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Abstract

We review recent developments of symmetry protected topological phases and Lieb-Schultz-Mattis
mechanism, associated with original results by the author related to the topic. The original result
consists of two parts.

First, we examine (3+1)d topological ordered phases with Ck rotation symmetry. We show that
some rotation symmetric (3+1)d topological orders are anomalous, in the sense that they cannot
exist in standalone (3+1)d systems, but only exist on the surface of (4+1)d SPT phases. For (3+1)d
discrete gauge theories, we propose anomaly indicator that can diagnose the Zk valued rotation
anomaly. Since (3+1)d topological phases support both point-like and loop-like excitations, the
indicator is expressed in terms of the symmetry properties of point and loop-like excitations, and
topological data of (3+1)d discrete gauge theories (Sec.3.2).

Second, we examine the Lieb-Schultz-Mattis theorem in lattice systems, which dictates that a
trivial symmetric insulator is prohibited if lattice translation symmetry and U(1) charge conservation
are both preserved. We generalize the Lieb-Schultz-Mattis theorem to systems with higher-form
symmetries, which act on extended objects of dimension n > 0. The prototypical lattice system
with higher-form symmetry is the pure abelian lattice gauge theory whose action consists only of the
field strength. We first construct the higher-form generalization of the Lieb-Schultz-Mattis theorem
with a proof. We then apply it to the U(1) lattice gauge theory description of the quantum dimer
model on bipartite lattices. Finally, using the continuum field theory description in the vicinity of
the Rokhsar-Kivelson point of the quantum dimer model, we diagnose and compute the mixed ’t
Hooft anomaly corresponding to the higher-form Lieb-Schultz-Mattis theorem (Sec.5.3).
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Chapter 1

Introduction

Recent years have witnessed tremendous progress in understanding of topological phases of matter.
Especially, condensed matter theorists have discovered symmetry protect topological (SPT) phases,
which are certain gapped phases of condensed matter systems at zero temperature. Theoretical and
experimental study on SPT phases have elucidated the mechanism for emergence of distinct quantum
phases in the presence of the global symmetry. Roughly speaking, distinct phases can appear in a
phase diagram, since global symmetry in general constrains the possible path in the phase diagram
which can bring the initial ground state living on a certain point in the phase diagram, to the final
state on the other point; such continuous deformation of parameters in the phase diagram is allowed
only when the process respects the symmetry. As a result, the phase diagram can be divided into
distinct phases, where a single phase is defined as an equivalence class of ground states, whose
equivalence relation is defined by continuous deformation of parameters respecting the symmetry.

The classification of SPT phases is an important problem in condensed matter physics. A great
leap towards the complete classification of SPT phases has been made by recognizing that the (d+1)
dimensional SPT phases are equivalent to the ’t Hooft anomaly on the d dimensional boundary of the
SPT phase, which is represented as “anomaly inflow” assumption. Such field theoretical perspective
of SPT phases brought significant attention of high energy theorists, which has paved the way to
discovering new class of ’t Hooft anomalies in quantum field theory (QFT). For example, people
realized that the anomalies are present in bosonic systems with help of the discovery of bosonic SPT
phases, while the anomalies had been thought to be present only in fermionic systems.

While the ’t Hooft anomalies are applied to classify SPT phases, they are also exploited to con-
strain vacuum structure of the low energy (IR) theory. For instance, it was recently discovered that
the SU(N) pure Yang-Mills theory at θ = π suffers from ’t Hooft anomaly involving the center sym-
metry and CP symmetry, which dictates the breaking of CP symmetry with at least two-fold ground
state degeneracy. Such spectral constraint thanks to ’t Hooft anomalies is known as Lieb-Schultz-
Mattis (LSM) mechanism in condensed matter literature. LSM mechanism is applied for quantum
many-body system defined on a lattice, possessing both internal and lattice symmetries. Roughly
speaking, LSM theorem prohibits a symmetric gapped phases without ground state degeneracy (i.e.,
trivial symmetric insulator) with input of combination of internal and lattice symmetries. Such
theorem of LSM-type is empirically known to manifest itself as a consequence of ’t Hooft anomaly
in the continuum infrared limit. More concretely, in the IR theory where lattice symmetry such as
translational symmetry can be treated as internal symmetry, LSM-type constraint is understood as
a mixed ’t Hooft anomaly involving internal and lattice symmetries.

The thesis is largely devoted to the review of recent development in SPT phases and LSM
mechanism, and their intimate relation to ’t Hooft anomalies. Associated with the review, we
illustrate the original results by the author in Section 3.2, 5.3.
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The thesis is organized as follows. In Chapter 2, we begin with reviewing the anomaly inflow
observed in the Haldane chain, which realizes a bosonic SPT phase protected by Z2 × Z2 sym-
metry. We will see that the boundary of the Haldane chain transforms as a nontrivial projective
representation under Z2 × Z2 symmetry, which is shown to offer the simplest example of ’t Hooft
anomaly in (0+1)d system. The anomaly (i.e., phase ambiguity of partition function under gauge
transformation) on the boundary is cancelled by the SPT phase in the bulk. Next, we review the
classification of bosonic SPT phases protected by onsite symmetries based on group cohomology in
arbitrary dimensions. We analyze the boundary properties of these SPT phases characterized by the
element of group cohomology Hd+1(G,U(1)), and observe that the symmetry acts on boundaries in
non-onsite fashion, which prevents us from gauging the symmetry on the boundary.

In Chapter 3, we examine boundary states of SPT phases protected by (non-onsite) spacetime
symmetries. Interestingly, the boundaries of SPT phases can sometimes host gapped phases, where
ground states have nontrivial degeneracy to account for anomalies. Specifically, we are interested in
topological ordered phases without symmetry breaking, realized on the boundaries of SPT phases.
We first review the study of (2+1)d gapped boundaries realized on the surface of (3+1)d bosonic
SPT phases protected by reflection symmetry in Ref. [3]. We will see that path integral on the SPT
phase in the bulk is expressed by the data of topological order on the boundary, which enables us
to evaluate anomalies by the TQFT data on surface and is called “anomaly indicator formula” .

Next, we generalize the anomaly indicator formula to (3+1)d topological ordered phases regarded
as boundaries of (4+1)d SPT phases (see Sec.3.2). For (3+1)d discrete gauge theories with Ck
rotation symmetry around an axis, we obtain the indicator formula which makes possible to compute
anomalies from the data of (3+1)d topological order and symmetry properties of quasiparticles in
discrete gauge theories.

In Chapter 4, we examine topological phases and anomalies based on “higher-form symmetries”,
which is generalized concept of ordinary global symmetries proposed in Ref. [4]. Higher-form sym-
metries (p-form symmetries) are global symmetries whose charged objects are of dimension p, e.g.,
lines for p = 1, membranes for p = 2, and so on. Especially, by enumerating several known concrete
examples, we will see that 1-form symmetries are ubiquitous in pure gauge theories, where gauge
invariant line operators become charged objects. We will see that higher-form symmetries can also
be gauged, which enables us to discuss anomalies based on p-form symmetries. As an application,
we review the mixed ’t Hooft anomaly between CP and ZN 1-form symmetry (center symmetry) in
(3+1)d SU(N) pure Yang-Mills theory at θ = π, recently discussed in Ref. [5]. As a result of the
anomaly, one can dictate that the CP symmetry must be broken at θ = π at zero temperature.

In Chapter 5, we discuss the constraint on low-energy spectral properties of many-body systems
deduced from ’t Hooft anomaly, which is akin to CP breaking in SU(N) pure Yang-Mills theory
enforced by the mixed anomaly. Such spectral constraint thanks to ’t Hooft anomalies is known
as Lieb-Schultz-Mattis (LSM) mechanism in condensed matter literature. After reviewing intimate
relation of the LSM theorem defined on lattice systems and ’t Hooft anomalies in continuum theory,
we construct the generalized LSM theorem based on higher-form symmetry and lattice translational
symmetry, which corresponds to anomaly constraint based on the mixed ’t Hooft anomaly involving
these two symmetries in continuum IR limit. The generalized theorem is applied to pure gauge
theories constructed on lattice (see Sec.5.3). As a demonstration, we apply the generalized LSM
theorem to the quantum dimer model on a bipartite lattice, which is known to be equivalent to
the pure U(1) lattice gauge theory, where both U(1) 1-form symmetry and lattice symmetry are
present. We diagnose a corresponding mixed ’t Hooft anomaly involving these two symmetries at
the continuum field theory that describes the vicinity of the quantum critical (Rokhsar-Kivelson)
point.

7



Chapter 2

Classification of SPT phases

2.1 bosonic SPT in (1+1)d

Symmetry protected topological (SPT) phase [6] is a certain equivalence class of ground states of
quantum many-body systems at zero temperature. Here, we consider systems with the following
properties;

• gapped,

• without ground state degeneracy on arbitrary closed spatial manifolds,

• G-symmetric, without spontaneous symmetry breaking. G can be internal as well as spacetime
symmetries.

Namely, we deal with unique ground state of a many-body system respecting G-symmetry. We define
an equivalence relation for ground states |ψ⟩ , |ψ′⟩ of different systems, if there exists G-symmetric
continuous deformation of the system without closing gap, which interpolates |ψ⟩ and |ψ′⟩.

In QFT language, our situation corresponds to assuming that the theory has a mass gap, and
the Hilbert space in the long distance limit is one-dimensional on any closed spatial manifold. Such
class of QFT is known as invertible topological field theory.

An important problem in condensed matter theory is the general classification of SPT phases,
which is completely resolved in the case of free fermion systems via K-theory. For interacting
systems, condensed matter theorists have approached to the problem by constructing explicit lattice
Hamiltonian and then finding observables which can probe distinct phases from each other.

One way to identify observables which differentiate distinct phases is putting a system on a space
with boundary. For example, let us consider the nontrivial SPT phase (known as the Haldane phase
in the literature) in 1+1 dimension protected by Z2 × Z2 symmetry. The Haldane phase is realized
by the following Hamiltonian of one dimensional chain of qubits

HHaldane = −
N−1∑
j=1

ZjXj+ 1
2
Zj+1 −

N∑
j=1

Zj− 1
2
XjZj+ 1

2
, (2.1)

where X,Y, Z are Pauli operators acting on qubits. Z2 × Z2 symmetries are generated by

U (a) =
N∏
j=1

Xj , U (b) =
N+1∏
j=1

Xj− 1
2
, (2.2)
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where a, b denotes two generators of Z2 × Z2. Since the Hamiltonian is the sum of commuting
projectors, the ground state |ψ⟩ is characterized by the following conditions

ZjXj+ 1
2
Zj+1 |ψ⟩ = |ψ⟩ , Zj− 1

2
XjZj+ 1

2
|ψ⟩ = |ψ⟩ , (2.3)

for all j. In the presence of boundaries, it turns out that the symmetry acts only on boundary
degrees of freedom. To see this, we express the action of symmetry transformations restricted on
ground state manifolds

U (a) =
N∏
j=1

Xj = Z 1
2
⊗ ZN+ 1

2
, U (b) =

N+1∏
j=1

Xj− 1
2
= X 1

2
Z1 ⊗ ZNXN+ 1

2
, (2.4)

where we used the conditions (2.3) which is satisfied for ground states. Symmetry transformation
clearly decomposes into local actions on boundary degrees of freedom, which are the form of U (g) =

U
(g)
L ⊗U (g)

R for g ∈ Z2×Z2. The key observation is that the Z2×Z2 symmetry acts on each boundary
L,R as the nontrivial projective representation characterized by ω ∈ Z2(Z2 × Z2, U(1)), which is
robust against any redefinition of symmetry actions via local unitary transformations, and hence
discriminates the system from the trivial product state of qubits as SPT phases.

We note that the projective action on boundary of Haldane phase provides us the simplest
example of ’t Hooft anomaly in 0+1 dimensional quantum theory. An ’t Hooft anomaly is defined as
an obstruction to promoting the global symmetry to local gauge symmetry. Concretely, we say that
symmetry G of a theory has an ’t Hooft anomaly if the partition function Z[A] with the background
G-gauge field is transformed as

Z[A+ dα] = Z[A] exp(iA[α,A]) (2.5)

under G-gauge transformation A → A + dα, and A[α,A] cannot be canceled by introducing local
counterterms.

In our case, ’t Hooft anomaly manifests itself as phase ambiguity of partition function of the
theory coupled to background gauge field, as shown in Fig.2.1. Namely, the partition function of
a boundary of a half infinite chain coupled with background gauge field is trH[U

(g)e−βH ], where
g ∈ Z2×Z2 is the holonomy of background Z2×Z2 gauge field, and H is the Hilbert space of ground
states. Then, ’t Hooft anomaly is expressed as phase ambiguity of partition function under gauge
transformation

trH[U
(g)U (h)e−βH ] = ω(g, h)−1 · trH[U (gh)e−βH ], (2.6)

caused by projective action of global symmetry on the Hilbert space. Such phase ambiguity of
(0+1)-dimensional action is not cancellable by introducing local counterterm at the boundary (which
amounts at most to changing the phase ω by coboundary). However, this phase ambiguity depends
only on background Z2 × Z2 gauge field, and can be cancelled by boundary variation of topological
action of background gauge field living in (1+1)-dimensional bulk. Here we recall briefly how such
(1+1)-dimensional topological action cancels the phase ambiguity on the boundary.

