this small but useful observation is almost forgotten now. The present author
could not find any appropriate reference that explicitly mentioned his observation.
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(emphasized by Einstein in 1917)



Conversely, the Hamilton equations of motion are reproduced by imposing  
the Jacobi conditions on the “complete solutions” of HJ equation:

solutions of the equations of motion, (1.5) and (1.6), are uniquely fixed since we now have

2n conditions. These conditions in turn determine the action as a function (or a field),

S(q, t;Q), of n independent variables qi with fixed parameters Qi’s. Then, the momenta

as the canonical conjugates of qi’s and hence the Hamiltonian H = H(p, q) also become

fields, and are expressed in terms of the action function as

pi(q, t) =
@S

@qi
, (2.1)

H(q, p(q, t)) +
@S

@t
= 0, (2.2)

which constitute the HJ equation as a partial di↵erential equation of first order for the

action function or field S. These equations are usually derived on the basis of familiar

variational principles associated with the action integral. The parameters Q
i emerge

as constants of integration for the HJ equation: such a solution with n independent

integration constants is called a “complete solution”. Given a complete solution, we

obtain general solutions, now with 2n integration constants, of the Hamilton equations

of motion by simple quadratures, after imposing the following conditions (called “Jacobi

conditions” for convenience in the present paper) on it,

@S

@Qi
= �Pi, (2.3)

by introducing Pi’s as new and additional constant parameters, and solving them for

q
i = q

i(t;P,Q) and pi = pi(t;P,Q). The solvability is guaranteed by requiring

det
⇣

@
2
S

@Qi@qj

⌘
6= 0. (2.4)

The equations (2.1) together with their counterparts (2.3) at t = 0 are interpreted as

defining relations for a canonical transformation from (p, q; t) to (P,Q; 0) which unfolds

the time development by sending H to zero as signified by (2.2). Finally, the condition

(2.3) can be rephrased in the following form. Since the HJ equation involves the action

field through its derivatives, we can always shift it by adding a constant. In particular,

by choosing a shift in the form S ! S̃ = S + PiQ
i, the condition (2.3) is @S̃/@Qi = 0.

This interpretation is appropriate to Schrödinger’s wave mechanical quantization: the

condition @S̃/@Qi = 0 naturally arises in deriving classical trajectories in the limit ~ ! 0

from a wave function whose phase is S̃/~.
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between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm

$1/2#10Watts

I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!
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Jacobi Theorem

Let us try to investigate whether and how this avenue of quantization can be extended  
to Nambu mechanics!



Three steps in our generalization of the HJ formalism to the Nambu mechanics

❖Step I : decompose the phase space into the base space and the fiber, and derive 
the EE equations for sections. 

❖Step II : demand the vanishing of appropriate forms in the phase space under the 
projection to the base space.

❖Step III: find appropriate Jacobi-like conditions, enabling us to reproduce the 
Nambu equations of motion in the phase space with the necessary and sufficient 
number of integration constants. 

The last step will be most difficult, but be crucial to quantization.

In the case of 3-dimensional phase space, there are basically two possibilities for the step I .

equations of motion “step I”. Here, in terms of the language of fiber bundles, we first

decompose phase space into the configuration space as the base space and consider the

space parametrized by the momentum vector pi (cotangent vector) as the fiber lying on

each point of the base space. In this sense, the ordinary phase space is usually called the

“cotangent bundle”. In step I, we describe the motions in phase space by regarding the

section specified by functions pi = pi(q, t) as a dynamical (covariant) vector field on the

base space. The next step from the EE equations to the HJ equation by demanding the

vanishing of the 2-form under the projection is called “step II”. The remaining and final

step in which we re-derive the equations of motion from the HJ equations is called “step

III”. Here we constrain complete solutions for the HJ equations by designing a device with

a particular (Jacobi) prescription through which we can determine the trajectories with

respect to the base space coordinates directly as functions of time. As it will turn out, this

step, being actually a decisive part of the HJ formalism as a preliminary to quantization,

is a hurdle in establishing the generalized HJ formalism for Nambu mechanics.

With this basic understanding on the nature of HJ formalism, we can now proceed

to our main objective, the construction of HJ-like formalism for Nambu mechanics. First

we have to determine the decomposition of the phase space (⇠1, ⇠2, ⇠3) into a base space

and fibers lying on it. Initially, there are two possibilities: designating the dimensions of

fibers and the base spaces by a symbol (fiber/base),

(1/2) decomposition : (⇠1, ⇠2, ⇠3) !
�
⇠
1
, ⇠

2
, ⇠

3(⇠1, ⇠2, t)
�
,

(2/1) decomposition : (⇠1, ⇠2, ⇠3) !
�
⇠
1
, ⇠

2(⇠1, t), ⇠3(⇠1, t)
�
,

where, in the first case, the base space has two dimensions with coordinates (⇠1, ⇠2) and

the fibers are one-dimensional spaces of ⇠3, whose sections are described by one compo-

nent field ⇠
3(⇠1, ⇠2, t). In the second case, the base space is just a line whose coordinate

is ⇠1, and the fibers have two dimensions whose sections are described by two-component

fields
�
⇠
2(⇠1, t), ⇠3(⇠1, t)

�
. From the viewpoint of the equations of motions whose solutions

can be specified by three independent parameters, the first case corresponds to specify-

ing the end point (at the time t) of the trajectories in the base-configuration space at

(⇠1, ⇠2) and the initial condition is assigned with a single implicit parameter, say Q1,

such that the trajectories are uniquely determined, in principle, and the sections of the

one-dimensional fibers are described by ⇠
3 as a field ⇠

3(⇠1, ⇠2, t;Q1). In the second case,
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We will briefly outline our results in each case. 



(1/2) formalism :

tion by two implicit constant parameters, say (Q1, Q2).f Then the two-component field
!
ξ2(ξ1, t;Q1, Q2), ξ3(ξ1, t;Q1, Q2)

"
gives a section of the two-dimensional fibers. We stress

that, apart from questions on the global existence of these functions, the odd dimension-

ality of phase space does not obstruct us at all: in the present approach, the specification

of the conditions for determining trajectories uniquely is most essential and sufficient for

our purpose, irrespectively of the dimensions of phase space.

3. (1/2)-formalism

3.1 Steps I and II

Let us start from the case of (1/2) decomposition. We define

H̄ = H̄(ξ1, ξ2, t) = H(ξ1, ξ2, ξ3(ξ1, ξ2, t)), (3.1)

Ḡ = Ḡ(ξ1, ξ2, t) = G(ξ1, ξ2, ξ3(ξ1, ξ2, t)). (3.2)

The EE equation for the field ξ3 = ξ3(ξ1, ξ2, t) is derived by following the procedures

explained in the previous section. The partial differentiations will be abbreviated as
∂
∂ξi = ∂i,

∂
∂t = ∂t = ∂0. We first have

∂(H,G)

∂(ξ1, ξ2)
=

dξ3

dt
= ∂tξ

3 + ∂iξ
3dξ

i

dt
= ∂tξ

3 + ∂1ξ
3 ∂(H,G)

∂(ξ2, ξ3)
+ ∂2ξ

3 ∂(H,G)

∂(ξ3, ξ1)
. (3.3)

Here and throughout this section it should be understood, unless stated otherwise, that,

for (H,G) without bars, ξ3 = ξ3(ξ1, ξ2, t) is substituted after operating partial differ-

entiations by treating all three coordinates of the phase space independently: e. g.,

∂iH̄ = ∂iH + ∂3H∂iξ3. Thus we have

∂(H,G)

∂(ξ2, ξ3)
= (∂2H̄ − ∂3H∂2ξ

3)∂3G− (∂2Ḡ− ∂3G∂2ξ
3)∂3H = ∂2H̄∂3G− ∂2Ḡ∂3H,

∂(H,G)

∂(ξ3, ξ1)
= ∂3H(∂1Ḡ− ∂3G∂1ξ

3)− ∂3G(∂1H̄ − ∂3H∂1ξ
3) = ∂3H∂1Ḡ− ∂3G∂1H̄,

∂(H,G)

∂(ξ1, ξ2)
= ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ − ∂1ξ

3(∂3H∂2Ḡ− ∂3G∂2H̄)− ∂2ξ
3(∂1H̄∂3G− ∂1Ḡ∂3H).

When these results are put together, we find that the terms proportional to ∂iξ3 (i = 1, 2)

cancel between r.h. and l.h. sides of (3.3), and we obtain

∂tξ
3 = ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ = ∂1(H̄∂2Ḡ)− ∂2(H̄∂1Ḡ). (3.4)

fFor the integration constants of Nambu mechanics, no discrimination is assigned regarding the upper
(contravariant) or lower (covariant) positions of their indices.
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❖Step I :  derive the EE stream equation starting with the Nambu eq. of motion
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3)∂3H = ∂2H̄∂3G− ∂2Ḡ∂3H,
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=

dξ3

dt
= ∂tξ

3 + ∂iξ
3dξ

i

dt
= ∂tξ

3 + ∂1ξ
3 ∂(H,G)

∂(ξ2, ξ3)
+ ∂2ξ

3 ∂(H,G)

∂(ξ3, ξ1)
. (3.3)
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fFor the integration constants of Nambu mechanics, no discrimination is assigned regarding the upper
(contravariant) or lower (covariant) positions of their indices.

11

❖Step II :  This result shows that we can naturally define a (2+1)-vector field                                                             

Therefore, the generalized HJ equations are invariant if we simultaneously shift S0 by

S0 → S ′
0 = S0 + Λ. It should be kept in mind here that, though this gauge symmetry is

analogous to that of electromagnetism, the degree of gauge freedom is weaker than the

latter. The reason is that the form H∂iG is not sufficiently general for representing an

arbitrary given vector field in the form Ai = H∂iG: in order to exhaust the whole range

of a vector field in this way, we would have to introduce multiple pairs of (Ha, Ga) by

extending to Ai =
!

a Ha∂iGa. But this weaker gauge symmetry is sufficient, at least, for

the purpose of ensuring the symmetrical roles of two Hamiltonians in Nambu mechanics.

In addition to this, the system of generalized HJ equations itself has a gauge symmetry

of its own with fixed (H,G), under (µ = 1, 2, 0, ∂t = ∂0)

Sµ → Sµ + ∂µλ (3.11)

with an arbitrary scalar function λ = λ(ξ1, ξ2, t). The above shift of S0 associated with the

gauge transformation of (H,G) can be compensated by the second gauge transformation

with ∂tλ = −Λ, which in turn induces the shift ∂iλ of the spatial components Si. In order

to distinguish these two gauge symmetries, we call the first one “N”-gauge symmetry,

and the second one “ S ”-gauge symmetry.

Now, we emphasize that one of prerequisites for step III is that, if
"
ξ1(t), ξ2(t)

#
are

chosen to be the solutions for the Nambu equations of motion as functions of time and

are substituted into the generalized HJ equations, ξ3 also becomes a function of time and

automatically satisfies the Nambu equation as a consequence of (3.6). As in the case of

ordinary HJ formalism, evidently, this is guaranteed in our case, because its derivation is

attained merely by tracing back the above procedure conversely from the generalized HJ

equations via the EE equations to the starting equation (3.3).

Let us recast the generalized HJ equations in terms of differential forms. We have a

natural 1-form on the base space (ξ1, ξ2, t),

Ω̄(1) ≡ Sidξ
i + S0dt ≡ Sµdξ

µ. (3.12)

Then, the generalized HJ equations are expressed by the following equality on taking its

exterior derivative:

Ω̄(2) ≡ dΩ̄(1) = (∂1S2 − ∂2S1)dξ
1 ∧ dξ2 + (∂iS0 − ∂0Si)dξ

i ∧ dt

= ξ3dξ1 ∧ dξ2 − H̄(∂1Ḡdξ1 + ∂2Ḡdξ2) ∧ dt. (3.13)
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such that

Since the r.h.side is a known (algebraic) function of ξ1, ξ2, ξ3(ξ1, ξ2, t) and ∂iξ3(ξ1, ξ2, t),

this is the desired EE equation. We have completed step I.

There is now a natural way to step II. The form (3.4) exhibited in the last equality

suggests itself to represent, without losing generality, the field ξ3 as the vorticity of a

two-component vector field (S1, S2) as

ξ3 ≡ ϵ3ij∂iSj = ∂1S2 − ∂2S1. (3.5)

Then, Eq. (3.4) can be expressed as (paired) partial differential equations for Si, being

supplemented with an arbitrary scalar field S0 that does not contribute to the vorticity

of ∂tSi on the l.h. side of Eq. (3.4):

∂tSi = H̄∂iḠ+ ∂iS0 (3.6)

H̄ = H(ξ1, ξ2,∂1S2 − ∂1S2), Ḡ = G(ξ1, ξ2, ∂1S2 − ∂1S2). (3.7)

We call this system of equations “generalized HJ equations” in the (1/2)-formalism.

The emergence of S0 can be understood from a gauge symmetry of the Nambu equa-

tions of motion, which was stressed by Nambu himself, but has often been discarded

by later workers. The system of the equations (1.1) is invariant under transformations

(H,G) → (H ′, G′) of the two Hamilton functions such that

HδG−H ′δG′ = δΛ, (3.8)

where a generating function Λ is an arbitrary function of G and G′, satisfying

∂Λ

∂G
= H,

∂Λ

∂G′ = −H ′. (3.9)

This property ensures that ∂(H′,G′)
∂(H,G) = 1 or equivalently, in terms of the partial derivatives

with respect to ξi,

∂iH∂jG− ∂jH∂iG = ∂iH
′∂jG

′ − ∂jH
′∂iG

′, (3.10)

and consequently the r.h.sides of (1.1) are invariant under (H,G) → (H ′, G′). Now, if the

pair (H,G) is replaced by (H ′, G′), the r.h.side of (3.6) is equal to

H̄ ′∂iḠ
′ + ∂iS0 = H̄∂iḠ− ∂iΛ+ ∂iS0.
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the first version of generalized HJ equations 

with a characteristic “S”-gauge symmetry
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Then, Eq. (22) can be expressed as (paired) partial differential equations for Si, being supplemented
with an arbitrary scalar field S0 that does not contribute to the vorticity of ∂tSi on the l.h.side of
Eq. (22):

∂tSi = H̄∂iḠ + ∂iS0 (24)

H̄ = H (ξ1, ξ2, ∂1S2 − ∂1S2), Ḡ = G(ξ1, ξ2, ∂1S2 − ∂1S2). (25)

We call this system of equations “generalized HJ equations” in the (1/2)-formalism.
The emergence of S0 can be understood from a gauge symmetry of the Nambu equations of motion,

which was stressed by Nambu himself, but has often been discarded by later workers. The system
of the equations (1) is invariant under transformations (H , G) → (H ′, G′) of the two Hamilton
functions such that

HδG − H ′δG′ = δ$, (26)

where a generating function $ is an arbitrary function of G and G′, satisfying

∂$

∂G
= H ,

∂$

∂G′ = −H ′. (27)

This property ensures that ∂(H ′,G′)
∂(H ,G) = 1 or equivalently, in terms of the partial derivatives with respect

to ξ i,

∂iH∂jG − ∂jH∂iG = ∂iH ′∂jG′ − ∂jH ′∂iG′, (28)

and consequently the r.h.sides of Eq. (1) are invariant under (H , G) → (H ′, G′). Now, if the pair
(H , G) is replaced by (H ′, G′), the r.h.side of Eq. (24) is equal to

H̄ ′∂iḠ′ + ∂iS0 = H̄∂iḠ − ∂i$ + ∂iS0.

Therefore, the generalized HJ equations are invariant if we simultaneously shift S0 by S0 → S′
0 =

S0 + $. It should be kept in mind here that, though this gauge symmetry is analogous to that of
electromagnetism, the degree of gauge freedom is weaker than the latter. The reason is that the form
H∂iG is not sufficiently general for representing an arbitrary given vector field in the form Ai = H∂iG:
in order to exhaust the whole range of a vector field in this way, we would have to introduce multiple
pairs of (Ha, Ga) by extending to Ai = !

aHa∂iGa. But this weaker gauge symmetry is sufficient, at
least, for the purpose of ensuring the symmetrical roles of two Hamiltonians in Nambu mechanics.