The bulk partition function Z[M,A] in terms of G = Z2×Z2 background gauge field A is defined
on an oriented closed 2d surface M . To construct topological action, we first triangulate M as a
simplical complex, and assign a local ordering1 on 1-simplices. Group elements of G are living on
1-simplices, and the configuration of group elements satisfies a “fusion rule” g(01)g(12) = g(02) on each

1a local ordering is an assignment of orientation on each 1-simplex, where the orientation of 1-simplices rounding
a 2-simplex never becomes cyclic.
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Figure 2.1: The above two configurations of background gauge field in (0+1)-dimensional boundary
are gauge equivalent, characterized by holonomy gh (black dots denote symmetry defects). However,
gauge invariance of partition function is violated due to ’t Hooft anomaly (2.6).

2-simplex σ = (012), which stands for flatness of G-field. Then, we can represent the flat background
gauge field for G by a network of symmetry defects on M , which is specified by a configuration of
group elements on 1-simplices. We assign a Boltzmann weight ω(g, h) on each 2-simplex, which is
regarded as a junction of two symmetry defects. The partition function is obtained by the product
of Boltzmann weight for all 2-simplices,

ZDW
(1+1)d[M,A] =

∏
σ

ω(g, h)ϵ(σ), (2.7)

where the product runs over all 2-simplices in M , and ϵ is an orientation of a 2-simplex (see Fig.2.2).

Figure 2.2: orientation of 2-simplices.

We require that the theory only depends on topology of M and hence independent of how we
triangulate the manifold. This requirement boils down to cocycle condition for ω (see Appendix A),

ω(g, h)ω(gh, k) = ω(g, hk)ω(h, k), (2.8)

as illustrated in Fig.2.3.
For closed M , we can also check that the partition function is invariant under the shift of ω by

a coboundary, which corresponds to adding local counterterm to each 1-simplex

ω 7→ ω + dα, (2.9)

where α ∈ C1(G,U(1)) and dα(g, h) := α(g)α(gh)−1α(h). This means that only [ω] ∈ H2(G,U(1))
matters for specifying a theory up to addition of local counterterm, reflecting H2(G,U(1)) classifica-
tion of (1+1)-dimensional SPT phase. The bulk theory turns out to be essentially Dijkgraaf-Witten
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Figure 2.3: Invariance of Boltzmann weight under the change of triangulation leads to cocycle
condition of ω.

gauge theory [7, 8], although the gauge field is treated as background gauge field, instead of dynam-
ical field to be summed over in path integral.

In the presence of a boundary, gauge transformation between two gauge equivalent configuration
shown in Fig.2.1 is realized on the boundary of M by adding a 2-simplex with a Boltzmann weight
ω(g, h) on a tip of the bulk (see Fig.2.4). This manifestly cancels anomalous phase ambiguity of a
boundary. Concretely,

Z(0+1)d[∂M,A]ZDW
(1+1)d[M,A] (2.10)

is gauge invariant. Such mechanism for canceling ’t Hooft anomalies by bulk theory is called anomaly
inflow. Various examples of SPT phase in higher dimension also suggests the ubiquity of anomaly
inflow in SPT phases. Specifically, bosonic SPT phase protected by any onsite symmetry G in any
d + 1 dimension is classified by elements of group cohomology ω ∈ Hd+1(G,U(1)), and ’t Hooft
anomaly on its boundary is canceled by variation of Dijkgraaf-Witten topological action specified
by ω in the bulk.

Figure 2.4: The symmetry defect on a boundary is split by attaching a 2-simplex on a tip of the
cigar. The Boltzmann weight of an attached 2-simplex is ω(g, h), which cancels the phase ambiguity
on the boundary.

2.2 bosonic SPT in (d+ 1)d

Similarly, the Dijkgraaf-Witten type topological action in (d + 1)-dimension is constructed on a
triangulation of (d + 1)d spacetime manifold M with local ordering on its 1-simplices. We can
locally define a numbering of (d + 2) vertices as v0, v1, . . . , vd+1 of a (d + 1) simplex (v0v1 . . . vd+1)
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induced by local ordering, where a 1-simplex (vjvj+1) is oriented from vj to vj+1 for all j. Flat G-
gauge field configuration is expressed as assignment of a group element g(ij) on each 1-simplex (ij)
for i < j, satisfying the fusion rule g(01)g(12) = g(02) for all 2-simplex (012). We assign a Boltzmann
weight ω(g(01), g(12), . . . g(d,d+1)) ∈ Zd+1(G,U(1)) on each (d + 1)-simplex (012 . . . d + 1), then the
topological action is just given by product of Boltzmann weight for the whole spacetime,

ZDW
(d+1)d[M,A] =

∏
σ

ω(g(01), g(12), . . . g(d,d+1))
ϵ(σ), (2.11)

where the product runs over (d+ 1)-simplices in M , and ϵ(σ) is an orientation of σ.
One can also formulate such bosonic SPT phases of Dijkgraaf-Witten type in Hamiltonian for-

malism. To do this, we first introduce dynamical degree of freedom gi ∈ G on each 0-simplex i, which
is regarded as a matter field coupled with background G-gauge field g(ij). G-gauge transformation
is defined as {

gi 7→ αigi,

g(ij) 7→ αig(ij)α
−1
j for i < j,

(2.12)

where αi ∈ G. Gauge invariant topological action of matter fields {gi} is given by

ZDW
(d+1)d[M,A] =

1

|G|N0

∑
{gi}

∏
σ

ω(g−1
0 g(01)g1, g

−1
1 g(12)g2, . . . g

−1
d g(d,d+1)gd+1)

ϵ(σ), (2.13)

where N0 is the number of 0-simplices. We obtain the effective action of background gauge field in
the form of (2.11) by integrating out the matter field. In the absence of background gauge field, the
topological action becomes

Zmatter
(d+1)d[M ] := ZDW

(d+1)d[M,A = 0] =
1

|G|N0

∑
{gi}

∏
σ

ω(g−1
0 g1, g

−1
1 g2, . . . g

−1
d gd+1)

ϵ(σ). (2.14)

We remark that Zmatter
(d+1)d[M ] = 1 for closed M . For convenience, we define

ν(g0, g1, . . . , gd+1) := ω(g−1
0 g1, g

−1
1 g2, . . . g

−1
d gd+1), (2.15)

which satisfies ν(g0, g1, . . . , gd+1) = ν(gg0, gg1, . . . , ggd+1) for g ∈ G by definition.
Now we provide the lattice Hamiltonian of matter fields for the Hilbert space constructed on

a boundary Σ = ∂M of spacetime manifold M . Namely, when the (d + 1)d manifold M has a
boundary Σ, we define a quantum state |ΨM ⟩ on d-dimensional manifold Σ is constructed via path
integral of the topological action on M

ΨM ({gi}i∈Σ) =
1

|G|N int
0

∑
gi∈internal of M

∏
σ

ν(g0, g1, . . . , gd+1)
ϵ(σ), (2.16)

where N int
0 is the number of 0-simplices in the internal of M . The wave function ΨM ({gi}i∈Σ) on

Σ is given by path integral of topological action under the boundary condition {gi} on Σ. Since
Zmatter
(d+1)d[Σ×S1] = 1, the Hilbert space has one dimension for all closed oriented Σ. For simplicity, let

us work on the Hilbert space on Σ = Sd, whose ground state wave function is given by path integral
(2.16) on M = Dd+1. We choose the triangulation of Dd+1 such that there is only one 0-simplex v∗
in the internal of Dd+1; N int

0 = 1. Then, the ground state wave function becomes

Ψ({gi}i∈Sd) =
1

|G|
∑
g∗

∏
σ

ν(g∗, g1, . . . , gd+1)
ϵ(σ). (2.17)
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Actually, each summand in (2.17)
∏
σ ν(g∗, g1, . . . , gd+1)

ϵ(σ) is independent of the choice of g∗, since(∏
σ

ν(g∗, g1, . . . , gd+1)
ϵ(σ)

)
·

(∏
σ

ν(g′∗, g1, . . . , gd+1)
ϵ(σ)

)−1

= Zmatter
(d+1)d[S

d+1] = 1, (2.18)

where Sd+1 is given by attaching two Dd+1s along Sd = ∂Dd+1, and the partition function on Sd+1

is evaluated as the product of Boltzmann weight in each Dd+1. Thus, (2.17) becomes

Ψ({gi}i∈Sd) =
∏
σ

ν(1, g1, . . . , gd+1)
ϵ(σ), (2.19)

or equivalently,

|Ψ⟩ =
∑

{gi},i∈Sd

∏
σ

ν(1, g1, . . . , gd+1)
ϵ(σ) |{gi}⟩ . (2.20)

up to normalization factor. We can explicitly construct the commuting projector Hamiltonian whose
ground state is given by (2.20). To do this, we note that |Ψ⟩ is transformed by a unitary operator
U(ν) from a product state

|Ψ⟩ = U(ν)
∑

{gi},i∈Sd

|{gi}⟩ = U(ν) ·

⊗
i∈Sd

∑
gi∈G

|gi⟩

 , (2.21)

where

U(ν) =
∑

{gi},i∈Sd

∏
σ

ν(1, g1, . . . , gd+1)
ϵ(σ) |{gi}⟩ ⟨{gi}| . (2.22)

Then, the Hamiltonian is given by

H(ν) = U(ν)H0U(ν)−1, (2.23)

where H0 is a Hamiltonian whose ground state is written as
⊗

i∈Sd

∑
gi∈G |gi⟩,

H0 = −
∑
i∈Sd

Pi, P =
1

|G|
∑
g,h∈G

|g⟩ ⟨h| . (2.24)

At hindsight, the Haldane chain we have introduced in (2.1) is the nontrivial SPT Hamiltonian
written in the form of (2.23) HHaldane = U(ν)H0U(ν)−1, where

H0 =
∑
i

Xi +Xi+1/2 (2.25)

is a projector onto a trivial product state
⊗

(|0⟩+ |1⟩), and

U(ν) =
∏
i

CZi,i+1/2CZi+1/2,i+1, (2.26)

where CZi,j := i(1−Zi)(1−Zj)/2. The phase shift of CZij on a state |gi, gj⟩ corresponds to a 2-cocycle
ν(0, gi, gj) in Z2(Za2 × Zb2, U(1)) represented by

ν(0, 0, 0) = ν(0, 0, 1) = ν(0, 1, 0) = 1, ν(0, 1, 1) = −1, (2.27)

or equivalently ω = exp(iπ · a ∪ b), where a (resp. b) is background Za2 (resp. Zb2) gauge field.
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2.2.1 boundary of (d+ 1)d SPT phases

For later convenience, let us refer to how global symmetry acts on boundaries of (d+1)d SPT phases
labeled by elements of Hd+1(G,U(1)). To do this, we simply locate the SPT ground state (2.20) on
a space Md with boundaries,

|Ψ⟩ =
∑

{gi},i∈Md

∏
σ

ν(1, g1, . . . , gd+1)
ϵ(σ) |{gi}⟩ . (2.28)

In the presence of boundaries, the wave function on the bulk is generally no longer invariant under
global symmetry U0(g) : {gi} 7→ {ggi}, reflecting the anomalous nature of boundaries. The symmetry
action on |Ψ⟩ becomes

U0(g) |Ψ⟩ =
∑

{gi},i∈Md

∏
σ

ν(1, gg1, . . . , ggd+1)
ϵ(σ) |{ggi}⟩

=
∑

{gi},i∈Md

∏
σ

ν(g−1, g1, . . . , gd+1)
ϵ(σ) |{gi}⟩

(2.29)

Thus, the variation of wave function under symmetry action is evaluated as

[U0(g)Ψ](g1, . . . , gd+1)

Ψ(g1, . . . , gd+1)
=
∏
σ

ν(g−1, g1, . . . , gd+1)
ϵ(σ)

ν(1, g1, . . . , gd+1)ϵ(σ)

=:
∏
σ

fd(g1, . . . , gd+1)
ϵ(σ),

(2.30)

where we defined a d-cochain fd defined on Md as

fd(g1, . . . , gd+1) :=
ν(g−1, g1, . . . , gd+1)

ν(1, g1, . . . , gd+1)
. (2.31)

In the expression of (2.30), (d+ 1)-simplex σ is taken as (∗, 1, . . . , d), where 1, . . . , d are 0-simplices
contained in Md. If we assign ordering on 0-simplices such that ∗ is labeled by the smallest number,
the orientation ϵ(σ) of σ coincides with that of d-simplices (1, . . . , d) on Md. Therefore,

[U0(g)Ψ](g1, . . . , gd+1)

Ψ(g1, . . . , gd+1)
=
∏
σ∈Md

fd(g1, . . . , gd+1)
ϵ(σ), (2.32)

where the product runs over d-simplices of Md. Actually, fd is a d-coboundary; fd = dfd−1, since

fd(g1, . . . , gd+1) =
ν(g−1, g1, . . . , gd+1)

ν(1, g1, . . . , gd+1)

= ν(g−1, 1, g2, . . . gd+1)ν(g
−1, 1, g1, g3, . . . gd+1)

−1 . . . ν(g−1, 1, g1, . . . gd)
(−1)d

=: dfd−1(g1, . . . gd+1),

(2.33)

where we used cocycle condition of ν in the second line, and defined (d− 1)-cochain fd−1 as

fd−1(g1, . . . , gd) = ν(g−1, 1, g1, . . . , gd). (2.34)
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Thus, the shift of wave function (2.32) under symmetry action reduces to boundary variation sup-
ported on ∂Md,

[U0(g)Ψ](g1, . . . , gd+1)

Ψ(g1, . . . , gd+1)
=

∏
σ∈∂Md

fd−1(g1, . . . , gd)
ϵ(σ). (2.35)

Thus, the system with the boundary is invariant under the modified symmetry transformation

U(g) := U0(g) · V −1
{gi}, (2.36)

where V{gi} represents boundary variation,

V{gi} =
∏

σ∈∂Md

ν(g−1, 1, g1, . . . , gd)
ϵ(σ). (2.37)

Importantly, in (2.37) the symmetry action is realized in non-onsite fashion on boundaries, as the
factor ν(g−1, 1, g1, . . . , gd) covers d sites.

2.3 CZX model: Z2 SPT in (2+1)d

Here we provide an example of sophisticated lattice model realizing nontrivial bosonic Z2 SPT phase
in (2+1) dimension, which is extensively referred in later discussions [9]. This model corresponds
to the generator of H3(Z2, U(1)) ∼= Z2. We demonstrate anomalous symmetry action (2.37) in the
model. The CZX model is a (2+1) dimensional system of qubits on a square lattice, where each site
contains four qubits, as shown in Fig.2.5.

Figure 2.5: CZX model on a square lattice. The site of square lattice is represented as a big circle.
Each site contains four qubits (black dots). We assign a counterclockwise numbering on four qubits
contained in a single site. Plaquettes are represented as red squares.

The generator of onsite Z2 symmetry UCZX is given by the product of onsite operators Xs(CZ)s
for all sites,

UCZX =
∏
s∈site

Xs(CZ)s, (2.38)

where Xs = X1X2X3X4, (CZ)s = CZ12CZ23CZ34CZ41. The numbering of four qubits in a single
site is illustrated in Fig.2.5. Since Xs and (CZ)s commute with each other and square to 1, it follows
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that UCZX is indeed a generator of onsite Z2 symmetry; (Xs(CZ)s)
2 = 1. The ground state |Ψ⟩ is

given by tensor product of entangled states on plaquettes,

|Ψ⟩ =
⊗

p∈plaquette

|Ψp⟩ =
⊗

p∈plaquette

1√
2
(|0000⟩+ |1111⟩), (2.39)

where the entangled state (|0000⟩+|1111⟩)/
√
2 on each plaquette is defined for four qubits on vertices

of a plaquette, which is illustrated in Fig.2.5. The ground state |Ψ⟩ respects the Z2 symmetry (2.38).
2 The ground state is expressed in the form of product of locally entangled states, but the state
turns out to reside in nontrivial SPT phase, thanks to the mismatch between entanglement structure
and lattice structure.

Next, let us write down the Hamiltonian which respects the symmetry (2.38), with its ground
state |Ψ⟩. Naively we expect that the sum of projectors onto (|0000⟩ + |1111⟩) for each plaquette
works as Hamiltonian,

H = −
∑

p∈plaquette

(|1111⟩ ⟨0000|+ |0000⟩ ⟨1111|), (2.40)

since its ground state becomes |Ψ⟩. However, this Hamiltonian does not respect the symmetry (2.38)
due to noncommutativity between

∏
sCZs. To make it commute with Z2 generator, we define the

Hamiltonian as

HCZX = −
∑

p∈plaquette

(|1111⟩ ⟨0000|+ |0000⟩ ⟨1111|)⊗α P
α
p , (2.41)

where Pαp (α = u, d, l, r) acts on the two spins in the up, down, left, right neighboring half-
plaquette respectively (see Fig.2.6), as a projector onto states in which two spins of a half-plaquette
are equal; Pαp = |00⟩ ⟨00| + |11⟩ ⟨11|. Then, the Hamiltonian is commutative with Z2 generator;
[HCZX , UCZX ] = 0.

Figure 2.6: Projectors Pαp (α = u, d, l, r) are defined for two spins in the half-plaquettes (blue lines)
neighboring the plaquette p.

Now we examine the boundary of the CZX model. We do this by simply cutting the lattice to
make a boundary. Plaquettes on the cut is devided into two half-plaquettes, while the site is not

2Since |Ψ⟩ is manifestly left invariant under
∏

s Xs, the nontrivial part of seeing this is invariance of |Ψ⟩ under∏
s CZs operator. For each adjacent pair of two plaquettes, we see that

∏
s CZs contains two CZ operators connecting

the pair of plaquettes. These two CZ operators always pick up identical phase shift ±1 when operated on each
summand of |Ψ⟩, hence the product of these two CZ operators are 1. Since

∏
s CZs is written as the product of such

pair of CZ operators connecting adjacent two plaquettes, we see that
∏

s CZs |Ψ⟩ = |Ψ⟩ .
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devided by the cut, respecting the lattice structure (see Fig. 2.7). Let us see how the symmetry
acts on the boundary. Since the neighboring qubits in a single half-plaquette are fully entangled
due to the projector {Pαp }, two qubits sharing a half-plaquette effectively behave as a single qubit.
Then, the (CZ)s operator on a site acts as a CZ operator covering two effective spins. Hence, the
symmetry generator UCZX operates on the boundary degree of freedom in non-onsite fashion as we
indicated in (2.36),

UZ2 =
∏
j

XjCZj,j+1, (2.42)

where j labels the position of qubits on a boundary.

Figure 2.7: Boundary on the CZX model. Projectors Pαp on boundary dangles each pair of spins
sharing a half-plaquette, effectively making the pair a single qubit.

In our Hamiltonian, we remark that all configuration of composite qubits on the boundary are
degenerate (i.e., the effective Hamiltonian on the boundary is zero). In Ref. [10], it is proven that
the boundary is gapless even after adding perturbations on the boundary, if Z2 symmetry is not
broken on the boundary.

Finally, let us briefly mention recent development about the boundary of CZX model. In Ref. [10],
it was revealed that the CZX model can have a gapped boundary without nontrivial degeneracy at
the ground state, if we choose the boundary of the CZX model such that the boundary cuts a site
into two half-circles, instead of cutting plaquettes. Namely, the spectral properties of the boundary
generally depend on how we realize boundaries on the model. 3

3Generally, gapped boundary for G-SPT phases are realized by “symmetry extension” mechanism. Roughly speak-
ing, symmetry extension is a procedure of lifting (pulling back) the SPT phase characterized by [ω] ∈ Hn(G,U(1))
to a cocycle of larger group G ⊂ H, [ω] ∈ Hn(H,U(1)), via the exact sequence 1 → K → H → G → 1. Here, if
[ω] becomes a trivial cocycle in Hn(H,U(1)) (it is possible even if [ω] is nontrivial in Hn(G,U(1))), we have a trivial
H-SPT phase after symmetry extension. Thus, we can have a H-symmetric gapped domain wall which connects
between a G-SPT phase characterized by [ω] and a trivial product state. For example, gapped boundary of CZX
model is constructed via symmetry extension 1 → Z2 → Z4 → Z2 → 1. Accordingly, the gapped boundary effectively
possess H = Z4 symmetry, where K = Z2 ⊂ H acts nontrivially only on boundaries. See Ref. [10] for detail.
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2.4 Cobordism and generator manifolds

In this section, we briefly review the relationship between cobordism theory and SPT phases. As we
introduced in Section 2.1, SPT phases are described by unitary invertible topological field theories,
in the low energy (long distance) limit. Invertible topological field theories are a class of topological
QFT with one dimensional Hilbert space on any closed spatial manifolds. The classification of SPT
phase is determined by the equivalence class of theories under deformation of continuous parameters,
which is equivalent to the isomorphism class of invertible topological phases up to the equivalence
relation under continuous deformation.

As an input of the theory, let (M,η,A) be a triple of a closed (d+ 1)d manifold M , a structure
η (e.g., Spin, Pin±, . . . ) on M , and background G-gauge field A. Here, we recall that the G-gauge
field can be regarded as a map A :M 7→ BG, where BG is a classifying space of G. When the theory
has no symmetry G = id, we simply put a single point as a classifying space, BG = pt. In general,
for a topological space X, a degree-d η-bordism (M,η, f) to X is defined as a closed d-manifold M
with structure η, together with a continuous map f :M 7→ X. Hence, we can see that the G-gauge
field A :M 7→ BG provides a degree-d η-bordism to BG.

Then, partition function Z of an invertible topological phase defines a map from a degree-d η-
bordism specified by (M,η,A), to U(1) (see Corollary 3.5. of Ref. [11]). Actually, it is known [11, 12]
that the partition function Z becomes a function of a certain equivalence class of bordisms called
the η bordism group; two η-bordisms on X are equivalent (M1, η1, f1) ∼ (M2, η2, f2) if there exists a
(d+1)-dimensional η-manifold with boundary ∂N =M1⊔M2 and a map g : N 7→ X that reduces to
(M1, η1), (M2, η2) on the two components of ∂N . We can define an Abelian group structure on the
equivalence class of bordisms defined above, which we call the η bordism group denoted as Ωηd+1(X).
Here, the group multiplication is defined via disjoint union of d-manifolds (M1, η1) and (M2, η2),
and the inverse element of (M,η, f) is defined via orientation reversing of M .

The partition function of invertible topological phase gives a map from η-bordism group Ωηd+1(BG)
to U(1); Z ∈ Hom(Ωηd+1(BG), U(1)). Further, it is known that the value of the partition function
determines the isomorphism class of invertible topological field theories in the following sense;

there is a 1-1 correspondence between the following sets,

• the set of isomorphism classes of d+1-dimensional unitary invertible topological field theories
with structure η, and

• the cobordism group Hom(Ωηd+1(BG), U(1)),

where two sets are related by giving partition function of the theory Z ∈ Hom(Ωηd+1(BG), U(1)).
Now let us turn to the classification of SPT phases, which is captured by isomorphism class of

invertible topological phases, up to the equivalence relation under continuous deformation.
When the bordism group Ωηd+1(BG) contains a free part, then the corresponding cobordism

group Hom(Ωηd+1(BG), U(1)) has continuous a U(1) part. Physically, this means that we have a
continuous parameter in the SPT phase which can be varied continuously without closing gap. For
example, let us consider a (3+1)d oriented bordism group equipped with U(1) background gauge
field ΩSO4 (BU(1)) = Z2. In this case, one of the free parts corresponds to the theta term labeled by
θ ∈ R/2πZ,

Z[A] = exp

[
iθ

∫
M

F

2π
∧ F

2π

]
. (2.43)

Therefore, we should regard two theories which differs by the theta term as an identical SPT phase.
Thus, the classification of SPT phase is given by the torsion part of the η bordism group TorΩηd+1(X).
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Chapter 3

Gapped boundary of SPT phase
protected by spacetime symmetry

In this section, we discuss boundary states of SPT phases protected by spacetime symmetry; e.g.
reflection, time reversal and point-group symmetry. Such SPT phases can also host gapped bound-
aries.

3.1 R anomaly in (2+1)d topological order

To see this, let us begin with the case of (3+1)d bosonic SPT phase protected by reflection symmetry
R (R2 = 1) solely, which sends spatial coordinate (x, y, z) 7→ (−x, y, z) in 3d Euclidian space.
One illustrative way to consider the reflection SPT is the “dimension reduction” approach [13–15]
developed in Ref. [13], which argues that the (3+1)d reflection SPT phase is adiabatically connected
to the trivial product state except for the reflection plane x = 0, by a sequence of symmetry respecting
local unitary transformations. Following Ref. [13], let us consider a small region V in the 3d bulk
away from reflection plane. Due to short-range entangled nature of SPT phase, 1 one can think of
a local unitary transformation UV supported on V , which brings the state of the Hilbert space HV

into a trivial product state. Acting UV UR(V ) makes the state of HV and HR(V ) product states in
symmetry respecting fashion, where UR(V ) is a reflection partner of UV supported on R(V ). Then,
by operating a sequence of local unitaries in the form of UV UR(V ), we can connect the SPT phase
into a product state by reflection symmetric unitary circuits, except for the vicinity of the reflection
plane. Therefore, we expect that anomalous nature of the boundary state of reflection SPT phase
is totally encoded in what happens in the reflection plane. The vicinity of the reflection plane is
effectively a (1+1)d system, where reflection symmetry R acts as onsite symmetry.

Thus, by the dimension reduction procedure the anomaly of (2+1)d boundary of reflection SPT
comes down to the (1+1)d boundary of (2+1)d SPT protected by onsite Z2 symmetry. We can
think of the situation after the dimension reduction procedure as a “T-junction”, which is described
in Fig.3.1.

Now we are ready to construct a possible gapped boundary of (3+1)d reflection SPT phase [16–
18]. We demonstrate that the surface state can be gapped with Z2 topological order (Z2 gauge
theory, or toric code). Let us consider a (2+1)d system of qubits on a square lattice, where each
edge contains one qubit. Following the dimension reduction approach, the anomalous surface state is

1It is believed that the ground state of SPT phase can be smoothly deformed into a trivial product state of local
degrees of freedom, by a sequence of local unitary operators. Gapped states with such property are called short-range
entangled states.
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Figure 3.1: After dimension reduction, the geometry looks like a T-junction, where a surface theory
is connected to a Z2 SPT phase by a junction at the reflection line.

realized by simply locating a boundary of (2+1)d CZX model (see Sec.2.3) with onsite Z2 symmetry
on a reflection line x = 0. We consider reflection symmetry on a square lattice such that the reflection
line intersects with edges, see Fig. We recall that Z2 symmetry is encoded in anomalous way at
the (1+1)d boundary of the CZX model (2.42); UZ2 =

∏
iXiCZi,i+1. Thus, the action of reflection

symmetry on qubits on the surface is realized as

R : Xj 7→ Zj−1XjZj+1, Yj 7→ −Zj−1YjZj+1, Zj 7→ −Zj at x = 0, (3.1)

and Xx,y 7→ Xx,−y (resp. Y, Z) otherwise. Next, we move to construct the Hamiltonian. The
conventional lattice Hamiltonian for toric code on a square lattice is defined as

H = −
∑
s

As −
∑
p

Bp, (3.2)

where As :=
∏
s∈∂iXi is the product of four X operators at edges touching a vertex s, and Bp :=∏

i∈∂p Zi is the product of four Z operators at edges rounding a plaquette p. If we identify X as
electric field and Z as gauge field which defines parallel transport, enforcing As = 1 is regarded as
Gauss law constraint, allowing us to identify the system as Z2 gauge theory. Although the model
(3.2) manifestly does not respect the reflection symmetry (3.1), one can construct the symmetric
commuting projector model, just by slightly deforming local Hamiltonians touching the reflection
line. Let us modify the local Hamiltonian As adjacent to the reflection line as{

As =
[∏′

s∈∂iXi

]
Ys−y⃗/2Zs+x⃗/2−y⃗, sx = −1/2

As = −
[∏′

s∈∂iXi

]
Ys−y⃗/2Zs−x⃗/2+y⃗, sx = 1/2

(3.3)

where
[∏′

s∈∂iXi

]
stands for product of X at edges touching a vertex s, except for the edge below

s. We illustrate the redefined operators in Fig.3.2 (a). We can immediately see that the above
modification provides a commuting projector model which respects the reflection symmetry (3.1).
The ground state satisfies As = Bp = 1 everywhere.