In addition to this, the system of generalized HJ equations itself has a gauge symmetry of its own
with fixed (H , G), under (µ = 1, 2, 0, ∂t = ∂0)

Sµ → Sµ + ∂µλ (29)

with an arbitrary scalar function λ = λ(ξ1, ξ2, t). The above shift of S0 associated with the gauge
transformation of (H , G) can be compensated by the second gauge transformation with ∂tλ = −$,
which in turn induces the shift ∂iλ of the spatial components Si. In order to distinguish these two gauge
symmetries, we call the first one “ N ”-gauge symmetry, and the second one “ S ”-gauge symmetry.

Now, we emphasize that one of prerequisites for step III is that, if
"
ξ1(t), ξ2(t)

#
are chosen to be

the solutions for the Nambu equations of motion as functions of time and are substituted into the
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The EE equation (3.4) is equivalent to the vanishing condition for the 3-form Ω̄(3) = dΩ̄(2):

0 = Ω̄(3) = ∂tξ
3dξ1 ∧ dξ2 ∧ dt− (∂1H̄∂2Ḡ− ∂2H̄∂1Ḡ)dξ1 ∧ dξ2 ∧ dt. (3.14)

It is to be noted that, unlike ordinary Hamilton mechanics, the fiber here is not directly

related to tangent planes of the base space: the phase space in the present (1/2)-formalism

may rather be called a “vorticity bundle” instead of a cotangent bundle in the usual case.

On the other hand, since ∂iḠ = ∂iG + ∂iξ3∂3G and dξ3 = ∂1ξ3dξ1 + ∂2ξ3dξ2, the

2-form Ω̄(2) can be regarded as the projection, from the three-dimensional phase space to

the two-dimensional base space, each adjoined with time, of the following 2-form on the

phase space (ξ1, ξ2, ξ3, t):

Ω(2) ≡ ξ3dξ1 ∧ dξ2 −HdG ∧ dt, (3.15)

where dG is regarded as a differential 1-form on the phase space treating all of ξ1, ξ2, ξ3

and t as independent variables. This coincides with the 2-form that was used for defining

the action integral (Ref. 2)). Then the closed (and exact) 3-formg dΩ(2)

Ω(3) ≡ dΩ(2) = dξ1 ∧ dξ2 ∧ dξ3 − dH ∧ dG ∧ dt (3.16)

has a null field associated with the Nambu equations of motion:

X̃ =
3!

i=1

X i∂i +
∂

∂t
: iX̃(Ω

(3)) = 0. (3.17)

Thus, up to step II of the present (1/2)-formalism, the structures and the relation be-

tween the EE equation and the HJ equations are almost parallel to the case of ordinary

Hamilton mechanics, if the orders of the corresponding differential forms are increased by

1: (ω̄(1), S) → (Ω̄(2), Ω̄(1)), (ω(2),ω(1)) → (Ω(3),Ω(2)).

3.2 A difficulty: From infinitesimal to finite canonical transformations

At this juncture, let us examine the property of Ω(2) in three-dimensional phase space

under a general time-dependent canonical transformation, a problem that, to the author’s

knowledge, has not been studied in the literature. Our purpose is to consider whether we

gThe closed 3-form Ω(3) was first considered in 5). Note that the apparent emergence of the world
“surface” ξi(t, s1) as mentioned in the previous section arises when we construct an integral invariant
(Ref. 2) ) corresponding to (3.15).
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generalized HJ equations, ξ3 also becomes a function of time and automatically satisfies the Nambu
equation as a consequence of Eq. (24). As in the case of ordinary HJ formalism, evidently, this is
guaranteed in our case, because its derivation is attained merely by tracing back the above procedure
conversely from the generalized HJ equations via the EE equations to the starting equation (21).

Let us recast the generalized HJ equations in terms of differential forms. We have a natural 1-form
on the base space (ξ1, ξ2, t),

"̄(1) ≡ Sidξ i + S0 dt ≡ Sµdξµ. (30)

Then, the generalized HJ equations are expressed by the following equality on taking its exterior
derivative:

"̄(2) ≡ d"̄(1) = (∂1S2 − ∂2S1)dξ1 ∧ dξ2 + (∂iS0 − ∂0Si)dξ i ∧ dt

= ξ3dξ1 ∧ dξ2 − H̄ (∂1Ḡdξ1 + ∂2Ḡdξ2) ∧ dt. (31)

The EE equation (22) is equivalent to the vanishing condition for the 3-form "̄(3) = d"̄(2):

0 = "̄(3) = ∂tξ
3dξ1 ∧ dξ2 ∧ dt − (∂1H̄∂2Ḡ − ∂2H̄∂1Ḡ)dξ1 ∧ dξ2 ∧ dt. (32)

It is to be noted that, unlike ordinary Hamilton mechanics, the fiber here is not directly related to
tangent planes of the base space: the phase space in the present (1/2)-formalism may rather be called
a “vorticity bundle”, instead of a cotangent bundle in the usual case.

On the other hand, since ∂iḠ = ∂iG + ∂iξ
3∂3G and dξ3 = ∂1ξ

3dξ1 + ∂2ξ
3dξ2, the 2-form "̄(2)

can be regarded as the projection, from the three-dimensional phase space to the two-dimensional
base space, each adjoined with time, of the following 2-form on the phase space (ξ1, ξ2, ξ3, t):

"(2) ≡ ξ3dξ1 ∧ dξ2 − H dG ∧ dt, (33)

where dG is regarded as a differential 1-form on the phase space treating all of ξ1, ξ2, ξ3 and t as
independent variables. This coincides with the 2-form that was used for defining the action integral
(Ref. [2]). Then the closed (and exact) 3-form6 d"(2)

"(3) ≡ d"(2) = dξ1 ∧ dξ2 ∧ dξ3 − dH ∧ dG ∧ dt (34)

has a null field associated with the Nambu equations of motion:

X̃ =
3!

i=1

X i∂i + ∂

∂t
: iX̃ ("(3)) = 0. (35)

Thus, up to step II of the present (1/2)-formalism, the structures and the relation between the EE
equation and the HJ equations are almost parallel to the case of ordinary Hamilton mechanics, if
the orders of the corresponding differential forms are increased by 1: (ω̄(1), S) → ("̄(2), "̄(1)),
(ω(2), ω(1)) → ("(3), "(2)).

6 The closed 3-form "(3) was first considered in Ref. [5]. Note that the apparent emergence of the world
“surface” ξ i(t, s1) as mentioned in the previous section arises when we construct an integral invariant (Ref. [2])
corresponding to Eq. (33).
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On the other hand, since ∂iḠ = ∂iG + ∂iξ
3∂3G and dξ3 = ∂1ξ

3dξ1 + ∂2ξ
3dξ2, the 2-form "̄(2)

can be regarded as the projection, from the three-dimensional phase space to the two-dimensional
base space, each adjoined with time, of the following 2-form on the phase space (ξ1, ξ2, ξ3, t):

"(2) ≡ ξ3dξ1 ∧ dξ2 − H dG ∧ dt, (33)

where dG is regarded as a differential 1-form on the phase space treating all of ξ1, ξ2, ξ3 and t as
independent variables. This coincides with the 2-form that was used for defining the action integral
(Ref. [2]). Then the closed (and exact) 3-form6 d"(2)

"(3) ≡ d"(2) = dξ1 ∧ dξ2 ∧ dξ3 − dH ∧ dG ∧ dt (34)

has a null field associated with the Nambu equations of motion:

X̃ =
3!

i=1

X i∂i + ∂

∂t
: iX̃ ("(3)) = 0. (35)

Thus, up to step II of the present (1/2)-formalism, the structures and the relation between the EE
equation and the HJ equations are almost parallel to the case of ordinary Hamilton mechanics, if
the orders of the corresponding differential forms are increased by 1: (ω̄(1), S) → ("̄(2), "̄(1)),
(ω(2), ω(1)) → ("(3), "(2)).

6 The closed 3-form "(3) was first considered in Ref. [5]. Note that the apparent emergence of the world
“surface” ξ i(t, s1) as mentioned in the previous section arises when we construct an integral invariant (Ref. [2])
corresponding to Eq. (33).
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Or more explicitly, 
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1. Introduction
In 1973, Nambu (Ref. [1]) proposed the following system of equations of motion for the flows of a
point (ξ1, ξ2, ξ3) in a three-dimensional phase space R3:

dξ i

dt
= {H , G, ξ i} ≡ X i, (1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbitrary triplet of
three functions (K , L, M ) on the phase space in terms of the three-dimensional Jacobian,1

{K , L, M } = ∂(K , L, M )

∂(ξ1, ξ2, ξ3)
= ϵijk∂iK∂jL∂kM . (2)

Therefore the vector field X i defined in Eq. (1), generating the lines of flows in the phase space, is
equal to

X i = ϵijk∂jH∂kG, (3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution on an
equal footing. The phase-space coordinates ξ i satisfy a “canonical” Nambu bracket relation,

{ξ i, ξ j, ξ k} = ϵijk . (4)

1 We assume the usual summation convention for coordinate indices in phase space.
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generalized HJ equations, ξ3 also becomes a function of time and automatically satisfies the Nambu
equation as a consequence of Eq. (24). As in the case of ordinary HJ formalism, evidently, this is
guaranteed in our case, because its derivation is attained merely by tracing back the above procedure
conversely from the generalized HJ equations via the EE equations to the starting equation (21).

Let us recast the generalized HJ equations in terms of differential forms. We have a natural 1-form
on the base space (ξ1, ξ2, t),

"̄(1) ≡ Sidξ i + S0 dt ≡ Sµdξµ. (30)

Then, the generalized HJ equations are expressed by the following equality on taking its exterior
derivative:

"̄(2) ≡ d"̄(1) = (∂1S2 − ∂2S1)dξ1 ∧ dξ2 + (∂iS0 − ∂0Si)dξ i ∧ dt

= ξ3dξ1 ∧ dξ2 − H̄ (∂1Ḡdξ1 + ∂2Ḡdξ2) ∧ dt. (31)

The EE equation (22) is equivalent to the vanishing condition for the 3-form "̄(3) = d"̄(2):

0 = "̄(3) = ∂tξ
3dξ1 ∧ dξ2 ∧ dt − (∂1H̄∂2Ḡ − ∂2H̄∂1Ḡ)dξ1 ∧ dξ2 ∧ dt. (32)

It is to be noted that, unlike ordinary Hamilton mechanics, the fiber here is not directly related to
tangent planes of the base space: the phase space in the present (1/2)-formalism may rather be called
a “vorticity bundle”, instead of a cotangent bundle in the usual case.

On the other hand, since ∂iḠ = ∂iG + ∂iξ
3∂3G and dξ3 = ∂1ξ

3dξ1 + ∂2ξ
3dξ2, the 2-form "̄(2)

can be regarded as the projection, from the three-dimensional phase space to the two-dimensional
base space, each adjoined with time, of the following 2-form on the phase space (ξ1, ξ2, ξ3, t):

"(2) ≡ ξ3dξ1 ∧ dξ2 − H dG ∧ dt, (33)

where dG is regarded as a differential 1-form on the phase space treating all of ξ1, ξ2, ξ3 and t as
independent variables. This coincides with the 2-form that was used for defining the action integral
(Ref. [2]). Then the closed (and exact) 3-form6 d"(2)

"(3) ≡ d"(2) = dξ1 ∧ dξ2 ∧ dξ3 − dH ∧ dG ∧ dt (34)

has a null field associated with the Nambu equations of motion:

X̃ =
3!

i=1

X i∂i + ∂

∂t
: iX̃ ("(3)) = 0. (35)

Thus, up to step II of the present (1/2)-formalism, the structures and the relation between the EE
equation and the HJ equations are almost parallel to the case of ordinary Hamilton mechanics, if
the orders of the corresponding differential forms are increased by 1: (ω̄(1), S) → ("̄(2), "̄(1)),
(ω(2), ω(1)) → ("(3), "(2)).

6 The closed 3-form "(3) was first considered in Ref. [5]. Note that the apparent emergence of the world
“surface” ξ i(t, s1) as mentioned in the previous section arises when we construct an integral invariant (Ref. [2])
corresponding to Eq. (33).
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− L3L1dξ2 ∧ dt+ L3L2dξ1 ∧ dt− L3dξ1 ∧ dξ2

= 0 (61)

Intuitively this means that the vector field L̃ is can be regarded as the “line of force”

corresponding to the 3-form “magnetic field” dω(2). The variational principle is essentially

a consequence of this property by Stokes’ theorem.

In elementary terms, this is analogous to the Faraday’s lines of force of the magnetic

field Bi =
1
2ϵijkFjk in 3 dimensional space, in which case the 2-form

F (2) =
1

2
Fijdx

i ∧ dxj = dA(1), Fij = ∂iAj − ∂jAi

A(1) = Aidx
i

plays the role of dω(2) in the case of Nambu mechanics. The vector field is

B = Bi∂i

iB(F
(2)) = BiFijdx

j =
1

2
BiϵijkBkdx

j = 0

In this case, what the integral form of the variational principle says is the fact that if the

line integral
!
Aidxi is performed along the line of force of magnetic field, the infinitesimal

variation of the contour of integration gives vanishing variation:

δ

"
Aidx

i =
1

2

"

δS

Fijdx
i ∧ dxj = 0

by Stokes’ theorem, since the line of force lies in the same plane of infinitesimal area

element dSij = dxi ∧ dxj swept through by the infinitesimal variation of the contour.

Consider the three 1-forms

dξi − Lidt (X i = ϵijk∂jH∂kG)

and construct a 3-form

(dξ1 − L1dt) ∧ (dξ2 − L2dt) ∧ (dξ3 − L3dt)

(dξ1 −X1dt) ∧ (dξ2 −X2dt) ∧ (dξ3 −X3dt)

= [dξ1 − (∂2H∂3G− ∂3H∂2G)dt] ∧ [dξ2 − (∂3H∂1G− ∂1H∂3G)dt]

∧[dξ3 − (∂1H∂2G− ∂2H∂1G)dt]
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This property replaces the role of the action principle as a variational 
characterization of the equations of motion (=integral curve of        ) for a 
continuous family of its trajectories.
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generalized HJ equations, ξ3 also becomes a function of time and automatically satisfies the Nambu
equation as a consequence of Eq. (24). As in the case of ordinary HJ formalism, evidently, this is
guaranteed in our case, because its derivation is attained merely by tracing back the above procedure
conversely from the generalized HJ equations via the EE equations to the starting equation (21).

Let us recast the generalized HJ equations in terms of differential forms. We have a natural 1-form
on the base space (ξ1, ξ2, t),

"̄(1) ≡ Sidξ i + S0 dt ≡ Sµdξµ. (30)

Then, the generalized HJ equations are expressed by the following equality on taking its exterior
derivative:

"̄(2) ≡ d"̄(1) = (∂1S2 − ∂2S1)dξ1 ∧ dξ2 + (∂iS0 − ∂0Si)dξ i ∧ dt

= ξ3dξ1 ∧ dξ2 − H̄ (∂1Ḡdξ1 + ∂2Ḡdξ2) ∧ dt. (31)

The EE equation (22) is equivalent to the vanishing condition for the 3-form "̄(3) = d"̄(2):

0 = "̄(3) = ∂tξ
3dξ1 ∧ dξ2 ∧ dt − (∂1H̄∂2Ḡ − ∂2H̄∂1Ḡ)dξ1 ∧ dξ2 ∧ dt. (32)

It is to be noted that, unlike ordinary Hamilton mechanics, the fiber here is not directly related to
tangent planes of the base space: the phase space in the present (1/2)-formalism may rather be called
a “vorticity bundle”, instead of a cotangent bundle in the usual case.