With or without modifications, the Hamiltonian (3.2) hosts quasiparticle excitations with anyonic
statistics labeled as 1, e,m, ψ respectively. 1 stands for a trivial excitation (i.e., nothing). e is an
electric particle which violates the Gauss law constraint; we say that e is at a vertex s if As = −1.
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Figure 3.2: (a) Toric code on a square lattice. Qubits on the reflection line (gray dotted line)
transforms in anomalous way (3.1) under reflection symmetry. To respect symmetry, As operators
(red operators) touching the reflection line are modified. Bs operators (blue operators) need not
be modified. (b) Open string operators Sm, Se which create quasiparticles at two ends of strings.
When a string operator intersects the reflection line, there exists a Z operator at the intersection
which is mapped Z 7→ −Z by reflection. Hence, we have R : Se 7→ −Se, Sm 7→ −Sm.

Respectively, m is a magnetic vortex characterized as Bp = −1; if e goes around a vortex m, the
wave function picks up Aharonov-Bohm phase (holonomy) −1. Finally, ψ is given by fusing e and
m together; ψ becomes a fermion due to nontrivial mutual statistics between e and m, though both
e and m are bosons. Since the effective theory on the surface is specified by giving the data of
quasiparticles on the surface controlled by unitary braided fusion category (UBFC), we expect that
anomalous nature can be expressed as the data of UBFC.

Thus, let us take a look at how the reflection symmetry acts on quasiparticle excitations. Quasi-
particles e (resp. m) are created by acting an open string operator Se (resp. Sm) on the ground
state (see Fig.3.2 (b)).

By locating quasiparticle excitations in reflection symmetric fashion, we can discuss the eigen-
value of reflection symmetry for the excited states. We denote ηp as the eigenvalue of R on the
state |p,R(p)⟩ where an anyon p and its reflection partner R(p) are located in reflection symmetric
way, R |p,R(p)⟩ = ηp |p,R(p)⟩. (In our case reflection symmetry does not change the label of anyons,
R(e) = e and R(m) = m, but labels could be permuted in general.) When we have non-anomalous
reflection symmetry we manifestly have ηe = ηm = 1. However, in the case of anomalous symmetry
realization (3.1), we have ηe = ηm = −1, since string operators act nontrivially under reflection
symmetry for the modified Hamiltonian

R : Se 7→ UZ2SeUZ2 = −Se, Sm 7→ UZ2SmUZ2 = −Sm, (3.4)

when the configuration of string operators are taken reflection symmetric (see Fig.3.2 (b)). According
to fusion rule ψ = e×m, ηψ is automatically determined to be 1 by ηψ = ηeηm.

We have observed that the symmetry property of anyons ηe = −1, ηm = −1 occurs at the
boundary of (3+1)d SPT phase protected by reflection symmetry. There are four choices of symmetry
properties η when R does not permute anyons since we have η2p = 1 due to R2 = 1, which is
summarized in Table 3.1. Among them, we expect that the eMmM fractionalization pattern ηe =
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SET ηe ηm ηψ

e1m1 1 1 1
e1mM 1 −1 −1
eMm1 −1 1 −1
eMmM −1 −1 1

Table 3.1: Pattern of the action of reflection symmetry on anyons. The case of ηe = ηm = −1
(eMmM) becomes anomalous, which is realized on the surface of (3+1)d SPT.

ηm = −1 becomes anomalous, which cannot be realized by a standalone (2+1)d system. Actually,
it is known that the R anomaly in (2+1)d bosonic gapped boundary is detected by the Z2-valued
quantity called “anomaly indicator” [16],

exp

(
2πiν

2

)
=

1

D
∑

p̄=R(p)

dpηpe
iθp , (3.5)

where dp is quantum dimension of p, D is total dimension characterized by D2 :=
∑

p d
2
p, and θp

is R/2πZ-valued topological spin of p. Summation runs over particles such that p̄ = R(p), since a
reflection symmetric state |p,R(p)⟩ exists only when p and R(p) can fuse into vacuum. Anomaly
indicator is calculated by input of topological data and symmetry action on quasiparticles of surface
theory, and we have ν = 1 mod 2 in eMmM fractionalization pattern implying R anomaly, while
ν = 0 otherwise. Let us derive the expression of anomaly indicator (3.5), following Ref. [3].

(3+1)d SPT phase protected by reflection symmetry is argued to have Z2 × Z2 classification
corresponding to unoriented bordism in (3+1)d, ΩO4 (pt) = Z2 × Z2. 2 This bordism group is
generated by two manifolds, RP4 and CP2. Thus, anomaly on (2+1)d is detected by partition
function of bulk SPT on generator manifolds; Z(RP4) = ±1, Z(CP2) = ±1. Given input data of
surface theory, these partition functions are calculated as

Z(RP4) =
1

D
∑

p̄=R(p)

dpηpe
iθp , (3.6)

Z(CP2) =
1

D
∑
p

d2pe
iθp = e

2πi
8
c− , (3.7)

where c− is chiral central charge of the surface theory. In this thesis, we will be focusing on the
case of RP4, which corresponds to anomaly indicator (3.5) introduced in the previous section. The
calculation of Z(CP2) is performed by basically the same method, see Ref. [3] for detail.

3.1.1 Evaluation of bulk partition function

We compute the partition function on a 4d or 5d manifold of rather complicated shape (such as RP4

or the lens space), by decomposing the manifold into simpler manifolds which are easier to evaluate,
and computing the partition function part by part. This procedure is performed via applying the
gluing relation for the path integral. Here, let us review some axiomatic properties of path integral
for topological field theories, which is required for explicit computations, following Ref. [3, 19].

To consider the path integral on (D + 1)d manifold MD+1, we first specify the configuration
of fields on boundary c ∈ C(∂MD+1), where C(∂MD+1) denotes a set of boundary conditions. For

2To be precise, the classification of (d + 1)d SPT is given by Anderson dual of unoriented bordism (DΩO)
d+1 :=

TorΩd+1,O + FreeΩd+2,O. In our case, we have trivial free part since Ω5,O(pt) = Z2.
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example, in the case of D = 3 Turaev-Viro topological field theories which encodes UBFC data of
3d topological phases, C(MD) stands for the set of all configurations of anyon diagrams on MD. If
MD has boundary, we denote C(MD; c) as the configuration space of anyon diagrams on MD, under
the boundary condition c on ∂MD.

Then, we define the Hilbert space V(MD; c) as the configuration space modded out by equivalence
relations (e.g., F and R moves in D = 3 UBFC),

V(MD; c) := C(MD; c)/ ∼ . (3.8)

The path integral Z(MD+1) is a map from V(∂MD+1) to a number,

Z(MD+1) : V(∂MD+1) 7→ C. (3.9)

We will write this as Z(MD+1)[c], for c ∈ V(∂MD+1). The inner product in V(MD; c) is defined via
bulk partition function as

⟨x|y⟩V(MD;c) := Z(MD × I)[x ∪ y], (3.10)

whereMD×I is aD+1-manifold pinched at ∂MD×I by identification (b, s) ∼ (b, t) for b ∈ ∂MD and
s, t ∈ I, so that ∂(MD × I) =M ∪ −M . x, y specify boundary conditions on −M , M respectively,
where x denotes the field configuration on −M given by reversing orientation of x. Finally, we
describe gluing relations for D + 1-manifolds. Let MD+1 be a D + 1-manifold whose boundary is
∂MD+1 =MD ∪−MD ∪W , and MD+1

gl be a D+1-manifold which is given by gluing the boundary
of MD+1 along MD and −MD. Then, the partition function Z(MD+1

gl )[c] on MD+1
gl with boundary

condition c ∈ V(W ) on W = ∂MD+1
gl is evaluated via the following gluing relation,

Z(MD+1
gl )[c] =

∑
ei

Z(MD+1)[ccut ∪ ei ∪ ei]
⟨ei|ei⟩V(MD;cD−1

cut )

, (3.11)

where ccut is boundary condition inherited from c after the cut, and cD−1
cut ) is restriction of ccut to

∂MD. {ei} is an orthonormal basis of V(MD; cD−1
cut ). We illustrate the gluing relation in Fig.3.3.

3.1.2 Z(RP4): (2+1)d R anomaly

Let us turn to explicit computation of Z(RP4). We can compute the partition function on RP4 via
gluing relations, by decomposing RP4 into simpler manifolds which are easier to evaluate. To do
this, we employ handle decomposition on RP4, which takes RP4 apart into 4-balls.

For 1 ≤ k ≤ d, k-handle in d dimension is defined as a pair (Dk ×Dd−k, Sk−1 ×Dd−k). Sk−1 ×
Dd−k ⊂ ∂(Dk ×Dd−k) is called an attaching region of k-handle. 0-handle is defined as Dd. We
think of attaching k-handle to d-manifold M0 with boundary, by an embedding of attaching region
ϕ : Sk−1 × Dd−k 7→ ∂M0 such that the image of ϕ is contained in ∂M0. It is known that every
compact d-manifold M without boundary allows handle decomposition, i.e., M is developed from a
0-handle by successively attaching to it handles of dimension d.

We can see that RP4 is decomposed into single k-handles for each k = 0, 1, 2, 3, 4 by the following
steps.

1. To see this, it is convenient to think of RP4 as D4 with its boundary ∂D4 = S3 identified by
antipodal map. First, we begin with locating a small 0-handle containing the center of D4.
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Figure 3.3: Illustration of gluing relation.

2. Next, we attach a 1-handle (D1 × D3, S0 × D3) to the 0-handle. The attaching region of a
1-handle consists of two 3-balls, S0 × D3 = D3 ∪ D3. We attach one of these D3s to the
boundary S3 of 0-handle, by identifying with a small D3 in S3. Then, we radially extend a
1-handle from the attached D3, which tunnels through antipodal map and returns to 0-handle
again. Eventually, we attach the other D3 of 1-handle to 0-handle. We denote the composition
of 0, 1, . . . k handle in RP4 as RP4

k. At this point, we have constructed RP4
1. See Fig.3.4 (2) in

one dimensional lower case.

3. Then, we attach a 2-handle (D2 ×D2, S1 ×D2) to RP4
1. We note that RP4

1 = (D3 × S1)/σ,
where σ is Z2 action on D3 × S1 as composite of antipodal maps σ : (x, θ) 7→ (−x, θ + π),
with D3 : |x| ≤ 1 in R3 and θ ∈ R/2πZ is a coordinate in S1. The attaching region D2 × S1

is embedded in ∂(RP4
1) = (S2 × S1)/σ, via embedding a small D2 in S2.

4. Likewise, we attach a 3-handle (D3 ×D1, S2 ×D1) to RP4
2 = (D2 × S2)/σ by embedding the

attaching region in ∂(RP4
2) = (S1 × S2)/σ, 3 via embedding a small D1 in S1.

5. Finally, we complete RP4 with attaching a 4-handle (D4, S3) to RP4
3 = (D1 × S3)/σ, by

identifying the attaching region with ∂(RP4
3) = (S0 × S3)/σ = S3.

In general, RPn is decomposed into single k-handles for each k = 0, 1, . . . n in a similar way.
Namely, we sequently attach k+1-handle (Dk+1 ×Dd−k−1, Sk ×Dd−k−1) to RPnk = (Dd−k ×Sk)/σ
to construct RPnk+1, by embedding the attaching region Dd−k−1×Sk to ∂(RPnk) = (Sd−k−1×Sk)/σ,
via embedding a small Dd−k−1 in Sd−k−1. The handle decomposition for real projective space is
shown in Fig.3.4, in the case of RP3.

Now we can compute Z(RP4) by successively applying gluing relations in each process of handle
decomposition, assuming that the surface 3d topological phase is described by the data of UMTC.
The computation is performed as follows.

3We note the abuse of notation; σ always denotes composite of antipodal maps in this context.
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Figure 3.4: Developing RP3 by attaching handles sequently. (4) Finally, we can construct RP3,
which is shown as D3 with its boundary S2 identified by antpiodal map. (In this picture, the red
hatched area is identified with the opposite one by antipodal map.) (1) First, we put a 0-handle
at the center of D3. (2) We extend a 1-handle from a 0-handle, which tunnels through antipodal
map and returns to 0-handle again. (3) We extend a 2-handle from RP3

1, whose attaching region is
D1 × S1. (4) We attach a 3-handle D3 to RP3

2 along S2, completing RP3.

1. First, we decompose RP4 into RP4
3 and a 4-handle, along the attaching region S3. Since

there is no nontrivial anyon diagram on S3 up to equivalence relations, only empty diagram ϕ
contributes to the boundary condition. Hence, the gluing relation becomes

Z(RP4) =
Z(RP4

3)[ϕ]Z(D4)[ϕ]

⟨ϕ|ϕ⟩V(S3)
. (3.12)

In appendix C, we have Z(D4)[ϕ] = 1/D and ⟨ϕ|ϕ⟩V(S3) = Z(S3 ×D1)[ϕ] = 1/D2. Thus,

Z(RP4) =
Z(RP4

3)[ϕ] · 1/D
1/D2

= D · Z(RP4
3)[ϕ]. (3.13)

2. Next, we decompose RP4
3 into RP4

2 and a 3-handle, along the attaching region S2 ×D1. Sim-
ilarly, only empty diagram ϕ contributes to the bounndary condition on the cut S2 × D1.
Gluing relation becomes

Z(RP4
3)[ϕ] =

Z(RP4
2)[ϕ]Z(D4)[ϕ]

⟨ϕ|ϕ⟩V(S2×D1;ϕ)
. (3.14)

In appendix C, we have Z(D4)[ϕ] = 1/D and ⟨ϕ|ϕ⟩V(S2×D1;ϕ) = Z(S2 ×D2)[ϕ] = 1. Thus,

Z(RP4
3)[ϕ] = 1/D · Z(RP4

2)[ϕ]. (3.15)

Combining this expression with (3.13), we have

Z(RP4) = Z(RP4
2)[ϕ]. (3.16)
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3. Then, we decompose RP4
2 into RP4

1 and a 2-handle, along the attaching region S1 ×D2. The
boundary condition on the cut S1 ×D2 is labeled by the loop la of anyon a going around the
S1. Gluing relation becomes

Z(RP4
2)[ϕ] =

∑
a

Z(RP4
1)[l

(+1)
a ]Z(D4)[la]

⟨la|la⟩V(S1×D2;ϕ)
. (3.17)

Here, we have a la line on ∂(RP4
1) = (S2 ×S1)/σ going along ({pθ}×S1)/σ, where pθ denotes

some point of S2. The notation l(+1)
a means that the la diagram has +1 framing. To see this,

let us recall that ∂(RP4
1) = (S2 × S1)/σ, where σ is combination of antipodal maps acting on

S2 and S1 = R/2πZ; σ : (x, θ) 7→ (−x, θ + π) ∈ S2 × S1. This space is a fibre bundle on
a base space S1 = [0, π) whose fibre is given by S2, where fibers on θ = 0, π are identified
by antipodal map. On each fiber S2 at fixed θ, we have two anyons a, a on antipodal points
pθ,−pθ. As θ increases from 0 to π, the configuration of anyons pθ,−pθ are gradually moved
(keeping antipodal positions), and eventually flipped from that θ = 0 at θ = π; p0 = −pπ (see
Fig.3.5). This process half-braids a and ā exactly once, counting +1 framing.

Figure 3.5: The contour of a line on ∂(RP4
1) = (S2 × S1)/σ. We represent S2 as a plane via

stereograph mapping. If we regard the S1 coordinate θ as time, we can see that a and a are half-
braided, counting +1 framing. The configuration of quasiparticles at θ = 0, π are identified, via the
action of R on anyon labels R : a 7→ a, a 7→ a when we have a = R(a).

For Z(D4)[la], we have a bubble of la loop on S3 = ∂D4 weighted by quantum dimension da.
Hence, Z(D4)[la] = daZ(D4)[ϕ]. In appendix C, we have Z(D4)[ϕ] = 1/D, ⟨la|la⟩V(S1×D2;ϕ) =
1. Therefore,

Z(RP4
2)[ϕ] =

1

D
∑
a

da · Z(RP4
1)[l

(+1)
a ]. (3.18)

4. Finally, we evaluate Z(RP4
1)[l

(+1)
a ]. Similar to the previous step, we regard RP4

1 = (D3×S1)/σ
as a fibre bundle on S1 = [0, π), with fibre D3. We apply gluing relation by cutting RP4

1 at
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θ = π. At θ = π, R is acted on anyons a, a at p,−p ∈ S2 = ∂D3, together with the transition
function given by antipodal map. Recall that we have defined ηa as the eigenvalue of R on the
state with two anyons a, a, so we count ηa on the Hilbert space of the cut V(D3; a, a). After
all, gluing relation becomes

Z(RP4
1)[l

(+1)
a ] = eiθa · ηa ·

∑
ei∈V(D3;a,a)

Z(D4)[arca ∪ ei ∪ arca ∪ R(ei)]

⟨ei|ei⟩V(D3;a,a)
, (3.19)

where arca (resp. arca) denotes the line of a (resp. a) after the cut. Framing +1 contributes
as topological spin eiθa of a. The boundary condition on the cut ei consists of an arc of anyon
a connected with arca, arca at ∂D3, making the diagram (arca∪ ei∪arca∪R(ei)) a closed loop
on S3 = ∂D4 (see Fig.3.6).

Figure 3.6: Anyon diagram arca ∪ ei ∪ arca ∪R(ei) after cutting RP4
1 = (D3 × S1)/σ, though we are

showing D2×S1 instead of D3×S1 in this figure. R acts on the Hilbert space of the cut V(D3; a, a).

This loop becomes a bubble of la loop on S3 when we have a = R(a), otherwise weights zero.
Therefore, we have Z(D4)[arca ∪ ei ∪ arca ∪ R(ei)] = daδa,R(a)Z(D4)[ϕ]. Moreover, we have
⟨ei|ei⟩V(D3;a,a) = Z(D4)[la] = daZ(D4)[ϕ]. Hence, (3.19) becomes

Z(RP4
1)[l

(+1)
a ] = ηae

iθaδa,R(a). (3.20)

Combining (3.16), (3.18) with (3.20), we eventually obtain anomaly indicator

Z(RP4) =
1

D
∑

ā=R(a)

daηae
iθa . (3.21)

The indicator formula (3.21) is also generalized for Z16 valued anomaly of fermionic topological
phases with reflection symmetry such that R2 = 1 [20, 21] (known as class DIII in literature).
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3.2 Rotation anomaly in (3+1)d topological order

In this section, we discuss anomaly of (3+1)d topological phases with Ck rotation symmetry. Similar
to anyons in (2 + 1)d, (3+1)d topological phases also support quasiparticle excitations. The main
difference of (3+1)d from (2+1)d is that there are two kinds of excitations in (3+1)d; point-like
excitations and loop-like excitations, compared with (2+1)d where only point-like excitations exist.

Based on the observation in the case of reflection in (2+1)d, it is natural to expect that, in
(3+1)d topological phases the anomaly is captured by symmetry properties of point-like and loop-
like excitations. Concretely, we consider the anomaly of Ck rotation symmetry around some axis in
(3+1)d untwisted discrete gauge theories (i.e., (3+1)d Dijkgraaf-Witten type gauge theory [7] with
a trivial 4-cocycle).

The classification of (4+1)d Ck SPT phases that governs Ck anomalies in (3+1)d is again sys-
tematically provided by dimension reduction approach. Following the logic in Ref. [13], let us think
of a small volume V in the spatial manifold of (4+1)d bulk away from the Ck rotation axis (in
the 4d space, the Ck rotation axis is realized as a 2d plane). Then, we can act k local unitary op-
erators UV , UCk(V ), . . . , UCk−1

k (V ) related by Ck symmetry with each other, which are supported on

V,Ck(V ), . . . , Ck−1
k (V ) respectively. Acting these operators on the SPT state successively gives a Ck

symmetric local unitary circuit. In (4+1)d, the bosonic topological phases without any symmetry
are classified as Z2, which corresponds to the (4+1)d oriented bordism group ΩSO5 (pt) = Z2 [22]. If
we do not have the nontrivial SPT phase corresponding to the generator of ΩSO5 (pt) = Z2 in the
bulk, we can bring the Ck SPT state away from the rotation axis to the trivial product state by
operating Ck symmetric unitary circuit.

Hence, apart from the nontrivial element of ΩSO5 (pt) = Z2, the (4+1)d Ck SPT phase reduces
to the (2+1)d system supported on the rotation axis, where the Ck symmetry behaves as an onsite
Zk symmetry. On the (2+1)d rotation axis, there can be a single (2+1)d SPT phase protected
by the onsite Zk symmetry (classified as H3(Zk, U(1)) = Zk), or integer nE8 copies of the E8

state [23, 24] where the Zk symmetry acts as an identity operator. From these states, we obtain
Zk×Z classification of the (2+1)d system on the rotation axis. However, it should be noted that the
number of E8 states on the rotation axis nE8 can be changed by ±k, by adjoining or annihilating k
E8 states with the same chirality in the Ck symmetric way. Thus, the classification of the E8 part
reduces from Z to Z/kZ = Zk. Eventually, we obtain Zk × Zk classification on the rotation axis.

The above discussion also gives the classification of Ck anomaly in the (3+1)d surface. In this
thesis, we focus on the Zk SPT (H3(Zk, U(1)) = Zk) part of the total Zk × Zk anomaly on the Ck
rotation axis. Namely, we consider the Ck anomaly in (3+1)d bosonic systems that is equivalent
to the assignment of the (1+1)d boundary of the (2+1)d Zk SPT phase located on the Ck rotation
axis.

In the case of ZN gauge theories, we propose the indicator formula that can diagnose the Zk
part of the total Ck anomaly in (3+1)d as

exp

(
2πiν

k

)
=

1

N

∑
n,m

ηen η̃qm exp

[
−2πi

N
nm

]
, (3.22)

where ν ∈ Zk detects the anomaly. Here, ηen , η̃qm characterize the symmetry fractionalization of the
point-like excitation en and loop-like excitation (vortex line) qm, respectively. Similar to the case
of (2+1)d with R symmetry, ηen , η̃qm are defined via locating excitations in symmetric fashion: ηen
is the Ck eigenvalue of the state with k point-like excitations en, Ck(en), . . . , Ck−1

k (en) located in
Ck symmetric fashion (see Fig.3.7.(a)). η̃qm is the Ck eigenvalue of the state with a single loop-like
excitation qm rounding the rotation axis, located in Ck symmetric fashion (see Fig.3.7.(b)). The
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sum in (3.22) runs over point-like excitations en such that k particles en, Ck(en), . . . , Ck−1
k (en) fuse

into vacuum, and loop-like excitations qm such that qm = Ck(qm). We can read from the indicator
formula that some Ck symmetry action on excitations are prohibited on a standalone (3+1)d system,
i.e., realized only on the surface of a (4+1)d SPT phase.

Figure 3.7: (a): Ck symmetric configuration of k point-like excitations. To ensure the existence of
such state, we must require that k point-like excitations en, Ck(en), . . . , Ck−1

k (en) fuse into vacuum.
(b): Ck symmetric configuration of a single loop-like excitation. To ensure the invariance of such
state under Ck symmetry, we must require that Ck(qm) = qm.

3.2.1 anomalous toric code on the (3+1)d surface

Now, we examine the (3+1)d surface of the (4+1)d Ck SPT phase. Here, the surface can host the
topological ordered phase enriched with Ck symmetry, where the Ck action is realized on the surface
in an anomalous fashion. As we have seen in eMmM fractionalization of reflection symmetry in
(2+1)d toric code (see Table 3.1), we expect that we can detect anomaly of spatial symmetry in
(3+1)d topological phase, from symmetry fractionalization on point-like and loop-like excitations.
To see this, we begin with constructing the simplest lattice model of the (3+1)d toric code with
anomalous C2 symmetry (k = 2), which is a natural generalization of the eMmM toric code in
(2+1)d.

Let us consider the (3+1)d toric code on a cubic lattice with anomalous C2 symmetry. As we
have discussed above, the C2 anomaly contains H3(Z2, U(1)) = Z2 part, which is equivalent to the
assignment of the (1+1)d boundary of the (2+1)d Z2 SPT phase located on the C2 rotation axis.
The construction of anomalous lattice model is based on the effective theory on the boundary of the
(2+1)d Z2 SPT phase, which is known as the CZX model in literature [9]: we construct the (3+1)d
lattice model with anomalous symmetry action, by putting the boundary of the CZX model on the
C2 rotation axis. The similar construction of eMmM toric code in (2+1)d based on dimensional
reduction approach is found in Ref. [13].

For constructing lattice model, the rotation axis is defined such that the axis intersects edges of
cubic lattice, see Fig.3.8. The symmetry action is realized on the rotation axis x = y = 0 as the
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boundary of CZX model [9],

C2 : Xz 7→ Zz−1XzZz+1, Yz 7→ −Zz−1YzZz+1, Zz 7→ −Zz at x = y = 0, (3.23)

otherwise, we have non-anomalous symmetry action. For convenience, we define

C2 : Xx⃗ 7→ X−x⃗, Yx⃗ 7→ −Y−x⃗, Zx⃗ 7→ −Z−x⃗, otherwise. (3.24)

Namely, away from rotation axis C2 symmetry acts as the π rotation around x axis on qubits. The
anomalous nature of the model is encoded in the non-onsite symmetry action (3.23) realized on
the axis. Now let us define the Hamiltonian which respects the C2 symmetry defined above. The
Hamiltonian of the conventional toric code has the form of

H = −
∑
s

As −
∑
p

Bp, (3.25)

where As :=
∏
s∈∂iXi is the product of six X operators at edges touching a vertex s, and Bp :=∏

i∈∂p Zi is the product of four Z operators at edges rounding a plaquette (2d square) p. Although
the model (3.25) manifestly does not respect the C2 symmetry (3.23), (3.24), one can construct the
symmetric commuting projector model, just by slightly deforming local Hamiltonians touching the
rotation axis. Let us modify the local Hamiltonian As adjacent to the rotation axis as{

As =
[∏′

s∈∂iXi

]
Ys−z⃗/2Zs+x⃗/2−z⃗, sx = −1/2, sy = 0,

As = −
[∏′

s∈∂iXi

]
Ys−z⃗/2Zs−x⃗/2+z⃗, sx = 1/2, sy = 0,

(3.26)

where
[∏′

s∈∂iXi

]
stands for product of X at five edges touching a vertex s, except for the edge

below s. We illustrate the redefined operators in Fig.3.8 (a). We can see that the above modification
provides a commuting projector model which respects the C2 symmetry (3.23), (3.24).