On the other hand, since ∂iḠ = ∂iG + ∂iξ
3∂3G and dξ3 = ∂1ξ

3dξ1 + ∂2ξ
3dξ2, the 2-form "̄(2)

can be regarded as the projection, from the three-dimensional phase space to the two-dimensional
base space, each adjoined with time, of the following 2-form on the phase space (ξ1, ξ2, ξ3, t):

"(2) ≡ ξ3dξ1 ∧ dξ2 − H dG ∧ dt, (33)

where dG is regarded as a differential 1-form on the phase space treating all of ξ1, ξ2, ξ3 and t as
independent variables. This coincides with the 2-form that was used for defining the action integral
(Ref. [2]). Then the closed (and exact) 3-form6 d"(2)

"(3) ≡ d"(2) = dξ1 ∧ dξ2 ∧ dξ3 − dH ∧ dG ∧ dt (34)

has a null field associated with the Nambu equations of motion:

X̃ =
3!

i=1

X i∂i + ∂

∂t
: iX̃ ("(3)) = 0. (35)

Thus, up to step II of the present (1/2)-formalism, the structures and the relation between the EE
equation and the HJ equations are almost parallel to the case of ordinary Hamilton mechanics, if
the orders of the corresponding differential forms are increased by 1: (ω̄(1), S) → ("̄(2), "̄(1)),
(ω(2), ω(1)) → ("(3), "(2)).

6 The closed 3-form "(3) was first considered in Ref. [5]. Note that the apparent emergence of the world
“surface” ξ i(t, s1) as mentioned in the previous section arises when we construct an integral invariant (Ref. [2])
corresponding to Eq. (33).
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Remark: 

Recall that in the ordinary Hamiltonian mechanics 

(pi, qi) with pi being the components of 1-form in local coordinates qi. In general

the vector field w(j) will not constitute a completely integrable system.

[w(j), w(k)] = (HDjH + ψj∂tH)w(k) − (HDkH + ψk∂tH)w(j)

+[H(∂jψk − ∂kψj) + ψj(∂tψk +DkH)− ψk(∂tψj +DjH)]∂t

Thus integrability criterion is satisfied if

∂tψj +DjH = 0, ∂jψk − ∂kψj = 0

then the form ω is closed dω = 0. Poincaré’s lemma asserts that there exists - at

least locally- such that dS(t, q) = ω which yields Hamilton-Jacobi equation

∂tS = −H, ∂jS = ψj

(iii) Consider the exterior derivative of the form θ = −Hdt+ pjdqj

dθ = −dH(t, q, p) ∧ dt+ dpj ∧ dqj

= −
!
∂jHdqj +

∂H

∂pj
dpj + ∂tHdt

"
∧ dt+ dpj ∧ dqj

= (dpj + ∂jHdt) ∧
!
dqj − ∂H

∂pj
dt
"

Note that dθ is a form on R2n+1 with coordinates y = (t, q1, . . . , qn, p1, . . . , pn).

Its associated system, which coincides with its characteristic system, because dθ is

exact, is generated by the 2n Pfaffian forms (∂j = ∂/∂qj)

i(∂j)dθ = −(dpj + ∂jHdt) =: −θj

i(
∂

∂pj
)dθ = dqj − ∂H

∂pj
dt =: ωj

If there are no additional constraints, rank and class of dθ are 2n. The space

A(dθ) = C(dθ) of characteristic vector fields associated with dθ is 1-dimensional

and can be generated by

XH = ∂t +
∂H

∂pj
∂j −

∂H

∂qj
∂

∂pj

because θj(XH) = 0,ωj(XH) = 0. Thus the associated integral manifolds of dθ are

the 1-dimensional solutions of the Hamilton equation of motion

q̇j =
∂H

∂pj
, ṗj = −∂H

∂qj

26
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This can be regarded as a version of the integrability condition for the Hamilton–Jacobi equation if
p i = ∂S/∂q i is separately treated as a differential equation. Its validity is actually guaranteed by our
derivation, since this calculation merely inverts the process from Eq. (6) to Eq. (12). This is one of
the merits of the Einstein approach.

On the other hand, Eq. (5) itself is obtained by the Jacobi condition (9), given a complete solution
to Eq. (12): by a total differentiation of Eq. (9) by t, we obtain

0 = ∂2S
∂Qi∂t

+ ∂2S
∂Qi∂q j

dq j

dt
= − ∂H̄

∂Qi + ∂2S
∂Qi∂q j

dq j

dt
= −∂H

∂p j

∂2S
∂q j∂Qi

+ ∂2S
∂Qi∂q j

dq j

dt
,

which gives Eq. (5) under condition (10).
The above procedures actually fit well into an abstract but modern language of differential forms.

First define a closed (and exact) 2-form in the phase space ( p , q , t) adjoined by a time variable,

ω(2) = dp i ∧ dq i − dH ∧ dt = dω(1) (13)

where

ω(1) = p i dq i − H dt. (14)

The EE equations together with the vortex-free condition are equivalent to a demand that the 2-form
ω(2) vanishes when it is evaluated under the projection to the configuration space (q i, t), by assuming
p i = p i(q , t) and hence dp i = ∂p i

∂q j dq j + ∂p i
∂t dt:

ω̄(2) ≡ ω(2)|(q ,t) = 1
2

!
∂p j

∂q i − ∂p i

∂q j

"
dq i ∧ dq j −

!
∂p i

∂t
+ ∂H̄

∂q i

"
dq i ∧ dt = 0. (15)

Obviously, the vortex-free condition is nontrivial only for n ≥ 2. The requirements of vortex-free
flow and consequently of the HJ equation for potential function Sas the vanishing condition for ω̄(2)

are formulated equivalently to the condition that the 1-form ω(1) in the phase space becomes exact
after the projection to the configuration space: namely, the equality

ω̄(1) ≡ ω(1)|(q ,t) = dS= ∂S
∂q i dq i + ∂S

∂t
dt (16)

is nothing but the HJ equation.
It is also useful, though not essential to our development, to note the following in understanding

the connection of ω(2) to the action principle. If we do not make the projection by treating p i and q j

as independent variables, we can characterize it by (Ref. [8])

iṼ
#
ω(2)

$
= 0, (17)

where the symbol iL(·) denotes in general the operation of internal multiplication of a vector
differential operator L on differential forms abbreviated as “ · ”. In the present case,

L = Ṽ = V + ∂

∂t
, V ≡ ∂H

∂p i

∂

∂q i − ∂H
∂q i

∂

∂p i
, (18)

corresponding to the Hamilton equations of motion. In this sense, Ṽ , whose component form is
(−∂H/∂q i, ∂H/∂p i, 1), is called a “null vector” for the form ω(2). This property is akin to the above
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L = Ṽ = V + ∂

∂t
, V ≡ ∂H

∂p i

∂

∂q i − ∂H
∂q i

∂

∂p i
, (18)

corresponding to the Hamilton equations of motion. In this sense, Ṽ , whose component form is
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❖Step III: what is the analogue of Jacobi condition ? 

The usual procedure of finding an appropriate finite canonical transformation such 
that we can unfold the dynamics to vanishing Hamiltonian cannot be 
straightforwardly extended to Nambu mechanics. 
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3.2. A difficulty: From infinitesimal to finite canonical transformations
At this juncture, let us examine the property of !(2) in three-dimensional phase space under a general
time-dependent canonical transformation, a problem that, to the author’s knowledge, has not been
studied in the literature. Our purpose is to consider whether we can expect that the similarities
mentioned at the end of the previous subsection continue to the next step III. The general form of
the infinitesimal canonical transformation for canonical coordinates is

δξ i = {K , L, ξ i}, (36)

where K and L are arbitrary time-dependent functions. By a straightforward calculation, we find

δ
!
ξ3 dξ1 ∧ dξ2) = d$ − ∂tL dK ∧ dt + ∂tK dL ∧ dt, (37)

$ ≡ K dL + ξ3
"

∂(K , L)

∂(ξ2, ξ3)
dξ2 − ∂(K , L)

∂(ξ3, ξ1)
dξ1

#
. (38)

This implies that the variation δ!(2) can be exact such that δ(!(3)) = 0:

δ(ξ3 dξ1 ∧ dξ2 − H dG ∧ dt) = d$,

provided that we choose, say, L = G and δH = ∂tK , δG = 0, which lead to

−δ(H dG) ∧ dt − ∂tL dK ∧ dt + ∂tK dL ∧ dt = −(δH ) dG ∧ dt + ∂tK dG ∧ dt = 0.

In other words, the infinitesimal time development described by the Nambu equations can be unfolded
to initial time, as in the case of the ordinary Hamilton equations of motion. This can also be checked
directly by performing the same canonical transformation on the Nambu equations themselves.

Since a finite-time evolution can be generated by successive infinitesimal developments, we are jus-
tified in assuming that there exists a finite canonical transformation that unfolds the time development
by sending H to zero, with some finite 1-form $′ satisfying

ξ3 dξ1 ∧ dξ2 − H̄ dḠ ∧ dt = d$′ + Q3 dQ1 ∧ dQ2, (39)

where (Q1, Q2, Q3) are appropriate canonical variables corresponding to the initial conditions. Note
that here we have to regard ξ3 as being projected to the space (ξ1, ξ2, t), since we are implicitly
assuming that conditions are appropriately given such that the trajectory is uniquely determined.
This is analogous to the corresponding property of ordinary Hamilton mechanics

pi dqi − H̄ dt = dS+ Pi dQi,

which implies that we must regard the generating function S = S(q, Q) as a function of 2n inde-
pendent variables qi and Qi. This is legitimate, since there are 2n independent canonical variables.
Hence for a given S satisfying the HJ equation ∂tS = −H̄ , we obtain the standard relations that
characterize the unfolding canonical transformation in concrete form:

∂S
∂qi = pi,

∂S
∂Qi = −Pi,

the latter of which is nothing but the Jacobi condition, Eq. (9).
Now going back to the case of Nambu mechanics, we notice a critical difference, that there are only

three independent canonical variables. Therefore we cannot treat both dQ1 and dQ2 as differentials
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that are independent of dξµ (µ = 1, 2, 0). Thus one, say Q2, out of the pair (Q1, Q2) must be regarded
as a dependent variable, namely, as a function of (ξ1, ξ2, t), involving one constant parameter that
we denote by P. Note that the last parameter is still necessary for representing the number (= 3)
of degrees of freedom for initial conditions for determining the trajectory uniquely as a function of
time. Then, by defining

"′ = "′
µ dξµ + "′

Q1
dQ1,

d"′ = (∂1"
′
2 − ∂2"

′
1) dξ1 ∧ dξ2 − (∂t"

′
i − ∂i"

′
0) dξ i ∧ dt

+
!

∂i"
′
Q1

− ∂"′
i

∂Q1

"
dξ i ∧ dQ1 +

!
∂t"

′
Q1

− ∂"′
0

∂Q1

"
dt ∧ dQ1

we obtain, formally,

∂1"
′
2 − ∂2"

′
1 = ξ3, (40)

∂t"
′
i − ∂i"

′
0 = H̄∂iḠ, (41)

∂i"
′
Q1

− ∂"′
i

∂Q1
= Q3∂iQ2, ∂t"

′
Q1

− ∂"′
0

∂Q1
= Q3∂tQ2. (42)

Comparing Eqs. (40) and (41) with the generalized HJ equations (23) and (24) previously obtained,
respectively, we can identify that "′

µ = Sµ up to gauge degrees of freedom. On the other hand,
Eq. (42) specifies the dependence on the initial conditions, giving an implicit characterization of the
required finite canonical transformation. Therefore these two relations replace the Jacobi conditions
of the ordinary case. Using the S-gauge symmetry that is now extended to "′

Q1
→ "′

Q1
+ ∂λ/∂Q1,

we can set "′
Q1

= 0 without losing generality. Then the residual gauge symmetry is the previous
S-gauge symmetry. By a further redefinition "′

µ = Sµ → Sµ − Q1Q3∂µQ2(ξ
1, ξ2, t), the r.h.sides

of Eq. (42) can be sent to zero. This is analogous to our remarks on condition (9) in the previous
section, concerning the shift S→ S+ PiQi of the action function in the ordinary case. However, the
situation here is quite different in the sense that Q2 is in general an unknown function. This exhibits
a difficulty in characterizing finite canonical transformations in Nambu mechanics.

A possible way out is to choose Q2 from the beginning to be a known function. Since we have
two conserved fields (H̄ , Ḡ), a natural choice would be Q2 = Ḡ in view of our choice δG = 0
for the infinitesimal transformation discussed at the beginning of this subsection. In this case, the
additional constant P should be taken as the numerical value of Ḡ itself. However, a difficulty
remains. Remember that Ḡ depends, in general, on ξ3 = ∂1S2 − ∂2S1. This means that the r.h.sides
of the first relation in Eq. (42) involve, in general, second derivatives of Si. But the generalized
HJ equation (41) ("′

µ = Sµ) does not directly dictate their property: to use them for deriving the
Nambu equation, we are led to perform partial derivatives on both sides. Then the r.h.sides of Eq. (41)
involve higher derivatives than second. Thus we are led to performing another partial derivative on
both sides, thereby inducing yet higher derivatives, ad infinitum. In contrast to this, Eq. (9) in the
ordinary case does not involve derivatives ∂iSat all.

Conclusion: The relations (42) are still too implicit to characterize finite canonical transforma-
tions for the purpose of regaining the equations of motion, unfortunately, in completing the Jacobi
procedure in general.
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A fundamental difficulty:

But this is not in general allowed since it would require the existence of 4 independent  
canonical variables (apart from t), instead of 3 that is the dimension of the phase space ?!

We found two ways for circumventing this difficulty.



Approach (i):  assume special canonical coordinates (and/or N-gauge choices) 
such that                      (“axial gauge”)            
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choice δG = 0 for the infinitesimal transformation discussed at the beginning of this

subsection. In this case, the additional constant P should be taken as the numerical value

of Ḡ itself. However, a difficulty remains. Remember that Ḡ depends, in general, on

ξ3 = ∂1S2 − ∂2S1. This means that the r.h.sides of the first relation in Eq. (3.24) involve,

in general, second derivatives of Si. But the generalized HJ equation (3.23) (Σ′
µ = Sµ)

does not directly dictate their property: to use them for deriving the Nambu equation, we

are led to perform partial derivatives on both sides. Then the r.h.sides of (3.23) involve

higher derivatives than second. Thus we are led to performing another partial derivative

on both sides, thereby inducing yet higher derivatives, ad infinitum. In contrast to this,
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3.3 Step III

Consideration of the previous subsection suggests that we should look at solving the

generalized HJ equation in order to obtain explicit results more suitable to step III than

(3.24) regarding integration constants. We will present two approaches. The first one

assumes that by suitable N-gauge and/or canonical transformation, G is chosen to be

independent of ξ3: ∂3G = 0. In principle, this requirement is not restrictive, but practical

applicability may be confined to relatively simpler theories. The second approach applies

to the general case without any restriction at the beginning, but requires us, instead, to

make a further fiber-decomposition of the two-dimensional base space to (1/1).
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tion by two implicit constant parameters, say (Q1, Q2).f Then the two-component field
!
ξ2(ξ1, t;Q1, Q2), ξ3(ξ1, t;Q1, Q2)

"
gives a section of the two-dimensional fibers. We stress

that, apart from questions on the global existence of these functions, the odd dimension-

ality of phase space does not obstruct us at all: in the present approach, the specification

of the conditions for determining trajectories uniquely is most essential and sufficient for

our purpose, irrespectively of the dimensions of phase space.

3. (1/2)-formalism

3.1 Steps I and II

Let us start from the case of (1/2) decomposition. We define

H̄ = H̄(ξ1, ξ2, t) = H(ξ1, ξ2, ξ3(ξ1, ξ2, t)), (3.1)

Ḡ = Ḡ(ξ1, ξ2, t) = G(ξ1, ξ2, ξ3(ξ1, ξ2, t)). (3.2)

The EE equation for the field ξ3 = ξ3(ξ1, ξ2, t) is derived by following the procedures

explained in the previous section. The partial differentiations will be abbreviated as
∂
∂ξi = ∂i,

∂
∂t = ∂t = ∂0. We first have

∂(H,G)

∂(ξ1, ξ2)
=

dξ3

dt
= ∂tξ

3 + ∂iξ
3dξ

i

dt
= ∂tξ

3 + ∂1ξ
3 ∂(H,G)

∂(ξ2, ξ3)
+ ∂2ξ

3 ∂(H,G)

∂(ξ3, ξ1)
. (3.3)

Here and throughout this section it should be understood, unless stated otherwise, that,

for (H,G) without bars, ξ3 = ξ3(ξ1, ξ2, t) is substituted after operating partial differ-

entiations by treating all three coordinates of the phase space independently: e. g.,

∂iH̄ = ∂iH + ∂3H∂iξ3. Thus we have

∂(H,G)

∂(ξ2, ξ3)
= (∂2H̄ − ∂3H∂2ξ

3)∂3G− (∂2Ḡ− ∂3G∂2ξ
3)∂3H = ∂2H̄∂3G− ∂2Ḡ∂3H,

∂(H,G)

∂(ξ3, ξ1)
= ∂3H(∂1Ḡ− ∂3G∂1ξ

3)− ∂3G(∂1H̄ − ∂3H∂1ξ
3) = ∂3H∂1Ḡ− ∂3G∂1H̄,

∂(H,G)

∂(ξ1, ξ2)
= ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ − ∂1ξ

3(∂3H∂2Ḡ− ∂3G∂2H̄)− ∂2ξ
3(∂1H̄∂3G− ∂1Ḡ∂3H).

When these results are put together, we find that the terms proportional to ∂iξ3 (i = 1, 2)

cancel between r.h. and l.h. sides of (3.3), and we obtain

∂tξ
3 = ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ = ∂1(H̄∂2Ḡ)− ∂2(H̄∂1Ḡ). (3.4)

fFor the integration constants of Nambu mechanics, no discrimination is assigned regarding the upper
(contravariant) or lower (covariant) positions of their indices.

11

between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm

$1/2#10Watts

I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i

dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

108

Approach (i): ∂3G = 0 case

A drastic simplification occurs when G is independent of ξ3: ∂3G = 0, or equivalently

Ḡ = G identically, which implies that ∂tḠ = 0 since the whole dependence on time arises

through ξ3. Let us choose the gauge S0 = 0 using the S-gauge symmetry of the generalized

HJ equations. Then, if we set

Si = −S∂iG+ gi, (3.25)

by introducing a function S = S(ξi, t) that satisfies

∂tS = −H̄, (3.26)

Eq. (3.6) reduce to

∂tgi = 0,

and we have ξ3 = ∂1G∂2S− ∂2G∂1S + ∂1g2 − ∂2g1. Using the residual (time-independent)

S-gauge symmetry, furthermore, we can set gi = ϵij∂jg in terms of a time-independent

scalar function g: ∂1g2 − ∂2g1 = −∂i∂ig. Then, gi can be absorbed into S by making a

redefinition

S → S + F

where F is defined such that F∂iG = gi = ϵij∂jg, which is solved as dGF = ∂2g with

dG ≡ ∂1G∂2 − ∂2G∂1, (3.27)

assuming that at least one ∂iG is not zero. Therefore we can actually set gi = 0 without

losing generality, and obtain

ξ3 = dGS. (3.28)

We have arrived almost at the usual HJ equation: the only difference is that, instead of

the projected generalized momenta as just plain partial derivatives of S, we now have Eq.

(3.28) corresponding to an infinitesimal shift δξi = −ϵij∂jG in the base (configuration)

space, which preserves G: dGG = 0, identically.

We can now complete step III for this system. Suppose we have a solution to the

generalized HJ equation (3.26), supplemented by Eq. (3.28), which has one arbitrary
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and the original Nambu equations of motion are reproduced by demanding, for the 
complete solution                            , 

integration constant Q1. Then in analogy with the case of ordinary HJ equations, we

impose

∂S

∂Q1
= Q3, (3.29)

by introducing an additional constant Q3. If we further require that G is preserved and

hence impose G = Ḡ = Q2 with Q2 being an additional time-independent constant, we

can solve these two conditions to obtain ξi as functions, ξi(t;Q1, Q2, Q3), of time with

three parameters. Solvability is ensured by requiring that (3.29) is not invariant under

the action of dG, namely,

∂2S

∂ξ1∂Q1
∂2G− ∂2S

∂ξ2∂Q1
∂1G ̸= 0, (3.30)

for it to be independent of the condition G = Q2. Condition (3.29) can also be derived

from consideration of the canonical transformation of the previous subsection, due to the

simplification that now G = Q2 does not depend on ξ3, since then ∂Si
∂Q1

= −∂iG
∂S
∂Q1

and

consequently the first of (3.24), with Σ′
Q1

= 0, reduces to (3.29), while the second becomes

trivial in the present gauge S0 (= Σ′
0) = 0.

Then we can derive the Nambu equations of motion by extending the method that is

explained in the ordinary case: by taking a (total) time derivative of (3.29) and G = Q2,

we obtain

∂2S

∂Q1∂t
+

∂2S

∂ξ1∂Q1

dξ1

dt
+

∂2S

∂ξ2∂Q1

dξ2

dt
= 0, (3.31)

∂1G
dξ1

dt
+ ∂2G

dξ2

dt
= 0. (3.32)

On the other hand, since (3.26) is satisfied for an arbitrary constant Q1 by its definition,

we also have
∂2S

∂Q1∂t
= −∂H

∂ξ3

!
∂1G

∂2S

∂ξ2∂Q1
− ∂2G

∂2S

∂ξ1∂Q1

"
,

remembering that the dependence on Q1 of H̄ resides only in ξ3. Using this result and

(3.32), (3.31) reduces, due to condition (3.30), to

dξ1

dt
= −∂3H∂2G, (3.33)

dξ2

dt
= ∂3H∂1G, (3.34)
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: general solution with three integration constants 

between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
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Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
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dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)
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Then, it is easy to 
see that the system 
is equivalent to  

with a scalar S, 

Approach (i): ∂3G = 0 case
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by introducing a function S = S(ξi, t) that satisfies

∂tS = −H̄, (3.26)
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and we have ξ3 = ∂1G∂2S− ∂2G∂1S + ∂1g2 − ∂2g1. Using the residual (time-independent)
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Si = −S∂iG+ gi, (3.25)

by introducing a function S = S(ξi, t) that satisfies

∂tS = −H̄, (3.26)

Eq. (3.6) reduce to

∂tgi = 0,

and we have ξ3 = ∂1G∂2S− ∂2G∂1S + ∂1g2 − ∂2g1. Using the residual (time-independent)

S-gauge symmetry, furthermore, we can set gi = ϵij∂jg in terms of a time-independent

scalar function g: ∂1g2 − ∂2g1 = −∂i∂ig. Then, gi can be absorbed into S by making a

redefinition

S → S + F

where F is defined such that F∂iG = gi = ϵij∂jg, which is solved as dGF = ∂2g with

dG ≡ ∂1G∂2 − ∂2G∂1, (3.27)

assuming that at least one ∂iG is not zero. Therefore we can actually set gi = 0 without

losing generality, and obtain

ξ3 = dGS. (3.28)

We have arrived almost at the usual HJ equation: the only difference is that, instead of

the projected generalized momenta as just plain partial derivatives of S, we now have Eq.

(3.28) corresponding to an infinitesimal shift δξi = −ϵij∂jG in the base (configuration)

space, which preserves G: dGG = 0, identically.

We can now complete step III for this system. Suppose we have a solution to the

generalized HJ equation (3.26), supplemented by Eq. (3.28), which has one arbitrary

18

Approach (i): ∂3G = 0 case

A drastic simplification occurs when G is independent of ξ3: ∂3G = 0, or equivalently

Ḡ = G identically, which implies that ∂tḠ = 0 since the whole dependence on time arises

through ξ3. Let us choose the gauge S0 = 0 using the S-gauge symmetry of the generalized

HJ equations. Then, if we set

Si = −S∂iG+ gi, (3.25)

by introducing a function S = S(ξi, t) that satisfies

∂tS = −H̄, (3.26)

Eq. (3.6) reduce to

∂tgi = 0,

and we have ξ3 = ∂1G∂2S− ∂2G∂1S + ∂1g2 − ∂2g1. Using the residual (time-independent)

S-gauge symmetry, furthermore, we can set gi = ϵij∂jg in terms of a time-independent

scalar function g: ∂1g2 − ∂2g1 = −∂i∂ig. Then, gi can be absorbed into S by making a

redefinition

S → S + F

where F is defined such that F∂iG = gi = ϵij∂jg, which is solved as dGF = ∂2g with

dG ≡ ∂1G∂2 − ∂2G∂1, (3.27)

assuming that at least one ∂iG is not zero. Therefore we can actually set gi = 0 without

losing generality, and obtain

ξ3 = dGS. (3.28)

We have arrived almost at the usual HJ equation: the only difference is that, instead of

the projected generalized momenta as just plain partial derivatives of S, we now have Eq.

(3.28) corresponding to an infinitesimal shift δξi = −ϵij∂jG in the base (configuration)

space, which preserves G: dGG = 0, identically.

We can now complete step III for this system. Suppose we have a solution to the

generalized HJ equation (3.26), supplemented by Eq. (3.28), which has one arbitrary

18

Approach (i): ∂3G = 0 case

A drastic simplification occurs when G is independent of ξ3: ∂3G = 0, or equivalently
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tion by two implicit constant parameters, say (Q1, Q2).f Then the two-component field
!
ξ2(ξ1, t;Q1, Q2), ξ3(ξ1, t;Q1, Q2)

"
gives a section of the two-dimensional fibers. We stress

that, apart from questions on the global existence of these functions, the odd dimension-

ality of phase space does not obstruct us at all: in the present approach, the specification

of the conditions for determining trajectories uniquely is most essential and sufficient for

our purpose, irrespectively of the dimensions of phase space.

3. (1/2)-formalism

3.1 Steps I and II

Let us start from the case of (1/2) decomposition. We define

H̄ = H̄(ξ1, ξ2, t) = H(ξ1, ξ2, ξ3(ξ1, ξ2, t)), (3.1)

Ḡ = Ḡ(ξ1, ξ2, t) = G(ξ1, ξ2, ξ3(ξ1, ξ2, t)). (3.2)

The EE equation for the field ξ3 = ξ3(ξ1, ξ2, t) is derived by following the procedures

explained in the previous section. The partial differentiations will be abbreviated as
∂
∂ξi = ∂i,

∂
∂t = ∂t = ∂0. We first have

∂(H,G)

∂(ξ1, ξ2)
=

dξ3

dt
= ∂tξ

3 + ∂iξ
3dξ

i

dt
= ∂tξ

3 + ∂1ξ
3 ∂(H,G)

∂(ξ2, ξ3)
+ ∂2ξ

3 ∂(H,G)

∂(ξ3, ξ1)
. (3.3)

Here and throughout this section it should be understood, unless stated otherwise, that,

for (H,G) without bars, ξ3 = ξ3(ξ1, ξ2, t) is substituted after operating partial differ-

entiations by treating all three coordinates of the phase space independently: e. g.,

∂iH̄ = ∂iH + ∂3H∂iξ3. Thus we have

∂(H,G)

∂(ξ2, ξ3)
= (∂2H̄ − ∂3H∂2ξ

3)∂3G− (∂2Ḡ− ∂3G∂2ξ
3)∂3H = ∂2H̄∂3G− ∂2Ḡ∂3H,

∂(H,G)

∂(ξ3, ξ1)
= ∂3H(∂1Ḡ− ∂3G∂1ξ

3)− ∂3G(∂1H̄ − ∂3H∂1ξ
3) = ∂3H∂1Ḡ− ∂3G∂1H̄,

∂(H,G)

∂(ξ1, ξ2)
= ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ − ∂1ξ

3(∂3H∂2Ḡ− ∂3G∂2H̄)− ∂2ξ
3(∂1H̄∂3G− ∂1Ḡ∂3H).

When these results are put together, we find that the terms proportional to ∂iξ3 (i = 1, 2)

cancel between r.h. and l.h. sides of (3.3), and we obtain

∂tξ
3 = ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ = ∂1(H̄∂2Ḡ)− ∂2(H̄∂1Ḡ). (3.4)

fFor the integration constants of Nambu mechanics, no discrimination is assigned regarding the upper
(contravariant) or lower (covariant) positions of their indices.
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: a sort of angular (or vortical) momentum!



Approach (ii):  (1/1/1) formalism, namely, further reduction  
of the base space              into (1/1) by setting                     
 under the constraint

from the Jacobi condition ∂S/∂E = t0 with t0 being one of the additional constants.

Together with other Jacobi conditions associated with the other integration constants,

(3.35) determines the trajectories as functions of time, satisfying the equations of motion.

In the present case, by setting H = E, the generalized HJ equations reduce to

∂tSi − ∂iS0 = E∂iG (3.36)

which are trivially solved as

S0 = −EG+ f(t), Si = gi (3.37)

where f is an arbitrary function of time and the gi are time-independent functions. In

terms of the latter, ξ3 is given by

ξ3 = ∂1g2 − ∂2g1 (3.38)

which is constrained by

H̄ = H
!
ξ1, ξ2, ξ3(ξ1, ξ2;E)

"
= E. (3.39)

Obviously, the S-gauge symmetry actually allows us to set f = 0 without losing generality.

Therefore in comparison with the case of ordinary time-independent HJ equations, there

is a crucial difference that time is now completely eliminated from the scene. Of course,

it is still guaranteed that if ξ1(t) and ξ2(t) are given as functions of time satisfying the

Nambu equations of motion, ξ3 determined through these relations automatically obeys

the Nambu equation

dξ3

dt
= ∂1H∂2G− ∂2H∂1G.

In this situation, we introduce further decomposition of the base space (ξ1, ξ2) into

(1/1) fiber bundle in which ξ2 is regarded as a one-dimensional fiber and ξ1 as a base space,

respectively, in order to regain the time t on the scene. In other words, the two-dimensional

base space (ξ1, ξ2, t) regarded as the configuration space up to this point is now treated as

the phase space. Then by making the projection ξ2 = ξ2(ξ1, t) we can introduce a further

HJ structure, involving time, such that the Nambu equations of motion are obtained by

the Jacobi-like prescription. What we do is expressed symbolically by (1/2) → (1/1/1).

21
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This procedure itself should be regarded as a part of step III in establishing prescriptions

to obtain the equations of motion from our generalized HJ equations.

For this purpose, we must have an appropriate 1-form, which we denote by Ω′(1), on

(ξ1, t) such that the requirement Ω′(1) = dT with some 0-form T gives an HJ-like equation

in the base space (ξ1, t). Now the EE equation in the present problem is obtained by the

same method as before

∂tξ
2 = ∂3H∂1

¯̄G, (3.40)

by rewriting the Nambu equation of motion

dξ2

dt
= ∂3H∂1G− ∂1H∂3G

a a field equation for ξ2(ξ1, t) using

dξ1

dt
= ∂2H∂3G− ∂3H∂2G.

Here and in what follows, double bars over symbols mean, e.g.,

¯̄G(ξ1, t) = Ḡ
!
ξ1, ξ2(ξ1, t)

"
= G

#
ξ1, ξ2(ξ1, t), ξ3

!
ξ1, ξ2(ξ1, t)

"$
. (3.41)

[proof of (3.40)]: We note that for i = 1 and i = 2, because of constraint (3.39),

0 = ∂iH̄ = ∂iH + ∂3H∂iξ
3. (3.42)

and also

1 = ∂3H
∂ξ3

∂E
. (3.43)

Then, we have

∂iḠ = ∂iG+ ∂3G∂iξ
3 =

1

∂3H
(∂3H∂iG− ∂iH∂3G). (3.44)

Using this result, we rewrite the equation of motion for ξ2 with a further projection

ξ2 = ξ2(ξ1, t),

dξ2

dt
= ∂tξ

2 + ∂1ξ
2dξ

1

dt
= ∂tξ

2 − ∂1ξ
2∂3H∂2Ḡ. (3.45)

On the other hand, this is also rewritten as

dξ2

dt
= ∂3H∂1Ḡ. (3.46)
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from the Jacobi condition ∂S/∂E = t0 with t0 being one of the additional constants.

Together with other Jacobi conditions associated with the other integration constants,

(3.35) determines the trajectories as functions of time, satisfying the equations of motion.