Let us examine quasiparticle excitations in the (3+1)d toric code. The (3+1)d toric code has one
point-like electric particle and one loop-like vortex line. Electric particle e violates the Gauss law;
As = −1 if e lives at the vertex s. Electric particles are generated by acting 1d open line operator
Se, which is given by the product of Z operators along the line. A pair of particles is created at the
ends of an open string. On the other hand, a loop-like vortex line is generated by acting 2d surface
operator Sq with a boundary. A single vortex line is created at the boundary of an open surface (see
Fig.3.9). One can also think of composite excitation of e and q.

How the C2 symmetry acts on e and q particles? As introduced in Fig. 3.7, the symmetry
fractionalization ηe, η̃q are defined via locating quasiparticles in a C2 symmetric fashion. This is
performed by acting a line operator Se and a surface operator Sq as illustrated in Fig. 3.9. Se creates
two e particles in a rotation symmetric way (in this model we have C2(e) = e), and Sq creates a
single q vortex line rounding the rotation axis. We can read the symmetry fractionalization ηe and
η̃q by the symmetry action on Se and Sq operators, C2 : Se 7→ ηeSe, Sq 7→ η̃qSq. In the case of our
toric code model with anomalous C2 symmetry, we can show that Se and Sm acts under C2 as

C2 : Se 7→ −Se, Sq 7→ −Sq, (3.27)

hence we have ηe = η̃q = −1. Among the four choices of symmetry fractionalization ηe = ±1, η̃q =
±1, the three other than ηe = η̃q = −1 are easily shown to be realized in a standalone (3+1)d
system. According to the above observation that ηe = η̃q = −1 fractionalization is realized on
surface of the (4+1)d C2 SPT phase, we expect that ηe = η̃q = −1 fractionalization pattern is
anomalous, otherwise non-anomalous. This prediction is immediately confirmed by computing the
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Figure 3.8: 3d toric code on a cubic lattice. Qubits on the C2 rotation line (gray dotted line)
transform in anomalous way (3.23) under C2 symmetry. To respect symmetry, As operators (red
operators) touching the reflection line are modified. Bp operators (blue operators) need not be
modified.

anomaly indicator (3.22), which will be derived in Section 3.3. For instance, for ηe = η̃q = −1, the
indicator (3.22) for the Z2 gauge theory (toric code, N = 2) with C2 rotation (k = 2) becomes,

eπiν =
1

2

∑
n,m

ηen η̃qme
−πinm = −1, (3.28)

where e0, q0 are trivial excitation and e1 = e, q1 = q in this expression. Hence, we read from the
indicator that the anomaly is ν = 1 mod 2.

3.3 Anomaly indicator in (3+1)d ZN gauge theory

In this section, we derive anomaly indicator (3.22) for G = ZN gauge theory in (3+1)d. After
reviewing basic properties of ZN gauge theory in Sec. 3.3.1, we justify that the partition function on
the 5d lens space Z(L(k; 1, 1, 1)) detects the (partial) Zk classification of Ck SPT phases in (4+1)d
(Sec.3.3.2), by using the dimensional reduction. In Sec. 3.3.3, we derive the indicator formula (3.22)
by explicit computation of Z(L(k; 1, 1, 1)), for given ZN gauge theory on the (3+1)d surface. The
computation of Z(L(k; 1, 1, 1)) is performed by applying gluing relation to the 5d path integral
(Sec. 3.1.1).

3.3.1 ZN gauge theories on lattice

Discrete gauge theory is formulated on a (3+1)d lattice, whose vertices are labeled by i. The degrees
of freedom live on edges labeled by ij. On an oriented edge ij, such degrees of freedom are discrete
G-gauge field gij ∈ G, which satisfies gij = g−1

ji . Vacuum is given by an assignment of a flat G-gauge
field {gij} on the whole lattice, up to gauge equivalence. There are two kinds of extended operators
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Figure 3.9: (a): Se string operator which creates a pair of electric e particles at the ends of an
open string. If two e particles are created in a C2 respecting way, the length of Se operators are
always odd. Since we have C2 : Z 7→ −Z everywhere, we have Se 7→ −Se under C2. (b): Sq surface
operator which creates a loop-like excitation q at the boundary of an open surface. Sq operator
mostly consists of X operators, but we have a Z operator at the intersection between Sq surface and
the C2 axis. Thus, we have Sq 7→ −Sq under C2 when q loop rounds the C2 axis.

in (3+1)d discrete gauge theory: line operator and surface operator (which corresponds to Se and
Sq in the toric code, respectively).

In Appendix B, we also pose a conjecture for anomaly indicator for general (possibly non-abelian)
gauge theories based on heuristic argument. In the case of ZN gauge theories, both line and surface
operators are labeled by group elements.

• The line operator WA,n(C) supported on a closed string on the lattice C, is labeled by a group
element n ∈ ZN :

WA,n(C) |{gij}⟩ = exp

2πni
N

∏
ij∈C

gij

 |{gij}⟩ , (3.29)

i.e., a line operator is an Wilson line of electric charge labeled by n ∈ ZN . If supported on an
open string, such line operator generates a pair of point-like electric excitations en, e−n at the
end of the string.

• The surface operator WB,m(S) supported on a face of the dual lattice S, is characterized by a
group element m ∈ ZN :

WB,m(S) =
∏
ij∈S

B̂ij(m), (3.30)

where B̂ij(m) is defined as

B̂ij(m) |gij⟩ = |m+ gij⟩ , (3.31)
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where i is on one side of the surface, and j is on the other side of the surface. If supported on
an open surface, such surface operator generates a loop-like excitation qm at the boundary of
the surface.

We denote quasiparticles created by WA,n,WB,m as en, qm respectively. The braiding between
en and qm is implemented by the correlator of the line and surface operators

⟨WA,n(C)WB,m(S)⟩ = exp[−i
2π

N
nm · Lk(C, S)], (3.32)

where Lk(C, S) denotes the linking number between C and S.

Ck symmetry

Here, let us briefly refer to properties of Ck symmetry in (3+1)d topological ordered phases. In
general, Ck symmetry can permute the label of quasiparticles. For (2+1)d, the symmetry action on
anyon labels is defined such that the symmetry leaves the fusion and braiding data invariant, which
is formulated as an automorphism of unitary braided fusion categories. 4 However, in (3+1)d we
generally do not know how to characterize “automorphism”, since we do not know what the complete
input data is like that can characterize (3+1)d topological ordered phase. (For instance, diverse link
invariants are known in (3+1)d topological ordered phase, see Ref. [25].)

If we limit ourselves to ZN gauge theories, we just have to require that Ck leaves invariant the
data of fusion, and the linking phase (3.32) between loop and point-like particles. Concretely, let us
assume that Ck acts on the labels as

Ck : e1 7→ er, q1 7→ qs. (3.33)

Since Ck preserves the fusion of quasiparticles, the Ck action on any quasiparticles en, qm are deter-
mined by (3.33),

Ck : en 7→ ern, qm 7→ qsm. (3.34)

The above Ck action induces permutation of quasiparticle labels. Hence, we must have

gcd(r,N) = gcd(s,N) = 1. (3.35)

In addition, Ck preserves the braiding between point and loop-like excitations (3.32). Thus, we must
have

exp[−i
2π

N
· Lk(C,S)] = exp[−i

2π

N
rs · Lk(C, S)], (3.36)

hence

rs = 1 mod N. (3.37)

Moreover, since (Ck)
k = 1 on labels, we must have

rk = 1, sk = 1 mod N. (3.38)

4for orientation reversing symmetry such as R, we take symmetry as anti-automorphism instead, which operates
on anyon diagrams as complex conjugate associated with usual automorphism.
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3.3.2 topological invariant of bulk Ck SPT phases via partial rotation

In this subsection, we justify that Z(L(k; 1, 1, 1)) works as a topological invariant that diagnoses
Zk-valued anomaly of Ck symmetry in (3+1)d. To do this, we first express the partition func-
tion Z(L(k; 1, 1, 1)) in terms of the ground state expectation value of the partial rotation operator
Ck[D

2 ×D2] [26],

Z(L(k; 1, 1, 1)) = ⟨ΨS4 |Ck;12[D2 ×D2] · Ck;34[D2 ×D2] |ΨS4⟩ . (3.39)

Let us explain the notations in (3.39). We prepare the Hilbert space on S4, and the Ck SPT ground
state on S4 is expressed as |ΨS4⟩. We write the coordinate of S4 as (x, y, z, w) ∈ R4, with infinite
points identified. Ck transformations are defined as

Ck;12 : ((x, y), (z, w)) 7→ ((x, y), Ck(z, w)) , Ck;34 : ((x, y), (z, w)) 7→ (Ck(x, y), (z, w)) . (3.40)

We can think of acting the rotations “partially”, on D2×D2 : x2+ y2 ≤ 1, z2+w2 ≤ 1 in S4. Let us
define the partial rotation operators supported on the D2 ×D2 as Ck;34[D2 ×D2], Ck;12[D

2 ×D2]
respectively. Then, the expectation value of the partial rotations on D2 ×D2 (3.39) simulates the
path integral on the 5d lens space, where inserting the partial rotation operator Ck;12Ck;34 on a time
slice works as creating a “cross-cap” in the spacetime. Since the lens space L(k; 1, 1, 1) is defined
as identifying two D4 = D2 × D2 on the boundary of D5 (S4 = D4 ∪ D4 = ∂D5) by using the
Ck;12Ck;34 transformation, inserting the cross-cap makes the spacetime the lens space L(k; 1, 1, 1).
(The definition of the 5d lens space is illustrated in Sec. 3.3.3.)

Here, it should be emphasized that one of the Ck transformations Ck;34, Ck;12 is the Ck symmetry
that is used to define the Ck SPT phase. The other one is rather taken as an inherent Ck symmetry
which is the subgroup of SO(d + 1) Lorentz symmetry present in TQFT, which is not relevant to
symmetry protection. Hence, we set the Ck;12 as a symmetry that protects our SPT phase, and the
Ck;34 as an inherent one.

Next, let us perform the dimensional reduction in terms of the Ck;12 symmetry. As we have
explained previously, one can trivialize the Ck;12 SPT phase away from the Ck;12 rotation axis, using
the dimensional reduction by Ck;12 symmetric unitary circuits. In our case, the Ck;12 rotation axis
is realized as S2 : z = w = 0 (xy-plane), and we are interested in the Ck;12 SPT phase that is
equivalent to locating a (2+1)d onsite Zk SPT phase on the xy-plane.

After the dimensional reduction, the rotation operator Ck;12 becomes the generator UZk
of the

onsite Zk symmetry in the reduced (2+1)d SPT phase. Thus, the partial rotation operator Ck;12[D2×
D2] gives a partial onsite Zk transformation UZk

[D2] supported on D2 : x2+ y2 ≤ 1 in the xy-plane,
while Ck;34[D2×D2] still works as a partial rotation operator Ck[D2] supported on D2 : x2+y2 ≤ 1.
Therefore, the expectation value in (4+1)d (3.39) reduces to

Z(L(k; 1, 1, 1)) = ⟨ΨS2 | (UZk
Ck)[D

2] |ΨS2⟩ , (3.41)

where |ΨS2⟩ is the ground state of the (2+1)d Zk SPT phase, whose spatial manifold is taken as
S2. Now, the expectation value of the partial operation UZk

Ck simulates the partition function of
the (2+1)d Zk SPT phase on the 3d lens space L(k; 1, 1), in the presence of the flat background Zk
gauge field;

⟨ΨS2 | (UZk
Ck)[D

2] |ΨS2⟩ = Z(L(k; 1, 1))[A], (3.42)

whereA denotes the Zk flat background gauge field that corresponds to the generator of Hom(π1(L(k; 1, 1)),Zk).
Here, inserting Ck[D

2] creates a cross-cap to make the geometry of the spacetime the lens space
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L(k; 1, 1), and inserting the Zk symmetry defect UZk
[D2] on the cross-cap introduces a nontrivial Zk

flat connection A. Eventually, (3.42) gives the partition function of the (2+1)d Zk SPT phase on
a generator manifold Z(L(k; 1, 1))[A] [27], hence detects the distinct Zk SPT phases characterized
by H3(Zk, U(1)) = Zk. Therefore, Z(L(k; 1, 1, 1)) also diagnoses the Zk classification of (4+1)d Ck
SPT phases.

3.3.3 Z(L(k; 1, 1, 1)): (3+1)d Ck anomaly

In this section, we explicitly compute Z(L(k; 1, 1, 1)), based on (3+1)d discrete gauge theory on the
surface. We pause here to mention that to construct (4+1)d SPT phases from given data of general
(3+1)d surface theories. We should first generalize the construction of (3+1)d bulk TQFT from
(2+1)d topological ordered phases known as Walker-Wang construction [28, 29], to one dimension
higher. The authors plan to do so in the future; in the present paper, we just exploit some machinery
required to evaluate anomalies.