In the present case, by setting H = E, the generalized HJ equations reduce to

∂tSi − ∂iS0 = E∂iG (3.36)

which are trivially solved as

S0 = −EG+ f(t), Si = gi (3.37)

where f is an arbitrary function of time and the gi are time-independent functions. In

terms of the latter, ξ3 is given by

ξ3 = ∂1g2 − ∂2g1 (3.38)

which is constrained by

H̄ = H
!
ξ1, ξ2, ξ3(ξ1, ξ2;E)

"
= E. (3.39)

Obviously, the S-gauge symmetry actually allows us to set f = 0 without losing generality.

Therefore in comparison with the case of ordinary time-independent HJ equations, there

is a crucial difference that time is now completely eliminated from the scene. Of course,

it is still guaranteed that if ξ1(t) and ξ2(t) are given as functions of time satisfying the

Nambu equations of motion, ξ3 determined through these relations automatically obeys

the Nambu equation

dξ3

dt
= ∂1H∂2G− ∂2H∂1G.

In this situation, we introduce further decomposition of the base space (ξ1, ξ2) into

(1/1) fiber bundle in which ξ2 is regarded as a one-dimensional fiber and ξ1 as a base space,

respectively, in order to regain the time t on the scene. In other words, the two-dimensional

base space (ξ1, ξ2, t) regarded as the configuration space up to this point is now treated as

the phase space. Then by making the projection ξ2 = ξ2(ξ1, t) we can introduce a further

HJ structure, involving time, such that the Nambu equations of motion are obtained by

the Jacobi-like prescription. What we do is expressed symbolically by (1/2) → (1/1/1).
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The second version of our generalized HJ equation is obtained from the following 
1-form on the phase space 

Hence,

∂tξ
2 =

!
∂3H(∂1Ḡ+ ∂1ξ

2∂2Ḡ)
"
ξ2=ξ2(ξ1,t)

= ∂3H∂1
¯̄G.

[Q.E.D.]

These results show that we can define the following closed 2-form on (ξ1, ξ2, t):

Ω̄′(2) ≡ ∂ξ3

∂E
dξ1 ∧ dξ2 − dḠ ∧ dt =
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dξ1 ∧ dξ2 − dḠ ∧ dt. (3.47)

Namely, we now consider a symplectic structure (∂ξ3/∂E)dξ2 ∧ dξ2 = (1/∂3H)dξ1 ∧ dξ2

in the phase space (ξ1, ξ2). The EE equation is then nothing but the vanishing condition

for Ω̄′(2) under the projection by ξ2 = ξ2(ξ1, t) from (ξ1, ξ2, t) to (ξ1, t):

¯̄Ω′(2) ≡ Ω̄′(2)|ξ2=ξ2(ξ1,t) =
# 1

∂3H
∂tξ

2 − ∂1
¯̄G
$
dξ1 ∧ dt = 0. (3.48)

The desired 1-form Ω′(1) is then obtained as

dΩ′(1) = Ω̄′(2), (3.49)

Ω′(1) = p1dξ
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1 − Ḡdt, (3.50)

where

p1 = p1(ξ
1, ξ2) = −

% ξ2 dx

∂3H(ξ1, x)
, (3.51)

which satisfies ∂tp1 = −∂tξ2/∂3H. Thus we have a generalized HJ equation for the 0-form

T by requiring dT = Ω′(1) under the projection ξ2 = ξ2(ξ1, t):

∂tT + ¯̄G = 0, (3.52)

p1 = ∂1T, (3.53)

the latter of which enables us to express ξ2 in terms of ∂1T through (3.51). Thus what

we have achieved is that the base space (ξ1, ξ2) is interpreted as a quasi-cotangent bundle

on the one-dimensional base space ξ1 equipped with fibers represented by p1. In this way,

we have recovered time on the scene.

We can now finish step III in the present case. Suppose we have a complete solution

of (3.52) with one integration constant Q1. Then in order to extract the solution ξ1 =

ξ1(t;Q1, P, E) with three integration constants to the equation of motion, we impose a

Jacobi-type condition

∂T

∂Q1
= P (3.54)

23

with Jacobi condition                  :  

Hence,

∂tξ
2 =

!
∂3H(∂1Ḡ+ ∂1ξ
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between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm

$1/2#10Watts

I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i

dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)

ξi = ξi(t;Q1, P, E)
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the case of the integration constant E, of the prescription (3.35) for restricting complete

solutions of the ordinary HJ equations. It would be interesting to clarify more about these

correspondences in geometrical terms.

4. (2/1)-formalism

We turn to the second possibility of decomposing phase space: one-dimensional base space

with the coordinate ξ1 and two-dimensional fibers described by the two-component fields

(ξ2(ξ1, t), ξ3(ξ1, t)). Throughout this section, the convention for denoting independent

variables is

Ĥ(ξ1, t) ≡ H
!
ξ1, ξ2(ξ1, t), ξ3(ξ1, t)

"
,

so that

∂1Ĥ = ∂1H + ∂2H∂1ξ
2 + ∂3H∂1ξ

3,

where (and in what follows unless otherwise stated) the substitution of ξ2 = ξ2(ξ1, t) and

ξ3 = ξ3(ξ1, t) should be understood on the r.h.side after performing partial differentiations

on functions without the hat symbol.

4.1 Step I

By following the method explained in Sect. 2, we derive the EE equations for the field
!
ξ2(ξ1, t), ξ3(ξ1, t)

"
:

∂tξ
2 = ∂3H∂1Ĝ− ∂3G∂1Ĥ, (4.1)

∂tξ
3 = ∂1Ĥ∂2G− ∂1Ĝ∂2H. (4.2)

It is guaranteed that if we substitute a solution ξ1 = ξ1(t) of the equation of motion ino

the EE equations, they automatically give the equations of motion for ξ2 and ξ3. For

example,

dξ2

dt
= ∂tξ

2 + ∂1ξ
2dξ

1

dt
= ∂3H∂1Ĝ− ∂3G∂1Ĥ + ∂1ξ

2(∂2H∂3G− ∂3H∂2G)

= ∂3H∂1G− ∂3G∂1H.

Of course, as we have already emphasized in Sect. 2, this merely traces back the derivation

of the EE equations in reverse order.
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coincides with the vanishing condition of following  
two 2-forms, under the projection

It is also easy to recast the EE equations in terms of differential forms. We first define

two independent 2-forms (Ω(2)
2 ,Ω(2)

3 ) in the original phase space (ξ1, ξ2, ξ3, t):

Ω(2)
2 ≡ dξ2 ∧ dξ1 + (∂3HdG− ∂3GdH) ∧ dt

= dξ2 ∧ dξ1 + (∂3H∂1G− ∂3G∂1H)dξ1 ∧ dt+ (∂3H∂2G− ∂3G∂2H)dξ2 ∧ dt, (4.3)

Ω(2)
3 ≡ dξ3 ∧ dξ1 − (∂2HdG− ∂2GdH) ∧ dt

= dξ3 ∧ dξ1 − (∂2H∂1G− ∂2G∂1H)dξ1 ∧ dt− (∂2H∂3G− ∂2G∂3H)dξ3 ∧ dt. (4.4)

By making a projection to the base space (ξ1, t) with substitutions ξ2 = ξ2(ξ1, t) and

ξ3 = ξ3(ξ1, t), these 2-forms are given, respectively, as

Ω̂(2)
2 ≡ −∂tξ

2dξ1 ∧ dt+ (∂3H∂1Ĝ− ∂3G∂1Ĥ)dξ1 ∧ dt, (4.5)

Ω̂(2)
3 ≡ −∂tξ

3dξ1 ∧ dt− (∂2H∂1Ĝ− ∂2G∂1Ĥ)dξ2 ∧ dt. (4.6)

Thus the EE equations (4.1) and (4.2) coincide with the vanishing conditions for these

projected 2-forms.

Furthermore, when ξ2 and ξ3 are treated as independent variables without projection,

it is straightforward to confirm by explicit calculation that the vector differential operator

X̃ defined in Sect. 3 satisfies the null condition both for these 2-forms simultaneously:

iX̃(Ω
(2)
2 ) = iX̃(Ω

(2)
3 ) = 0. (4.7)

These properties are almost parallel to those of the 3-form Ω(3) of the (1/2)-formalism,

with decreased orders of the corresponding forms. One difference is that, in the present

case, vanishing (or null) conditions that lead to the EE equations are now characterized

by two 2-forms instead of a single 3-form in the (1/2)-formalism. In the latter case, the

line field corresponding to the vector X i is contained as the bounding edges of infinitesi-

mal cubes associated with Ω(3), while in the present (2/1) decomposition it is contained

simultaneously in the boundaries of two infinitesimal squares associated with (Ω(2)
2 ,Ω(2)

3 ).

Another (and crucial) difference is that the 2-forms Ω(2)
2 and Ω(2)

3 are not closed, due to

the presence of the second terms in their definitions. This shows that we cannot associate

these 2-forms directly to variational principles in the three-dimensional (plus time) phase

space (ξ1, ξ2, ξ3, t). It would be very interesting to clarify further the geometrical meaning

of (Ω(2)
2 ,Ω(2)

3 ).
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Ω̂(2)
3 ≡ −∂tξ
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By making a projection to the base space (ξ1, t) with substitutions ξ2 = ξ2(ξ1, t) and ξ3 = ξ3(ξ1, t),
these 2-forms are given, respectively, as

"̂
(2)
2 ≡ −∂tξ

2dξ1 ∧ dt + (∂3H∂1Ĝ − ∂3G∂1Ĥ ) dξ1 ∧ dt, (78)

"̂
(2)
3 ≡ −∂tξ

3dξ1 ∧ dt − (∂2H∂1Ĝ − ∂2G∂1Ĥ ) dξ2 ∧ dt. (79)

Thus the EE equations (74) and (75) coincide with the vanishing conditions for these projected
2-forms.

Furthermore, when ξ2 and ξ3 are treated as independent variables without projection, it is straight-
forward to confirm by explicit calculation that the vector differential operator X̃ defined in Sect. 3
satisfies the null condition both for these 2-forms simultaneously:

iX̃ ("
(2)
2 ) = iX̃ ("

(2)
3 ) = 0. (80)

These properties are almost parallel to those of the 3-form "(3) of the (1/2)-formalism, with
decreased orders of the corresponding forms. One difference is that, in the present case, vanishing
(or null) conditions that lead to the EE equations are now characterized by two 2-forms instead of
a single 3-form in the (1/2)-formalism. In the latter case, the line field corresponding to the vector
X i is contained as the bounding edges of infinitesimal cubes associated with "(3), while in the
present (2/1) decomposition it is contained simultaneously in the boundaries of two infinitesimal
squares associated with ("

(2)
2 , "(2)

3 ). Another (and crucial) difference is that the 2-forms "
(2)
2 and

"
(2)
3 are not closed, due to the presence of the second terms in their definitions. This shows that we

cannot associate these 2-forms directly to variational principles in the three-dimensional (plus time)
phase space (ξ1, ξ2, ξ3, t). It would be very interesting to clarify further the geometrical meaning of
("

(2)
2 , "(2)

3 ).

4.2. Steps II and III: Reduction to the (1/1/1)-formalism
Due to the fact that "

(2)
2 and "

(2)
3 are not closed, the next steps II and III must necessarily be

modified, compared with the previous section, in the present (2/1)-formalism. Since the base space
is one-dimensional, it is natural to find a connection with the (1/1/1)-formalism. Let us first examine
whether the EE equations (74) and (75) themselves allow H (and G, if both are necessary) as
integration constants. We find that

∂tĤ = ∂2H∂tξ
2 + ∂3H∂tξ

3 = ∂1Ĥ (∂3H∂2G − ∂2H∂3G), (81)

∂tĜ = ∂2G∂tξ
2 + ∂3G∂tξ

3 = ∂1Ĝ(∂3H∂2G − ∂2H∂3G). (82)

Thus we can indeed choose Ĥ (and/or Ĝ) as an integration constant separately for the partial differ-
ential equations (74) and (75). In order to connect this system to the (1/1/1)-formalism we set only
the first one,

Ĥ = H
!
ξ1, ξ2(ξ1, t), ξ3(ξ1, t)

"
= E (83)

with constant E. Then the EE equations are rewritten as

∂tξ
2 = ∂3H∂1Ĝ, (84)

∂tξ
3 = −∂2H∂1Ĝ (85)
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or more explicitly

Change of notation (published paper)

Γ1 ≡ dξ1 − (∂2H∂3G− ∂2G∂3H)dt = dξ1 −X1dt, (292)

Γ2 ≡ dξ2 − (∂3H∂2G− ∂3G∂2H)dt = dξ2 −X2dt, (293)

Γ3 ≡ dξ3 − (∂1H∂2G− ∂1G∂2H)dt = dξ3 −X3dt (294)

Ω(2)
2 = (dξ1 −X1dt) ∧ (dξ2 −X2dt), Ω(2)

3 = (dξ3 −X3dt) ∧ (dξ1 −X1dt) (295)

Ω(3) = Ω(2)
2 ∧ (dξ3 −X3dt) = Ω(2)

3 ∧ (dξ2 −X2dt) (296)

The vector field

X̃ =
3!

i=1

X i∂i +
∂

∂t
(297)

satisfies

iX̃(Γi) = 0, iX̃(Γi ∧ Γj) = 0, iX̃(dω
(2)) = 0 (298)

These definitions immediately lead to

dξ3 ∧ Ω2 = −dξ3 ∧ dξ1 ∧ dξ2

+ (∂3H∂1G− ∂3G∂1H)dξ3 ∧ dξ1 ∧ dt+ (∂2H∂3G− ∂3H∂2G)dξ2 ∧ dξ3 ∧ dt

= −dω(2) − (∂1H∂2G− ∂2H∂1G)dξ1 ∧ dξ2 ∧ dt (299)
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Change of notation (published paper)
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Ω(3) = Ω(2)
2 ∧ (dξ3 −X3dt) = Ω(2)

3 ∧ (dξ2 −X2dt) (296)

The vector field

X̃ =
3!

i=1

X i∂i +
∂

∂t
(297)

satisfies

iX̃(Γi) = 0, iX̃(Γi ∧ Γj) = 0, iX̃(dω
(2)) = 0 (298)

These definitions immediately lead to

dξ3 ∧ Ω2 = −dξ3 ∧ dξ1 ∧ dξ2

+ (∂3H∂1G− ∂3G∂1H)dξ3 ∧ dξ1 ∧ dt+ (∂2H∂3G− ∂3H∂2G)dξ2 ∧ dξ3 ∧ dt

= −dω(2) − (∂1H∂2G− ∂2H∂1G)dξ1 ∧ dξ2 ∧ dt (299)

dξ2 ∧ Ω3 = dξ3 ∧ dξ1 ∧ dξ2 − (∂1H∂2G− ∂1G∂2H)dξ1 ∧ dξ2 ∧ dt

− (∂2H∂3G− ∂2G∂3H)dξ2 ∧ dξ3 ∧ dt

= dω(2) + (∂3H∂1G− ∂1H∂3G)dξ3 ∧ dξ1 ∧ dt (300)

It is not clear what these formulus mean.

If we project these 2-forms Ω2,Ω3 defined in the 4-dimensional space (ξ1, ξ2, ξ3, t) to the

2-dimensional space (ξ1, t) by setting ξ2 = ξ2(ξ1, t), ξ3 = ξ3(ξ1, t) we obtain, respectively,

Ω2 = −∂tξ2dξ1 ∧ dt+ (∂3H∂1G− ∂3G∂1H)dξ1 ∧ dt (301)

Ω3 = −∂tξ3dξ1 ∧ dt− (∂2H∂1G− ∂2G∂1H)dξ1 ∧ dt (302)

122

Connection with the 3-form of the (1/2) formalism:

Change of notation (published paper)

Γ1 ≡ dξ1 − (∂2H∂3G− ∂2G∂3H)dt = dξ1 −X1dt, (292)

Γ2 ≡ dξ2 − (∂3H∂2G− ∂3G∂2H)dt = dξ2 −X2dt, (293)

Γ3 ≡ dξ3 − (∂1H∂2G− ∂1G∂2H)dt = dξ3 −X3dt (294)

Ω(2)
2 = (dξ1 −X1dt) ∧ (dξ2 −X2dt), Ω(2)

3 = (dξ3 −X3dt) ∧ (dξ1 −X1dt) (295)

Ω(3) = Ω(2)
2 ∧ (dξ3 −X3dt) = Ω(2)

3 ∧ (dξ2 −X2dt) (296)

The vector field

X̃ =
3!

i=1

X i∂i +
∂

∂t
(297)

satisfies

iX̃(Γi) = 0, iX̃(Γi ∧ Γj) = 0, iX̃(dω
(2)) = 0 (298)

These definitions immediately lead to

dξ3 ∧ Ω2 = −dξ3 ∧ dξ1 ∧ dξ2

+ (∂3H∂1G− ∂3G∂1H)dξ3 ∧ dξ1 ∧ dt+ (∂2H∂3G− ∂3H∂2G)dξ2 ∧ dξ3 ∧ dt

= −dω(2) − (∂1H∂2G− ∂2H∂1G)dξ1 ∧ dξ2 ∧ dt (299)

dξ2 ∧ Ω3 = dξ3 ∧ dξ1 ∧ dξ2 − (∂1H∂2G− ∂1G∂2H)dξ1 ∧ dξ2 ∧ dt

− (∂2H∂3G− ∂2G∂3H)dξ2 ∧ dξ3 ∧ dt

= dω(2) + (∂3H∂1G− ∂1H∂3G)dξ3 ∧ dξ1 ∧ dt (300)

It is not clear what these formulus mean.

If we project these 2-forms Ω2,Ω3 defined in the 4-dimensional space (ξ1, ξ2, ξ3, t) to the

2-dimensional space (ξ1, t) by setting ξ2 = ξ2(ξ1, t), ξ3 = ξ3(ξ1, t) we obtain, respectively,

Ω2 = −∂tξ2dξ1 ∧ dt+ (∂3H∂1G− ∂3G∂1H)dξ1 ∧ dt (301)

Ω3 = −∂tξ3dξ1 ∧ dt− (∂2H∂1G− ∂2G∂1H)dξ1 ∧ dt (302)

122

Geometrically, 



❖Step II and III: possible to show that this system is equivalent to that of the previous 
(1/1/1) formalism under the constraint, 

4.2 Step II and III: Reduction to the (1/1/1)-formalism

Due to the fact that Ω(2)
2 and Ω(2)

3 are not closed, the next steps II and III must necessarily

be modified, compared with the previous section, in the present (2/1)-formalism. Since the

base space is one-dimensional, it is natural to find connection with the (1/1/1)-formalism.

Let us first examine whether the EE equations (4.1) and (4.2) themselves allow H (and

G, if both necessary) as integration constants. We find that

∂tĤ = ∂2H∂tξ
2 + ∂3H∂tξ

3 = ∂1Ĥ(∂3H∂2G− ∂2H∂3G), (4.8)

∂tĜ = ∂2G∂tξ
2 + ∂3G∂tξ

3 = ∂1Ĝ(∂3H∂2G− ∂2H∂3G). (4.9)

Thus we can indeed choose Ĥ (and/or Ĝ) as an integration constant separately for the

partial differential equations (4.1) and (4.2). In order to connect this system to the

(1/1/1)-formalism we set only the first one,

Ĥ = H
!
ξ1, ξ2(ξ1, t), ξ3(ξ1, t)

"
= E (4.10)

with constant E. Then the EE equations are rewritten as

∂tξ
2 = ∂3H∂1Ĝ, (4.11)

∂tξ
3 = −∂2H∂1Ĝ (4.12)

using ∂1Ĥ = ∂1Ĝ = 0. It is sufficient to consider the first one ∂tξ2, noticing that it

coincides with (3.40), when ¯̄G is identified with Ĝ as it should be since the definition

(3.41) amounts, after all, to making G a field on one and the same base space (ξ1, t). In

connection with this, it is to be noted that the closed 2-form Ω̄′(2) of the (1/1/1) formalism

is naturally obtained from (4.3) after the projection from (ξ1, ξ2, ξ3, t) to (ξ1, ξ2, t) under

the constraint H = E as

Ω̄′(2) = − 1

∂3H
Ω(2)

2

###
ξ3=ξ3(ξ1,ξ2;E)

,

on using ∂iH = −∂3H∂iξ3 and ∂iḠ = ∂iG + ∂3G∂iξ3. We can thus repeat the same

arguments as in the (1/1/1)-formalism, finishing steps II and III simultaneously. Thus

the equation of motion for ξ1(t) is derived in exactly the same way: the existence of three

independent constants Q1, P and E ensures that we have general solutions for the Nambu

equations of motion.

Finally, for a better appreciation of the necessity of the (1/1/1)-formalism in the

present context, we note the following. If we choose from the beginning both Ĥ and
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3 = ∂1Ĝ(∂3H∂2G− ∂2H∂3G). (4.9)
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Hence, we have essentially the identical results for the generalized Hamilton-Jacobi equations  
as those of the (1/1/1) formalism. 



Example: Euler Top

により，3次元座標の一般の関数 F (r⃗) で表すと

dF

dt
= {H,G,F} (3)

である．南部方程式による 3次元空間のアンサンブルの流れ
が体積を保存する (リュービユ定理)ことは ∇⃗·(∇⃗H×∇⃗G) =
0に対応する．

(3), (2)が通常のハミルトン形式とポアソン括弧の自然な
拡張になっていることは明白だろう．この拡張の特徴は，
南部括弧の完全反対称性 (skew symmetry, {H,G,F} =
−{H,F,G} = −{G,H,F})により，常に 2個の独立な保
存量 H,G が存在することである．従って相空間の軌道は，
二つの曲面 H =const, G =const の交差が成す軌跡上にの
る．これにより，この 3次元相空間に基づいた統計力学で
はボルツマン因子を e−βH−γG とするのが自然である．以
上は任意の n次元相空間 (x1, x2, . . . , xn)で n− 1個の保存
量H1, . . . ,Hn−1 がある場合に拡張できる．

dF

dt
=

∂(H1, . . . ,Hn−1, F )
∂(x1, . . . , xn−1, xn)

≡ {H1, . . . ,Hn−1, F} (4)

ところで，よく知られた力学系として上のスキームに従
う系はあるだろうか．論文で挙げられている唯一の例は剛
体のオイラー方程式で，２個の保存量は次式である．

H =
L2

1

2
+

L2
2

2
+

L2
3

2
, G =

L2
1

2I1
+

L2
2

2I2
+

L2
3

2I3
(5)

(Ii :剛体主軸に関する慣性モーメント，Li:剛体固定軸に関
する角運動量成分.) xi = Li，すなわち正準南部括弧

{x1, x2, x3} = {L1, L2, L3} = 1 (6)

のもとで，確かに次式が得られる．

dLi

dt
= −

3!

j,k=1

ϵijk

" 1
Ij

− 1
Ik

#
LjLk (7)

南部はこの事実だけで「一般化されたハミルトン力学」を
さらに追求する十分な正当化になると強調している．もち
ろん，この場合，通常の角運動量のポアソン括弧1 とハミ
ルトン方程式でも同じ結果 (7)を表せる．

{Li, Lj} =
3!

k=1

ϵijkLk,
dLi

dt
= {G,Li} (8)

この意味，特に (6)との関係については後に述べる．南部
力学の特徴は，２個の保存量 H,Gの存在が最初から明白
な形式になっていることである．
通常のハミルトン形式は N 自由度の粒子系に対応する

2N 次元の相空間へ容易に拡張できる．南部はこれとのア
1(8) 左式は空間固定軸の場合と逆符合であることに注意．前節で触れ

た南部論文の Van Vleck 論文の引用はこれに関する．

ナロジーにより，n = 3の系の自由度がN 個ある場合に対
応する 3N 次元相空間 (r⃗1, . . . , r⃗N )への拡張として

{H,G,F}(N) ≡
N!

n=1

∂(H,G,F )
∂(xn1, xn2, xn3)

(9)

を提案し，多スピン系の相互作用を表せると述べた．南部
論文の後，他にもいくつかの例が指摘されているが，多く
はこの拡張に基づく．しかし，後述するように正準形式の
整合性の観点から，この一般化には不都合がある．
もう一つの一般化の可能性として，南部はハミルトニア

ンの対そのものを複数 Hi, Gi (i = 1, 2, . . .)に増やす

dF

dt
=

!

i

{Hi, Gi, F} (10)

を挙げている．このとき一般には Hi, Gi は保存量ではない
が，リュービユ定理を満たすという意味では重要である．
続いて南部が追求したのは, この形式の対称性と量子化で

ある．前者に関しては，まず，任意関数 S のもとでH ∂G
∂xi

−
H ′ ∂G′

∂xi
= ∂S

∂xi
で定義される変換により，H,Gが H ′, G′ に

置き換えられるゲージ対称性を指摘している．さらに (6)
を保つ正準変換 (x1, x2, x3) → (x′

1, x
′
2, x

′
3)として，線形変

換 r⃗′ = Ar⃗の場合を考察し，多自由度の場合に (9)に基づ
く議論を展開したが，それぞれの 3次元相空間 r⃗i内だけの
変換しか許されないという結論を得て落胆している．上で
述べた「不都合」がここに現れている．ポアソン括弧との
アナロジーでは，一般の無限小正準変換は南部括弧を用い
て二つの生成子による

δr⃗i = {F1, F2, r⃗i} (11)

を考察するのが自然だが，南部はこのことについて直接的
な言及はしていない．(11)の役割については後述する．
彼自身の量子化の試みついて簡単に紹介しよう．まず，「量

子化」とは，正準形式を特徴づける特徴的関係式を何らか
の別の代数的構造に移し替えることと定義する．南部括弧
の量子化版を一般に [A,B,C] で表したとき，(2)の性質に
対応させ次を要請するのが自然である．

(a) 完全反対称性 (skew symmetry)：

[A, B,C] = −[B,A,C] = [B,C,A] = · · · , (12)

(b) ライプニッツ則 (Derivation law)：

[A1A2, B,C] = [A1, B,C]A2 + A1[A2, B,C] (13)

(a)により保存則，(b)により物理量の積の運動が 1階微分
方程式により表されることが保証される．ただし，これら
は必要条件ではない．任意の物理量 A,B,C ではなく，保
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&
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dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)
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1. Introduction

In 1973, Nambu1) proposed the following system of the equations of motion for the flows

of a point (⇠1, ⇠2, ⇠3) in a 3-dimensional phase space R3:

d⇠
i

dt
= {H,G, ⇠

i} ⌘ X
i
, (1.1)

where the bracket notation (the Nambu bracket) on the r.h.side is defined for an arbi-

trary triplet of three functions (K,L,M) on the phase space in terms of 3-dimensional

Jacobian,b

{K,L,M} =
@(K,L,M)

@(⇠1, ⇠2, ⇠3)
= ✏

ijk
@iK@jL@kM. (1.2)

Therefore the vector field X
i defined in (1.1), generating the lines of flows in the phase

space, is equal to

X
i = ✏

ijk
@jH@kG, (1.3)

in which two conserved functions H and G, or “Hamiltonians”, govern the time evolution

on an equal footing. The phase-space coordinates ⇠i’s satisfy a “canonical” Nambu bracket

relation,

{⇠i, ⇠j, ⇠k} = ✏
ijk
. (1.4)

Thus we have a natural extension of the Hamilton equations (i = 1, . . . , n) of motion,

dq
i

dt
=

@H

@pi
= {H, q

i}, (1.5)

dpi

dt
= �@H

@qi
= {H, pi}, (1.6)

in ordinary phase spaces, which are intrinsically of even (2n) dimensions: we are liberated

from the restriction of paired sets (pi, qi) of independent canonical variables, satisfying

the canonical Poisson bracket relations {pi, qj} = �
j

i
.

Once this generalization is given, it is obvious to construct similar systems in the

phase spaces of arbitrary dimensions n + 1, irrespectively of odd or even dimensions, by

replacing 3-dimensional Jacobian in (1.1) by a general (n+1)-dimensional Jacobian with

n Hamiltonians. Let us call this general case the Nambu mechanics of order n.

bWe assume the usual summation convention for coordinate indices in phase space.

2

The complete solution (two integration constants     ,    ) is 

which allows us to integrate S̄ as

S̄ =

!
2E0

αβ

" u

0

du dn 2u ≡

!
2E0

αβ
=

A

αβ
E(u), (5.9)

where we have chosen S̄|u=0 = 0 without losing generality and also redefined a constant

A =
√
2αβE0 for later convenience. Thus ξ3 is given by

ξ3 = −
#
2E0 dn u. (5.10)

The function E(u) is known as the fundamental elliptic integral of the second kind (or

Jacobi’s epsilon function; see, e.g., Ref. 8). ) This function can also be expressed as

E(u) =
" snu

0

dx

$
1− k2x2

1− x2
, (5.11)

which can easily be proven by noting that

dE
du

= dn 2u = cn u dn u
dn u

cn u
=

√
1− k2 sn 2u√
1− sn 2u

d sn u

du
.

Thanks to this formula, we now have the desired form of complete solution, which is

expressed in terms of the original independent variables (ξ1, ξ2, t):

S = −E(t− t0) +
A

αβ

" ξ1/
√

(ξ1)2+ β
α (ξ2)2

0

$
1− k2x2

1− x2
dx. (5.12)

We can then follow the general prescription given in Sect. 3 to derive the equations of

motion. We first impose the Jacobi condition for the above solution with respect to the

integration constant E:

∂S

∂E
= const. (5.13)

Since we have already introduced t0 corresponding to the shift S → S+Et0, the constant

on the r.h.side can actually be absorbed in t0. According to our general formalism, this

condition, together with the constraint dG/dt = 0, allows us to obtain the general solution

of the Nambu equations of motion. By taking a time-derivative, we obtain

d

dt

% ∂S̄

∂E

&
=

du

dt
∂u
% ∂S̄

∂E

&
= 1. (5.14)
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2

#(ξ1)2
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(ξ2)2

I2
+

(ξ3)2
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$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)

ξi = ξi(t;Q1, P, E)

A =
)
2αβ(E −G/β)
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fundamental elliptic integral of the 2nd kind

Ĝ simultaneously as integration constants for the EE equations, the latter reduces to

∂tξ2 = 0 = ∂tξ3. Thus, time is apparently eliminated from the scene again. Although the

origin is somewhat different from what happens in the time-independent solution in the

case of the (1/2)-formalism, this motivates us to the (1/1/1)-formalism.

5. Examples

We have established a generalized Hamilton-Jacobi theory for Nambu mechanics. Two

different formalisms were presented: the first one under the requirement ∂3G = 0 is called

the (1/2)-formalism, and the second which is something analogous to the ordinary time-

independent Hamilton-Jacobi theory is called the (1/1/1)-formalism; the case of the (2/1)

decomposition was also reduced to the (1/1/1) formalism. We have discussed only the

simplest case of three (+time)-dimensional phase space. The basic ideas, in principle,

can be extended straightforwardly to Nambu mechanics of higher orders.h The resultant

formalisms, however, become increasingly complicated since we have various possibilities

of decomposing phase spaces into fibers and base spaces of different combinations with

respect to their dimensions. In Appendix, we will give a partial description of general HJ

theory for Nambu mechanics of (n+ 1)-dimensional phase space with n Hamiltonians as

a natural extension of the case n = 2. In the present section, instead of discussing such

formal extensions of our formalism, we present some concrete computations by taking the

example of the Euler top, G = 1
2

!
ξ21
I1

+ ξ22
I2

+ ξ23
I3

"
and H = 1

2(ξ
2
1 + ξ22 + ξ23). It would help

us to understand more deeply the meaning and working of our general constructions.

Let us start from the (1/2)-formalism. By an N-gauge transformation as discussed in

Sect. 3, we can replace G by

G−H/I3 → G =
α

2
(ξ1)2 +

β

2
(ξ2)2 (5.1)

where

α =
I3 − I1
I3I1

, β =
I3 − I2
I3I2

. (5.2)

hIt is to be noted here that the extension to 3n (n > 1) dimensions by introducing n coupled triplets
as originally suggested by Nambu is not feasible, for the reason that such “canonical” structures cannot
be preserved by the equations of motion and canonical transformations defined by the corresponding
brackets, as signified by the violation of the so-called fundamental identity. This situation is in marked
contrast to that of the usual Hamilton mechanics. The negative comment given in Ref. 5) about the
possibility of HJ formalism is also related to this difficulty.