First, let us recall the definition of the lens space. Let k, pj for j = 1, 2, . . . n be natural numbers
such that gcd(k, pj) = 1 for all j. The lens space L(k; p1, . . . , pn) in (2n − 1)d is defined as the
quotient space by a free linear acton of cyclic group Zk on a sphere S2n−1, considered as the unit
sphere in Cn. The Zk action is generated by

(w1, . . . , wn) 7→ (w1 · e2πip1/k, . . . , wn · e2πipn/k). (3.43)

Especially, L(k; 1, 1, 1) is a quotient space of S5 by Zk action given by

(w1, w2, w3) 7→ (w1 · e2πi/k, w2 · e2πi/k, w3 · e2πi/k). (3.44)

handle decomposition

For evaluating the partition function Z(L(k; 1, 1, 1)), we perform handle decomposition of L(k; 1, 1, 1),
which takes L(k; 1, 1, 1) apart into 5-balls. We find that the 5d lens space L(k; 1, 1, 1) is decom-
posed into single m-handles for m = 0, 1, 2, 3, 4, 5. We denote L(k; 1, 1, 1)m as the composition of
0, 1, 2, . . . ,m handles of L(k; 1, 1, 1).

For convenience, we sometimes regard L(k; 1, 1, 1) as a D5, whose points on the boundary S4 =
∂D5 are identified by a certain rule. Concretely, we write D5 as D4 × I (D4 : |w1|2 + |w2|2 ≤ 1,
I : θ3 ∈ [0, 2π/k]), pinched at ∂D4 × I. Then, ∂D5 consists of two D4s at θ3 = 0 and θ3 = 2π/k,
which is identified by the homeomorphism

(w1, w2) 7→ (w1 · e2πi/k, w2 · e2πi/k). (3.45)

We can obtain this picture, by seeing a D5 as a subregion of S5 such that 0 ≤ arg(w3) ≤ 2π/k. If
we define θ3 := arg(w3), the D4s at θ3 = 0 and θ3 = 2π/k are indeed identified by (3.45). Now, the
handle decomposition of L(k; 1, 1, 1) is performed by the following steps:

1. First, we decompose L(k; 1, 1, 1) into a 5-handle and L(k; 1, 1, 1)4. We denote θ1 := arg(w1), θ2 :=
arg(w2), θ3 := arg(w3) for convenience. The 5-handle is given by the subspace of L(k; 1, 1, 1)
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specified as {
(w1, w2, θ3)

∣∣∣∣|w1| ≥ ϵ, ϵ ≤ θ1 ≤
2π

k
− ϵ

}
,{

(w1, w2, θ3)

∣∣∣∣|w1| ≥ ϵ,
2π

k
+ ϵ ≤ θ1 ≤

4π

k
− ϵ

}
,

. . .{
(w1, w2, θ3)

∣∣∣∣|w1| ≥ ϵ,
2(k − 1)π

k
+ ϵ ≤ θ1 ≤ 2π − ϵ

}
,

(3.46)

where 0 < ϵ ≪ 1 is a small positive constant. The above k regions are connected by the
identification map (3.45) with the neighboring one at θ3 = 0 and θ3 = 2π/k, making a
single connected space. This space is isomorphic to a subspace 0 ≤ θ1 ≤ 2π/k of the initial
S5 = {(w1, w2, w3)||w1|2 + |w2|2 + |w3|2 = 1}, thus D5, as described before.

2. Next, we decompose L(k; 1, 1, 1)4 into a 4-handle and L(k; 1, 1, 1)3. The 4-handle is given by
connected k regions,

{(w1, w2, θ3)||w1| ≥ ϵ, −ϵ ≤ θ1 ≤ ϵ} ,{
(w1, w2, θ3)

∣∣∣∣|w1| ≥ ϵ,
2π

k
− ϵ ≤ θ1 ≤

2π

k
+ ϵ

}
,

. . .{
(w1, w2, θ3)

∣∣∣∣|w1| ≥ ϵ,
2(k − 1)π

k
− ϵ ≤ θ1 ≤

2(k − 1)π

k
+ ϵ

}
.

(3.47)

For fixed θ1, the above region looks like {|w1| ≥ ϵ, arg(w1) = 0} in the initial S5 = {(w1, w2, w3)||w1|2+
|w2|2+ |w3|2 = 1}, which specifies D4 : |w2|2+ |w3|2 ≤ 1− ϵ2. Hence, we see that the subspace
makes a 4-handle (D4 ×D1, S3 ×D1), where D1 : θ1 ∈ [−ϵ, ϵ].

3. Let us examine what L(k; 1, 1, 1)3 looks like. L(k; 1, 1, 1)3 is a subspace of L(k; 1, 1, 1) specified
as |w1| ≤ ϵ. As we did for L(k; 1, 1, 1), we can also parameterize L(k; 1, 1, 1)3 by (w1, w2, θ3)
for 0 ≤ θ3 ≤ 2π/k, embedded in L(k; 1, 1, 1). The subspace of L(k; 1, 1, 1)3 given by fixing
θ3 is a subregion |w1| ≤ ϵ in D4 : |w1|2 + |w2|2 ≤ 1, which is homeomorphic to D2 × D2.
Since we are pinching at ∂D4 × I in L(k; 1, 1, 1), we also have to pinch at the subspace of
∂(D2×D2) such that |w1|2+ |w2|2 = 1. This pinching region becomes D2×S1 ∈ ∂(D2×D2),
where S1 : θ2 ∈ [0, 2π]. For convenience, we reparametrize D2 × D2 by (z1, z2) such that
|z1| ≤ 1, |z2| ≤ 1, where the pinching region is represented as |z2| = 1.

Thus, L(k; 1, 1, 1)3 is given by first preparing (D2×D2)×I : (z1, z2, θ3), pinched at (D2×S1)×I.
Then, we identify D2 ×D2s at θ3 = 0 and θ3 = 2π/k by the map (3.45), which is represented
by z1, z2 as

(z1, z2) 7→ (z1 · e2πi/k, z2 · e2πi/k). (3.48)

If we forget about z1, we can see that (z2, θ3) is essentially a parametrization of the 3D
lens space L(k; 1, 1). Namely, L(k; 1, 1) is quotient space of S3 : |z2|2 + |z3|2 = 1 by the
Zk action (z2, z3) 7→ (z2 · e2πi/k, z3 · e2πi/k). If we pick up a subspace of S3 specified by
0 ≤ θ3 := arg(z3) ≤ 2π/k, we have D2× I pinched at S1× I, with identification at θ3 = 0 and
θ3 = 2π/k by z2 7→ z2 · e2πi/k, which corresponds to (3.48). Hence, we can see L(k; 1, 1, 1)3
as a fibre bundle whose base space is L(k; 1, 1), with fibre D2. Therefore, L(k; 1, 1, 1)3 is the
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quotient space of D2×S3, {(z1, (z2, z3)) : |z1| ≤ 1, |z2|2+ |z3|2 = 1} by the following Zk action
denoted by σk,

σk : (z1, z2, z3) 7→ (z1 · e2πi/k, z2 · e2πi/k, z3 · e2πi/k). (3.49)

The handle decomposition of L(k; 1, 1, 1)3 is essentially given by decomposing the base space
L(k; 1, 1) into handles, which is shown in Fig.3.10. The 3-handle is given by the subspace of
(D2 ×D2)× I : (z1, z2, θ3) (I : 0 ≤ θ3 ≤ 2π/k), specified as{

(z1, z2, θ3)

∣∣∣∣|z2| ≥ ϵ, ϵ ≤ arg(z2) ≤
2π

k
− ϵ

}
,{

(z1, z2, θ3)

∣∣∣∣|z2| ≥ ϵ,
2π

k
+ ϵ ≤ arg(z2) ≤

4π

k
− ϵ

}
,

. . .{
(z1, z2, θ3)

∣∣∣∣|z2| ≥ ϵ,
2(k − 1)π

k
+ ϵ ≤ arg(z2) ≤

2(k − 1)π

k
− ϵ

}
,

(3.50)

which are connected with each other by identification map (3.48). This subspace gives a 3-
handle (D3, S2) in the base space L(k; 1, 1) : (z2, θ3). Correspondingly, this gives a 3-handle
(D3 ×D2, S2 ×D2) in the total space L(k; 1, 1, 1)3 = (D2 × S3)/σk.

Figure 3.10: 3d Lens space L(k; 1, 1) is obtained by identifying two D2s on the boundary ∂D3 =
D2∪D2, by 2π/k rotation z2 7→ z2 · e2πi/k. In the figure, we represent L(k; 1, 1) for k = 3, where the
red regions are identified by this map. We can develop L(3; 1, 1) by attaching handles successively.

4. Then, we decompose L(k; 1, 1, 1)2 into a 2-handle and L(k; 1, 1, 1)1. The 2-handle is given by
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connected k regions in (D2 ×D2)× I parametrized by (z1, z2, θ3) (I : 0 ≤ θ3 ≤ 2π/k),

{(z1, z2, θ3)||z2| ≥ ϵ, −ϵ ≤ arg(z2) ≤ ϵ} ,{
(z1, z2, θ3)

∣∣∣∣|z2| ≥ ϵ,
2π

k
− ϵ ≤ arg(z2) ≤

2π

k
+ ϵ

}
,

. . .{
(z1, z2, θ3)

∣∣∣∣|z2| ≥ ϵ,
2(k − 1)π

k
− ϵ ≤ arg(z2) ≤

2(k − 1)π

k
+ ϵ

}
.

(3.51)

For the base space L(k; 1, 1) : (z2, θ3) of L(k; 1, 1, 1)3 = (D2×S3)/σk, the above subspace gives
a 2-handle (D2 ×D1, S1 ×D1). Correspondingly, this gives a 2-handle (D2 ×D3, S1 ×D3) in
L(k; 1, 1, 1)3.

Let us examine what L(k; 1, 1, 1)1 looks like. L(k; 1, 1, 1)1 is a subspace of L(k; 1, 1, 1)3 =
(D2 × S3)/σk, specified as |z2| ≤ ϵ. In the base space L(k; 1, 1), {(z2, θ3), |z2| ≤ ϵ} gives a
quotient space of (D2 × S1), {(z2, θ3), |z2| ≤ ϵ, θ3 ∈ R/2πZ} by the Zk action σk,

σk : (z2, θ3) 7→ (z2 · e2πi/k, θ3 + 2π/k). (3.52)

Then, L(k; 1, 1, 1)1 is a fibre bundle whose base space is given by (D2 × S1)/Zk, with fibre
D2. Therefore, L(k; 1, 1, 1)1 is a quotient space of (D2 ×D2 × S1), {(z1, z2, θ3), |z1| ≤ 1, |z2| ≤
ϵ, θ3 ∈ R/2πZ} by the Zk action σk,

σk : (z1, z2, θ3) 7→ (z1 · e2πi/k, z2 · e2πi/k, θ3 + 2π/k). (3.53)

computation of partition function

Based on handle decomposition discussed above, now we evaluate Z(L(k; 1, 1, 1)) via gluing relation.
In our case where the surface theory is described by discrete gauge theory, the boundary condition
C is an assignment of configuration of flat G-gauge field on boundaries.

1. First, we decompose L(k; 1, 1, 1) into a 5-handle and L(k; 1, 1, 1)4. The boundary condition
on the attaching region S4 is unique up to gauge equivalence, since no surface or line operator
can wrap S4 nontrivially. Thus, the gluing relation becomes

Z(L(k; 1, 1, 1)) =
Z(L(k; 1, 1, 1)4)[ϕ]Z(D5)[ϕ]

⟨ϕ|ϕ⟩V(S4)

=
Z(L(k; 1, 1, 1)4)[ϕ]Z(D5)[ϕ]

Z(S4 ×D1)[ϕ]
,

(3.54)

where ϕ is the vacuum state on S4. Similarly, for the decomposition of L(k; 1, 1, 1)4 into a
4-handle and L(k; 1, 1, 1)3, the gluing relation is expressed as

Z(L(k; 1, 1, 1)4)[ϕ] =
Z(L(k; 1, 1, 1)3)[ϕ]Z(D5)[ϕ]

⟨ϕ|ϕ⟩V(S3×D1)
. (3.55)

Here, we have used again that no surface or line operator can wrap S3 ×D1 nontrivially. We
can evaluate Z(S4×D1)[ϕ] via gluing formula, by cutting S4×D1 into two D5s along S3×D1,

Z(S4 ×D1)[ϕ] =
Z(D5)[ϕ]Z(D5)[ϕ]

⟨ϕ|ϕ⟩V(S3×D1)
. (3.56)

Combining (3.54), (3.55), with (3.56), we obtain

Z(L(k; 1, 1, 1)) = Z(L(k; 1, 1, 1)3)[ϕ]. (3.57)
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2. Next, we decompose L(k; 1, 1, 1)3 into a 3-handle and L(k; 1, 1, 1)2. Now the attaching region
is S2×D2, where a surface operator can wrap S2. Therefore, the boundary condition is labeled
by a surface operator WB,m for 0 ≤ m ≤ N − 1 wrapping S2,

Z(L(k; 1, 1, 1)3)[ϕ] =
∑

0≤m≤N−1

Z(L(k; 1, 1, 1)2)[WB,m]Z(D5)[WB,−m]

⟨WB,m|WB,m⟩V(S2×D2;ϕ)
. (3.58)

Since a closed surface operator is a bubble on ∂D5, we have Z(D5)[WB,−m] = Z(D5)[ϕ], since
bubbles of surface operator for ZN gauge theory weights 1.