28

Thus the generalized HJ equations for the 1-form Ω̄(1) = Sµdξµ are reduced, with Si =

−S∂iG and S0 = 0, to

∂S

∂t
= −H̄ = −1

2

!
(ξ1)2 + (ξ2)2 + (ξ3)2

"
(5.3)

where

ξ3 = ∂1G∂2S − ∂2G∂1S = αξ1∂2S − βξ2∂1S. (5.4)

In view of the elliptical form of G, it is convenient to change the variables, (ξ1, ξ2) →
(G, u),

ξ1 =

#
2G

α
sn u, ξ2 =

$
2G

β
cn u, (5.5)

by using Jacobi’s elliptic functions,i satisfying sn 2u + cn 2u = 1, k2 sn 2u + dn 2u = 1

and sn ′u = cn u dn u, cn ′u = − sn u dn u, dn ′u = −k2 sn u cn u, where the modulus

parameter k is a constant to be fixed later such that the generalized HJ equation takes

a simple form that is most convenient for integration. Of course, we should expect that

when α = β, corresponding to a symmetrical top, the above coordinate transformation

would reduce to the usual polar coordinates with k = 0. Then,

ξ3 = −
√
αβ

dn u
∂uS. (5.6)

By setting

S = −E(t− t0) + S̄(ξ1, ξ2) (5.7)

where E and t0 are constants, the equation is reduced to a time-independent one:

αβ

2 dn 2u
(∂uS̄)

2 = E − G

α
sn 2u− G

β
cn 2u = E +

G(α− β)

αβ
sn 2u− G

β
. (5.8)

We fix the parameter k by

k2 =
G(β − α)

αβE0
, E0 = E − G

β
,

iNote that here we have used abbreviated notation for the elliptic functions sn (u; k), cn (u; k) and
dn (u; k) by suppressing implicit dependencies on the parameter k.
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Jacobi condition:

❖ (1/2) formalism :

tion by two implicit constant parameters, say (Q1, Q2).f Then the two-component field
!
ξ2(ξ1, t;Q1, Q2), ξ3(ξ1, t;Q1, Q2)

"
gives a section of the two-dimensional fibers. We stress

that, apart from questions on the global existence of these functions, the odd dimension-

ality of phase space does not obstruct us at all: in the present approach, the specification

of the conditions for determining trajectories uniquely is most essential and sufficient for

our purpose, irrespectively of the dimensions of phase space.

3. (1/2)-formalism

3.1 Steps I and II

Let us start from the case of (1/2) decomposition. We define

H̄ = H̄(ξ1, ξ2, t) = H(ξ1, ξ2, ξ3(ξ1, ξ2, t)), (3.1)

Ḡ = Ḡ(ξ1, ξ2, t) = G(ξ1, ξ2, ξ3(ξ1, ξ2, t)). (3.2)

The EE equation for the field ξ3 = ξ3(ξ1, ξ2, t) is derived by following the procedures

explained in the previous section. The partial differentiations will be abbreviated as
∂
∂ξi = ∂i,

∂
∂t = ∂t = ∂0. We first have

∂(H,G)

∂(ξ1, ξ2)
=

dξ3

dt
= ∂tξ

3 + ∂iξ
3dξ

i

dt
= ∂tξ

3 + ∂1ξ
3 ∂(H,G)

∂(ξ2, ξ3)
+ ∂2ξ

3 ∂(H,G)

∂(ξ3, ξ1)
. (3.3)

Here and throughout this section it should be understood, unless stated otherwise, that,

for (H,G) without bars, ξ3 = ξ3(ξ1, ξ2, t) is substituted after operating partial differ-

entiations by treating all three coordinates of the phase space independently: e. g.,

∂iH̄ = ∂iH + ∂3H∂iξ3. Thus we have

∂(H,G)

∂(ξ2, ξ3)
= (∂2H̄ − ∂3H∂2ξ

3)∂3G− (∂2Ḡ− ∂3G∂2ξ
3)∂3H = ∂2H̄∂3G− ∂2Ḡ∂3H,

∂(H,G)

∂(ξ3, ξ1)
= ∂3H(∂1Ḡ− ∂3G∂1ξ

3)− ∂3G(∂1H̄ − ∂3H∂1ξ
3) = ∂3H∂1Ḡ− ∂3G∂1H̄,

∂(H,G)

∂(ξ1, ξ2)
= ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ − ∂1ξ

3(∂3H∂2Ḡ− ∂3G∂2H̄)− ∂2ξ
3(∂1H̄∂3G− ∂1Ḡ∂3H).

When these results are put together, we find that the terms proportional to ∂iξ3 (i = 1, 2)

cancel between r.h. and l.h. sides of (3.3), and we obtain

∂tξ
3 = ∂1H̄∂2Ḡ− ∂1Ḡ∂2H̄ = ∂1(H̄∂2Ḡ)− ∂2(H̄∂1Ḡ). (3.4)

fFor the integration constants of Nambu mechanics, no discrimination is assigned regarding the upper
(contravariant) or lower (covariant) positions of their indices.
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which are nothing but the Nambu equations under the condition ∂3G = 0.

It remains to see to what extent the condition ∂3G = 0 is attainable. Consider first the

possibility of an N-gauge transformation alone. Since the general N-gauge transformation

(H,G) → (H ′, G′) must satisfy (3.10), the necessary and sufficient condition for the “axial

gauge” ∂3G′ = 0 can be stated as

∂3H∂1G− ∂1H∂3G = ∂3H
′∂1G

′, ∂3H∂2G− ∂2H∂3G = ∂3H
′∂2G

′

for some H ′. This shows that the ratio

R ≡ ∂3H∂1G− ∂1H∂3G

∂3H∂2G− ∂2H∂3G

must be independent of ξ3. Obviously, there are an infinite number of possibilities for

(H,G) for which this is not satisfied. Note that this exemplifies the weakness of the N-

gauge symmetry compared with the case of electromagnetism. Thus, from the viewpoint of

the N-gauge transformation, the attainability is restricted to a special class. For example,

the case of the Euler top belongs to this class: R =
!
ξ1(1 − I1/I3)

"
/
!
ξ2(1 − I1/I2)

"
.

Indeed by an N-gauge transformation with the generator Λ = H2/2I3, giving (H ′, G′) =

(H,G−H/I3), we have ∂3G′ = 0.

On the other hand, it is evident, in principle, that we can use a finite canonical (or

volume-preserving) coordinate transformation (ξ1, ξ2, ξ3) → (ξ′1, ξ′2, ξ′3) in order to bring

G to G′ such that ∂3′G′ = 0, at least, locally. If a concrete form of G is given, we will be

able, in general, to combine N-gauge and canonical coordinate transformations in bringing

the system to fit our requirement, unless it is too complicated.

Approach (ii): (1/1/1)-formalism

There is another possibility for simplification without any special requirement forH,G.

In ordinary HJ theory, we can reduce the HJ equation to a time-independent one by setting

the Hamiltonian to be a constant H = E at the beginning; the HJ equation then reduces

to H(∂qS̃, q) = E for a reduced function S̃(q) that is related to S by S(q, t) = −Et+ S̃(q)

where only the first term involves time. By choosing E as one of the integration constants,

the Jacobi conditions in step III necessary involve the condition

t− t0 =
∂S̃

∂E
(3.35)
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By N-gauge transformation with                ,  G is transformed to 

Ĝ simultaneously as integration constants for the EE equations, the latter reduces to

∂tξ2 = 0 = ∂tξ3. Thus, time is apparently eliminated from the scene again. Although the

origin is somewhat different from what happens in the time-independent solution in the

case of the (1/2)-formalism, this motivates us to the (1/1/1)-formalism.

5. Examples

We have established a generalized Hamilton-Jacobi theory for Nambu mechanics. Two

different formalisms were presented: the first one under the requirement ∂3G = 0 is called

the (1/2)-formalism, and the second which is something analogous to the ordinary time-

independent Hamilton-Jacobi theory is called the (1/1/1)-formalism; the case of the (2/1)

decomposition was also reduced to the (1/1/1) formalism. We have discussed only the

simplest case of three (+time)-dimensional phase space. The basic ideas, in principle,

can be extended straightforwardly to Nambu mechanics of higher orders.h The resultant

formalisms, however, become increasingly complicated since we have various possibilities

of decomposing phase spaces into fibers and base spaces of different combinations with

respect to their dimensions. In Appendix, we will give a partial description of general HJ

theory for Nambu mechanics of (n+ 1)-dimensional phase space with n Hamiltonians as

a natural extension of the case n = 2. In the present section, instead of discussing such

formal extensions of our formalism, we present some concrete computations by taking the

example of the Euler top, G = 1
2

!
ξ21
I1

+ ξ22
I2

+ ξ23
I3

"
and H = 1

2(ξ
2
1 + ξ22 + ξ23). It would help

us to understand more deeply the meaning and working of our general constructions.

Let us start from the (1/2)-formalism. By an N-gauge transformation as discussed in

Sect. 3, we can replace G by

G−H/I3 → G =
α

2
(ξ1)2 +

β

2
(ξ2)2 (5.1)

where

α =
I3 − I1
I3I1

, β =
I3 − I2
I3I2

. (5.2)

hIt is to be noted here that the extension to 3n (n > 1) dimensions by introducing n coupled triplets
as originally suggested by Nambu is not feasible, for the reason that such “canonical” structures cannot
be preserved by the equations of motion and canonical transformations defined by the corresponding
brackets, as signified by the violation of the so-called fundamental identity. This situation is in marked
contrast to that of the usual Hamilton mechanics. The negative comment given in Ref. 5) about the
possibility of HJ formalism is also related to this difficulty.
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GHJ equation then takes the form 

Thus the generalized HJ equations for the 1-form Ω̄(1) = Sµdξµ are reduced, with Si =

−S∂iG and S0 = 0, to

∂S

∂t
= −H̄ = −1

2

!
(ξ1)2 + (ξ2)2 + (ξ3)2

"
(5.3)

where

ξ3 = ∂1G∂2S − ∂2G∂1S = αξ1∂2S − βξ2∂1S. (5.4)

In view of the elliptical form of G, it is convenient to change the variables, (ξ1, ξ2) →
(G, u),

ξ1 =

#
2G

α
sn u, ξ2 =

$
2G

β
cn u, (5.5)

by using Jacobi’s elliptic functions,i satisfying sn 2u + cn 2u = 1, k2 sn 2u + dn 2u = 1

and sn ′u = cn u dn u, cn ′u = − sn u dn u, dn ′u = −k2 sn u cn u, where the modulus

parameter k is a constant to be fixed later such that the generalized HJ equation takes

a simple form that is most convenient for integration. Of course, we should expect that

when α = β, corresponding to a symmetrical top, the above coordinate transformation

would reduce to the usual polar coordinates with k = 0. Then,

ξ3 = −
√
αβ

dn u
∂uS. (5.6)

By setting

S = −E(t− t0) + S̄(ξ1, ξ2) (5.7)

where E and t0 are constants, the equation is reduced to a time-independent one:

αβ

2 dn 2u
(∂uS̄)

2 = E − G

α
sn 2u− G

β
cn 2u = E +

G(α− β)

αβ
sn 2u− G

β
. (5.8)

We fix the parameter k by

k2 =
G(β − α)

αβE0
, E0 = E − G

β
,

iNote that here we have used abbreviated notation for the elliptic functions sn (u; k), cn (u; k) and
dn (u; k) by suppressing implicit dependencies on the parameter k.
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❖ (1/1/1) or (2/1) formalism :

GHJ equation takes the form 

It should be kept in mind that the derivative with respect to E must be taken whil keeping

(ξ1, ξ2, t) fixed. Using dA/dE = αβ/A and dk2/dE = −2αβk2/A2,

∂S̄

∂E
=

αβ

A

∂S̄

∂A
− 2αβk2

A2

∂S̄

∂k2
=

1

A

!
E − 2k2 ∂E

∂k2

"
,

where, for the first equality, we treated A and k2 as independent variables. Using the

integral representation (5.11) and the properties of elliptic functions, we derive

d

dt

∂

∂k2
E = − 1

2k2
(1− dn 2u)

du

dt
(5.15)

and from the definition of E we also have

d

dt
E = dn 2u

du

dt
.

Putting these results together, we finally arrive at

du

dt
= A,

and hence u = At up to an arbitrary choice of the origin of time t. Substituting this

result into the expressions for (ξ1, ξ2, ξ3) immediately gives a standard form of the general

solution (see, e.g., Ref. 9)) in terms of the elliptic functions, which is usually obtained

by directly integrating the equations of motion using the conservation of H and G. As a

check of these results, we can derive, e.g., from Eq. (5.10),

dξ3

dt
=

#
2E0Ak

2 sn u cn u =
I1 − I2
I1I2

ξ1ξ2.

Next let us treat the same system by applying the (1/1/1)-formalism. In this case,

using ∂3H = ξ3, we first obtain an expression for p1:

p1 = −
$ ξ2 dx#

2E − (ξ1)2 − x2
= − arcsin

ξ2#
2E − (ξ1)2

or equivalently

ξ2 = −
#
2E − (ξ1)2 sin(∂1T ). (5.16)

We then have to solve

∂tT = − ¯̄G = −1

2
(α(ξ1)2 + β(ξ2)2). (5.17)
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The complete solution with one integration constant      with an additional energy constraint  

By introducing a constant F such that

T = −Ft+ T̄ (ξ1)

the equation is reduced to

sin
! dT̄

dξ1

"
=

#
2F − α(ξ1)2

β(2E − (ξ1)2)
, (5.18)

and we obtain a complete solution

T̄ =

$ ξ1

arcsin

#
2F − αx2

β(2E − x2)
dx (5.19)

with F being the integration constant.

The general solution for the trajectory ξ1(t) is derived by imposing the Jacobi condition

−t0 =
∂T

∂F
= −t+

1%
2αβ(E − F/β)

$ √
αξ1/

√
2F dx√

1− x2
√
1− k2x2

= −t+
1%

2αβ(E − F/β)
u
!√αξ1√

2F

"
(5.20)

where the integration variable is rescaled x →
√
2Fx/

√
α, and u = u(x) is the inverse of

the elliptic function: x = sn (u; k) with the modulus parameter k2 = (β−α)/α(βE−F ).

We thus obtain

ξ1(t) =

&
2F

α
sn (

%
2αβ(E − F/β)(t− t0); k), (5.21)

which coincides with the previous result of the (1/2)-formalism after renaming the inte-

gration constant as F → G. Other components are automatically satisfied by our general

arguments.

Comparing with the well-known and traditional Hamilton-Jacobi treatments (see, e.g.,

Ref. 9)) of the Euler top in terms of Euler angles and the separation of variables, the new

methods illustrated here on the basis of our generalized HJ theory of Nambu mechanics

are much more direct and elegant, in the sense that the components of angular momentum

themselves are treated as canonical coordinates.
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4.2 Step II and III: Reduction to the (1/1/1)-formalism

Due to the fact that Ω(2)
2 and Ω(2)

3 are not closed, the next steps II and III must necessarily

be modified, compared with the previous section, in the present (2/1)-formalism. Since the

base space is one-dimensional, it is natural to find connection with the (1/1/1)-formalism.

Let us first examine whether the EE equations (4.1) and (4.2) themselves allow H (and

G, if both necessary) as integration constants. We find that

∂tĤ = ∂2H∂tξ
2 + ∂3H∂tξ

3 = ∂1Ĥ(∂3H∂2G− ∂2H∂3G), (4.8)

∂tĜ = ∂2G∂tξ
2 + ∂3G∂tξ

3 = ∂1Ĝ(∂3H∂2G− ∂2H∂3G). (4.9)

Thus we can indeed choose Ĥ (and/or Ĝ) as an integration constant separately for the

partial differential equations (4.1) and (4.2). In order to connect this system to the

(1/1/1)-formalism we set only the first one,

Ĥ = H
!
ξ1, ξ2(ξ1, t), ξ3(ξ1, t)

"
= E (4.10)

with constant E. Then the EE equations are rewritten as

∂tξ
2 = ∂3H∂1Ĝ, (4.11)

∂tξ
3 = −∂2H∂1Ĝ (4.12)

using ∂1Ĥ = ∂1Ĝ = 0. It is sufficient to consider the first one ∂tξ2, noticing that it

coincides with (3.40), when ¯̄G is identified with Ĝ as it should be since the definition

(3.41) amounts, after all, to making G a field on one and the same base space (ξ1, t). In

connection with this, it is to be noted that the closed 2-form Ω̄′(2) of the (1/1/1) formalism

is naturally obtained from (4.3) after the projection from (ξ1, ξ2, ξ3, t) to (ξ1, ξ2, t) under

the constraint H = E as

Ω̄′(2) = − 1

∂3H
Ω(2)

2

###
ξ3=ξ3(ξ1,ξ2;E)

,

on using ∂iH = −∂3H∂iξ3 and ∂iḠ = ∂iG + ∂3G∂iξ3. We can thus repeat the same

arguments as in the (1/1/1)-formalism, finishing steps II and III simultaneously. Thus

the equation of motion for ξ1(t) is derived in exactly the same way: the existence of three

independent constants Q1, P and E ensures that we have general solutions for the Nambu

equations of motion.

Finally, for a better appreciation of the necessity of the (1/1/1)-formalism in the

present context, we note the following. If we choose from the beginning both Ĥ and
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Jacobi condition:
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$ √
αξ1/

√
2F dx√
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2F

"
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where the integration variable is rescaled x →
√
2Fx/

√
α, and u = u(x) is the inverse of

the elliptic function: x = sn (u; k) with the modulus parameter k2 = (β−α)/α(βE−F ).
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In both cases, by imposing the Jacobi conditions, we obtain the well known general  
solution of the Euler equations in terms of elliptic functions of modulus    :

Thus the generalized HJ equations for the 1-form Ω̄(1) = Sµdξµ are reduced, with Si =

−S∂iG and S0 = 0, to

∂S

∂t
= −H̄ = −1

2

!
(ξ1)2 + (ξ2)2 + (ξ3)2

"
(5.3)

where

ξ3 = ∂1G∂2S − ∂2G∂1S = αξ1∂2S − βξ2∂1S. (5.4)

In view of the elliptical form of G, it is convenient to change the variables, (ξ1, ξ2) →
(G, u),

ξ1 =

#
2G

α
sn u, ξ2 =

$
2G

β
cn u, (5.5)

by using Jacobi’s elliptic functions,i satisfying sn 2u + cn 2u = 1, k2 sn 2u + dn 2u = 1

and sn ′u = cn u dn u, cn ′u = − sn u dn u, dn ′u = −k2 sn u cn u, where the modulus
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β
,

iNote that here we have used abbreviated notation for the elliptic functions sn (u; k), cn (u; k) and
dn (u; k) by suppressing implicit dependencies on the parameter k.

29

Thus the generalized HJ equations for the 1-form Ω̄(1) = Sµdξµ are reduced, with Si =

−S∂iG and S0 = 0, to

∂S

∂t
= −H̄ = −1

2

!
(ξ1)2 + (ξ2)2 + (ξ3)2

"
(5.3)

where

ξ3 = ∂1G∂2S − ∂2G∂1S = αξ1∂2S − βξ2∂1S. (5.4)

In view of the elliptical form of G, it is convenient to change the variables, (ξ1, ξ2) →
(G, u),

ξ1 =

#
2G

α
sn u, ξ2 =

$
2G

β
cn u, (5.5)

by using Jacobi’s elliptic functions,i satisfying sn 2u + cn 2u = 1, k2 sn 2u + dn 2u = 1

and sn ′u = cn u dn u, cn ′u = − sn u dn u, dn ′u = −k2 sn u cn u, where the modulus

parameter k is a constant to be fixed later such that the generalized HJ equation takes

a simple form that is most convenient for integration. Of course, we should expect that

when α = β, corresponding to a symmetrical top, the above coordinate transformation

would reduce to the usual polar coordinates with k = 0. Then,

ξ3 = −
√
αβ

dn u
∂uS. (5.6)

By setting

S = −E(t− t0) + S̄(ξ1, ξ2) (5.7)

where E and t0 are constants, the equation is reduced to a time-independent one:

αβ

2 dn 2u
(∂uS̄)

2 = E − G

α
sn 2u− G

β
cn 2u = E +

G(α− β)

αβ
sn 2u− G

β
. (5.8)

We fix the parameter k by

k2 =
G(β − α)

αβE0
, E0 = E − G

β
,

iNote that here we have used abbreviated notation for the elliptic functions sn (u; k), cn (u; k) and
dn (u; k) by suppressing implicit dependencies on the parameter k.

29

Thus the generalized HJ equations for the 1-form Ω̄(1) = Sµdξµ are reduced, with Si =

−S∂iG and S0 = 0, to

∂S

∂t
= −H̄ = −1

2

!
(ξ1)2 + (ξ2)2 + (ξ3)2

"
(5.3)

where

ξ3 = ∂1G∂2S − ∂2G∂1S = αξ1∂2S − βξ2∂1S. (5.4)

In view of the elliptical form of G, it is convenient to change the variables, (ξ1, ξ2) →
(G, u),

ξ1 =

#
2G

α
sn u, ξ2 =

$
2G

β
cn u, (5.5)

by using Jacobi’s elliptic functions,i satisfying sn 2u + cn 2u = 1, k2 sn 2u + dn 2u = 1

and sn ′u = cn u dn u, cn ′u = − sn u dn u, dn ′u = −k2 sn u cn u, where the modulus

parameter k is a constant to be fixed later such that the generalized HJ equation takes

a simple form that is most convenient for integration. Of course, we should expect that

when α = β, corresponding to a symmetrical top, the above coordinate transformation

would reduce to the usual polar coordinates with k = 0. Then,

ξ3 = −
√
αβ

dn u
∂uS. (5.6)

By setting

S = −E(t− t0) + S̄(ξ1, ξ2) (5.7)

where E and t0 are constants, the equation is reduced to a time-independent one:

αβ

2 dn 2u
(∂uS̄)

2 = E − G

α
sn 2u− G

β
cn 2u = E +

G(α− β)

αβ
sn 2u− G

β
. (5.8)

We fix the parameter k by

k2 =
G(β − α)

αβE0
, E0 = E − G

β
,

iNote that here we have used abbreviated notation for the elliptic functions sn (u; k), cn (u; k) and
dn (u; k) by suppressing implicit dependencies on the parameter k.

29

between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by

hshot ≃
!2!cλe
2πI0η

f

(2Bℓ)2

"1/2

≃ 7.2× 10−21
50

B

1 km

ℓ

# λe
2π × 0.082µm
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I0η

$1/2# f

1000Hz

$1/2

Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.

Sx(f) =
2!

m(2πf)2

ψ ∼
%

dnQeiS̃/!

&
pidq

i

dξ1

dt
=
∂(H,G)

∂(ξ2, ξ3)
,

dξ2

dt
=
∂(H,G)

∂(ξ3, ξ1)
,

dξ3

dt
=
∂(H,G)

∂(ξ1, ξ2)
(36)

H = H(ξ1, ξ2, ξ3), G = G(ξ1, ξ2, ξ3)

ξi = Li, H =
1

2

'
(ξ2)2 + (ξ2)2 + (ξ3)2

(
, G =

1

2

#(ξ1)2

I1
+

(ξ2)2

I2
+

(ξ3)2

I3

$

= G(ξ1, ξ2)

S = S(ξ1, ξ2, t;Q1)

ξi = ξi(t;Q1, P, E)

A =
)
2αβ(E −G/β), k2 =

*
G(β − α)

αβ(E −G/β)

∂S

∂E
= 0

u = A(t− t0), ξ3 = −
)
2(E −G/β) dnu
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108in a much more direct way than the standard canonical HJ method  
that uses Euler angles as the generalized coordinates. 

Our GHJ formalism is also useful from a practical point of view!

3 integration constants



To summarize what we have discussed so far :

It was then shown that the Nambu equations of motion are obtained by appropriate  
generalized Jacobi conditions.

This suggests that there exist natural routes toward the quantization of  
Nambu mechanics, à la Schrödinger’s wave mechanics.

In both (1/2) and (2/1) formalisms, we arrived at the generalized HJ equations, in which  
the momentum variable in the conventional HJ formalism are replaced by somewhat more 
complex structures. The dynamics is not a simple gradient flow, but some sort of  
rotating flow. 

Note: Extension to general n-dimensional Nambu mechanics in which 
Nambu brackets are n-dimensional Jacobian is also straightforward.

There is in fact a reasonable interpretation of our results, also from the (algebraic) 
viewpoint of Nambu bracket satisfying FI, which is in harmony with this expectation.  



❖ For any realization of Nambu bracket satisfying the fundamental identity 

6. Towards quantization

So far, we have not emphasized the relevance to our development of the canonical structure

associated with the Nambu bracket. There is in fact a natural interpretation of our

formulation of generalized HJ theory from the viewpoint of its connection with the Nambu

bracket. It will lead us to a new standpoint towards quantization of Nambu mechanics.

As has already been pointed out in Ref.2), for any realization of the Nambu bracket

satisfying the Fundamental identity (FI), we can define subordinated Poisson brackets

that are intrinsically associated with the Nambu bracket. For example, if a function

G = G(ξ1, ξ2, ξ3) is fixed, we can define

{A,B}G ≡ {A,G,B}. (6.1)

The Jacobi identity is automatically satisfied because of the FI,

{A,G, {B,F,C}}

= {{A,G,B}, F, C}+ {B, {A,G, F}, C}+ {B,F, {A,G,C}} (6.2)

which reduces to the Jacobi identity for (6.1) by setting F = G. If we assume ∂3G = 0,

we have

{ξ1, ξ2}G = 0, {ξ3, ξ1}G = −∂2G, {ξ3, ξ2}G = ∂1G, (6.3)

and the Nambu equations of motion take the standard Hamiltonian form,

dξi

dt
= {H, ξi}G. (6.4)

This shows that the (1/2)-formalism with ∂3G = 0 can be regarded as the classical limit

of a quantized Nambu mechanics; it is obtained by introducing a wave function that we

denote by ⟨ξ1, ξ2|1(t)⟩ in the representation where ξ1, ξ2 are diagonalized, corresponding

to the first component of Eq. (6.3), and ξ3 is replaced by a differential operator acting on

the wave function,

ξ3 → −i!(∂1G∂2 − ∂2G∂1) = −i!dG, (6.5)

which is consistent with the above subordinated Poisson brackets (the last two of them)

and the generalized HJ equations in the reduced form given in Sect. 3.3, if we assume the
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Schrödinger eq.

“momentum operator” 
(or “rotation operator”)
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which leads us to the (1/2)-formalism under an ansatz ⟨ξ1, ξ2|1(t)⟩ ∼ eiS(ξ
1,ξ2,t)/!. The

ket symbol |1(t)⟩ is meant to imply that it contains information on the initial conditions
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In this case, the wave function is a function of (ξ1, t), denoted by ⟨ξ1|2(t)⟩ and the

Schrödinger equation is
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! ξ̂2 dx
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. (6.11)

The (1/1/1)-formalism is then obtained in the classical limit with an ansatz ⟨ξ1|2(t)⟩ ∼
eiT (ξ1,t)/!. The ket |2(t)⟩ is meant to imply two integration constants (Q1, Q2) classically

as initial conditions.

34

usual relationship between Poisson brackets and commutators. The Schrödinger equation

is then

i!∂t⟨ξ1, ξ2|1(t)⟩ = H(ξ1, ξ2,−i!dG)⟨ξ1, ξ2|1(t)⟩, (6.6)

which leads us to the (1/2)-formalism under an ansatz ⟨ξ1, ξ2|1(t)⟩ ∼ eiS(ξ
1,ξ2,t)/!. The

ket symbol |1(t)⟩ is meant to imply that it contains information on the initial conditions

corresponding classically to a single integration constant Q1.

Similarly, if we choose another Poisson bracket by exchanging G for H and assuming

∂3H ̸= 0,

{A,B}H ≡ {A,H,B}, (6.7)

we have

{ξ1, ξ2}H = −∂3H, {ξ3, ξ1}H = −∂2H, {ξ3, ξ2}H = ∂1H. (6.8)

Then, the first bracket can be interpreted as defining the symplectic 2-form dξ1∧dξ2/∂3H

which we have defined in the phase space (ξ1, ξ2, t) of the (1/1/1)-formalism, under

the constraint H = E: the latter constraint, in principle, enables us to express ξ3 =

ξ3(ξ1, ξ2;E) in terms of ξ1 and ξ2. Indeed, once the first bracket (6.8) is given, the

remaining two are consequences of this constraint. This is due to the following identities:

0 = ∂2H(ξ1, ξ2, ξ3(ξ1, ξ2;E)) = ∂2H + ∂3H∂2ξ
3,

0 = ∂1H(ξ1, ξ2, ξ3(ξ1, ξ2;E)) = ∂1H + ∂3H∂1ξ
3. (6.9)

In this case, the wave function is a function of (ξ1, t), denoted by ⟨ξ1|2(t)⟩ and the

Schrödinger equation is
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between the phase uncertainty and the uncertainty with respect to the number of photons.
η=photon-counting efficiency
Nγ= the total number of photons that the laser puts out during the time τ̂ over which the photodetector

intensity is averaged. When searching for a gravity-wave burst with characteristic frequency f , it is optimal
to average the photo detector intensity for half a gravity-wave period, τ̂ ≃ 1/(2f)

Thus the minimal detectable h is given by
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Heisenberg’s uncertainty relation ∆x∆p ≥ !/2 also yields quantum noise for corner and end masses.
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Schrödinger eq.
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in harmony with the following quantization

The generalized Jacobi condition naturally fits the saddle point condition.



Apparently, these two formulations are entirely different quantum mechanics, 
using different Hilbert spaces and different Schrödinger (or Heisenberg) equations.  

In principle, there could be infinitely many different quantizations,  depending upon the 
choices of the subordinated Poisson brackets.  

However, they give one and the same classical Nambu equations of motion, being 
connected to each other by N-gauge (and/or canonical coordinate) transformations. 

Is quantum theory unique?

Our conclusion has both similarity and dissimilarity 
to Nambu’s original conclusion:

“One is repeatedly led to discover that the quantized version is essentially equivalent 
to the ordinary quantum theory. This may be an indication that quantum theory is 
pretty much unique, although its classical analog may not be.”



Key issues to quantization of Nambu mechanics ?

(1)   quantize the subordinated Poisson brackets defined by the usual commutator 
algebras with variable choices of two Hamiltonians (H, G) with respect to N-gauge  
transformations;

(2)   enlarge the usual framework of quantum mechanics to an extended scheme,  
allowing (possibly infinitely) many different Hilbert spaces corresponding to different 
choices of Poisson brackets and different Hamiltonians; 

(3)   construct a transformation theory by which we can transform systems among the  
sets of Hilbert spaces and corresponding Hamiltonians in some covariant fashion, such  
that it gives the N-gauge and canonical coordinate transformations in the classical limit. 

(4)   find probabilistic interpretations of the formalism, in such a manner that different 
and allowed choices of Hilbert spaces and Hamiltonians in the sense of (1) to (3) in the 
framework of transformation theory give physically unique results.  
 



Should the framework of quantum mechanics itself be enlarged ?

Remember that the Wheeler-DeWittt equation  
in canonical quantum gravity already requires some extension  

(albeit in a sense quite different from the present case)  
of the framework of quantum mechanics. 

Implications for string/M theory, in general ?

After all, however, why should we be so serious  
about Nambu quantum mechanics ? 

Is there any compelling theoretical reason for us to pursue this problem ?

Basic questions



Hopefully, these questions might become 
relevant in the near future ! 

And perhaps 
we should learn more from 
Nambu-san’s passion and imagination for 
physics !

Thanks for listening.
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