⟨WB,m|WB,m⟩V(S2×D2) = Z(S2×D3)[WB,−m∪WB,m] is evaluated via gluing relation by cutting
S2×D3 into two D5s along S1×D3, see Fig.3.11. Here, the boundary condition on the cut is
labeled by a line operator WA,n rounding S1 of S1 ×D3. Hence, the gluing relation becomes

Z(S2 ×D3)[WB,−m ∪WB,m] =
∑

0≤n≤N−1

Z(D5)[WA,−n,WB,−m]Z(D5)[WA,n,WB,m]

⟨WA,n, eB,m|WA,n, eB,m⟩V(S1×D3;qm,q−m)
. (3.59)

By the cutting, the surface operators before the cut WB,−m, WB,m are divided into two discs
respectively. To make a membrane closed, the boundary condition eB,m on the cut S1 ×D3 is
introduced as a tube S1 × I connecting discs on ∂D5 (see Fig.3.11). Since bubbles of line and
surface operator for ZN gauge theory weights 1, we have Z(D5)[WA,−n,WB,−m] = Z(D5)[ϕ].
5 Moreover, by gluing relation, we can show that

⟨WA,n, eB,m|WA,n, eB,m⟩V(S1×D3;qm,q−m) = 1. (3.60)

Therefore, we obtain

⟨WB,m|WB,m⟩V(S2×D2;ϕ) = N · Z(D5)[ϕ]Z(D5)[ϕ]. (3.61)

Combined with (3.58), we have

Z(L(k; 1, 1, 1)3)[ϕ] =
1

N

∑
0≤m≤N−1

Z(L(k; 1, 1, 1)2)[WB,m]

Z(D5)[ϕ]
. (3.62)

3. Then, we decompose L(k; 1, 1, 1)2 into a 2-handle and L(k; 1, 1, 1)1. Since the attaching region
is S1 ×D3, the boundary condition on the cut is labeled by a line operator rounding S1. The
gluing relation becomes

Z(L(k; 1, 1, 1)2)[WB,m] =
∑

0≤n≤N−1

Z(L(k; 1, 1, 1)1)[WA,n,WB,m]Z(D5)[WA,−n,WB,−m]

⟨WA,n, eB,m|WA,n, eB,m⟩V(S1×D3;qm,q−m)
,

(3.63)

Using (3.60), we obtain

Z(L(k; 1, 1, 1)2)[WB,m] =
∑

0≤n≤N−1

Z(L(k; 1, 1, 1)1)[WA,n,WB,m]Z(D5)[WA,−n,WB,−m].

(3.64)
5When we have both line and surface operator on the boundary, one must care about linking of these two objects,

since the correlator of these two objects has nontrivial phase (3.32) when the line and surface are linked. In our case,
we can have nontrivial linking in Z(D5)[WA,n,WB,m] for some choice of configuration of operators. However, the
linking in Z(D5)[WA,n,WB,m] and Z(D5)[WA,n,WB,m] cancels in the expression of (3.59), since the linking number
is reversed for opposite orientation. In the main text, we are evaluating Z(D5)[WA,n,WB,m] by choosing trivially
linked configurations.
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Figure 3.11: The configuration of line and surface operator on ∂D5 after cutting Z(S2×D3)[WB,−m∪
WB,m] as (3.59). By the cutting, the surface operators before the cut WB,−m, WB,m are divided
into two discs respectively. To make a membrane closed, the boundary condition eB,m on the cut
S1 ×D3 is introduced as a tube S1 × I connecting discs on ∂D5. Moreover, a line operator WA,n

can round S1 of the cut.

Combining (3.64) with (3.62), we have

Z(L(k; 1, 1, 1)3)[ϕ] =
1

N

∑
0≤n,m≤N−1

Z(L(k; 1, 1, 1)1)[WA,n,WB,m]Z(D5)[WA,−n,WB,−m]

Z(D5)[ϕ]
.

(3.65)

4. To evaluate Z(L(k; 1, 1, 1)1)[WA,n,WB,m], we should be careful about the configuration of line
and surface operator, since the correlator of these two objects has nontrivial phase (3.32) when
the line and surface are linked. To examine the configuration of these operators, we recall that
L(k; 1, 1, 1)1 is a quotient space of (D2 ×D2 ×S1), {(z1, z2, θ3), |z1| ≤ 1, |z2| ≤ 1, θ3 ∈ R/2πZ}
by the Zk action σk,

σk : (z1, z2, θ3) 7→ (z1 · e2πi/k, z2 · e2πi/k, θ3 + 2π/k). (3.66)

We can choose the configuration of a surface operator WB,m as (S1 × S1)/σk given by {z1 =
0, |z2| = 1}. Recall that the cut of L(k; 1, 1, 1)2 into L(k; 1, 1, 1)1 and a 2-handle is the subregion
of ∂L(k; 1, 1, 1)1 given by

{(z1, z2, θ3)||z2| = 1, −ϵ ≤ arg(z2) ≤ ϵ} . (3.67)

Then, we know that a line operator on the cut WA,n can be located on S1 given by (f(θ3), 1, θ3)
for θ3 ∈ R/2πZ, where f : S1 7→ D2 is some function of θ3 ∈ R/2πZ.

Since we are putting a surface opeator WB,m at z1 = 0, we must have f ̸= 0 to make a line
and surface operator dislocated (otherwise the linking number is ill-defined). We choose f as
a constant function of θ3; f(θ3) = p0 ̸= 0, so that the linking of WA,n, WB,m on the boundary
of a 2-handle ∂D5 becomes trivial; Z(D5)[WA,−n,WB,−m] = Z(D5)[ϕ] in (3.65).
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To visualize the configuration of operators on ∂L(k; 1, 1, 1)1, it is convenient to see ∂L(k; 1, 1, 1)1 =
(S3×S1)/σk as a fibre bundle on a base space S1 : 0 ≤ θ3 ≤ 2π/k, with fibre S3. At θ3 = 2π/k,
we have a transition function on a fibre; σk : (z1, z2) 7→ (z1 · e2πi/k, z2 · e2πi/k). If we regard
θ3 as time direction, at a fixed time θ3 we have a loop-like excitation qm at S1 : {z1 =
0, |z2| = 1} which corresponds to a time slice of WB,m. We also have k point-like excitations
en, Ck(en), . . . C

k−1
k (en) at (z1, z2) = (p0, 1), (p0 · e2πi/k, e2πi/k), . . . , (p0 · e2(k−1)πi/k, e2(k−1)πi/k)

respectively, which correspond to time slice of WA,n (see Fig.3.12). Remark that the label of
excitation is transformed by Ck associated with the transition function. Especially, loop-like
excitations are counted only when Ck(qm) = qm.

We can see that WA,n and WB,m link exactly once; Lk(WA,n,WB,m) = 1, which is explained
in Fig.3.12.

Figure 3.12: (a): The configuration of point-like and loop-like particles in S3 is shown for k = 3, via
mapping to a unit 3-sphere (z1, z2) 7→

(
z1, z2

√
1− |z1|2

)
, and stereograph mapping of unit 3-sphere

S3 7→ R3. In the stereograph projected picture, the action z2 7→ z2 ·e2πi/k is realized as 2π/k rotation
around z axis in R3. A loop-like excitation qm is located at S1 given by z1 = 0. In the vicinity of
z1 = 0, the action z1 7→ z1 · e2πi/k is realized as 2π/k rotation around S1: z1 = 0. For small p0, the
configuration of point-like excitations en, Ck(en), . . . Ck−1

k (en) looks like red points, each of which is
transformed to the neighboring one by acting σk : (z1, z2) 7→ (z1 · e2πi/k, z2 · e2πi/k) associated with
Ck on particle label. The configuration of these excitations are thus left invariant under the action
of transition function σk, associated with Ck on labels. (b): To compute the linking number, it is
convenient to think of the worldline of point-like particles (red line) transported gradually by the
composite of 2π/k rotation, which finally amounts to the action of σk. As shown in the figure, the
worldline links with a green loop of qm exactly once. Since Lk(WA,n,WB,m) corresponds to the linking
number of a time-independent qm loop and a world-line of en, we can see that Lk(WA,n,WB,m) = 1.
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Now, we have

Z(L(k; 1, 1, 1)3)[ϕ] =
1

N

∑
0≤n,m≤N−1

Z(L(k; 1, 1, 1)1)[{WA,n,WB,m}+1]

=
1

N

∑
0≤n,m≤N−1

exp

[
−2πi

N
nm

]
· Z(L(k; 1, 1, 1)1)[{WA,n,WB,m}+0],

(3.68)

where +1 means that WA,n,WB,m are linked once. The linking between these operators counts
the extra factor of braiding phase exp

[
−2πi

N nm
]

(3.32), compared with the case where the line
and surface operators are not linked, which is denoted as {WA,n,WB,m}+0.

Finally, let us consider gluing relation by cutting L(k; 1, 1, 1)1 = (D4×S1)/σk into a D5 along
D4 at θ3 = 2π/k. The gluing relation becomes

Z(L(k; 1, 1, 1)1)[{WA,n,WB,m}+0]

= ηen η̃qm ·
∑
ei

Z(D5)[arc(WA,n) ∪ arc(WB,m) ∪ ei ∪ ei]
⟨ei|ei⟩V(D4)

,
(3.69)

where V(D4) is a shorthand notation of V(D4; qm, en, Ck(en), . . . C
k−1
k (en)), which is a Hilbert

space on the cut in the presence of excitations on its boundary ∂D4, as shown in Fig.3.12.
{ei} is the orthonormal basis in V(D4) (it should not be confused with the notation of electric
particle en). arc(WA,n), arc(WB,n) denotes open line or surface operator after the cut. Since
we are acting Ck on the cut, we count Ck eigenvalues ηen η̃qm on the Hilbert space of the cut
V(D4).

Z(D5)[arc(WA,n)∪ arc(WB,m)∪ ei ∪ ei] contributes only when k point-like particles fuses into
vacuum and Ck(qm) = qm, otherwise weights zero. Both Z(D5)[arc(WA,n) ∪ arc(WB,m) ∪
ei ∪ ei], ⟨ei|ei⟩V(D4) reduces to evaluation of Z(D5) with unlinked bubbles of line and surface
operators if k point-like particles fuses into vacuum and Ck(qm) = qm, thus these factors
become Z(D5)[ϕ]. Therefore, we have

Z(L(k; 1, 1, 1)1)[{WA,n,WB,m}+0] = ηen η̃qmδCj
ken
δqm,Ck(qm), (3.70)

where δ
Cj

ken
is 1 when en, Ck(en), . . . Ck−1

k (en) fuses into vacuum, otherwize zero.

Combining (3.57), (3.68) with (3.70), we finally obtain anomaly indicator

Z(L(k; 1, 1, 1)) =
1

N

∑
n,m

ηen η̃qm exp

[
−2πi

N
nm

]
, (3.71)

where the sum runs over n such that k particles en, Ck(en), . . . Ck−1
k (en) fuse into vacuum, m

such that qm = Ck(qm).

3.3.4 Example of anomalous ZN gauge theory

Based on the indicator formula (3.71), we provide several examples of anomalous ZN gauge theories
under Ck symmetry. First, let us think of the case where Ck does not permute the label of quasi-
particles. In this case, the electric particle en contributes to the sum of the indicator (3.71), iff k en
particles fuse into vacuum, i.e., kn = 0 mod N . Thus, we can set n as

n = p · N

gcd(k,N)
, (3.72)
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where p ∈ Zgcd(k,N). Let us define ηp := ηep·N/gcd(k,N)
. Since we have (Ck)

k = 1, ηp satisfies
(ηp)

k = 1. In addition, η should be compatible with fusion of quasiparticles: ηaηb = ηc if a+ b = c
mod gcd(k,N). Therefore, (ηp)gcd(k,N) = ηe0 = 1. To summarize, ηp must satisfy

(ηp)
gcd(k,N) = 1. (3.73)

On the other hand, all vortex line operators qm contribute to the sum of (3.71), since qm = Ck(qm)
is always satisfied when Ck does not permute labels. Using the same logic as the case of ηp, we can
see that η̃ satisfies (η̃qm)

k = 1, (η̃qm)
N = 1. Hence, η̃qm must also satisfy

(η̃qm)
gcd(k,N) = 1. (3.74)

Thus, we can set ηp, η̃qm as

ηp = exp

[
2πi

gcd(k,N)
αp

]
, η̃qm = exp

[
2πi

gcd(k,N)
βm

]
, (3.75)

where α, β ∈ Zgcd(k,N). Then, the indicator formula (3.71) becomes

exp

(
2πiν

k

)
=

1

N

∑
p,m

exp

[
2πi

gcd(k,N)
(αp+ βm− pm)

]
= exp

[
2πi

gcd(k,N)
αβ

]
, (3.76)

where the sum is taken over p ∈ Zgcd(k,N),m ∈ ZN . We can read the Zk-valued anomaly from (3.76)
as

ν =
k

gcd(k,N)
αβ mod k. (3.77)

Next, we illustrate the case where labels of quasiparticles are changed by Ck action. For instance,
let us consider Z9 gauge theory with C9 symmetry (N = k = 9), and Ck acts on quasiparticle labels
as

C9 : en 7→ e4n, qm 7→ q7m, (3.78)

i.e., we have r = 4, s = 7 in (3.33). We can check that the setup satisfies (3.35), (3.37), (3.38).
For this C9 action, we can check that 9 particles en, Ck(en), . . . C8

9 (en) fuse into vacuum for all
n ∈ Z9. Thus, all electric particles en contribute to the sum of the indicator formula (3.71). Since
ηe1 = ηe4 = (ηe1)

4, ηe1 satisfies (ηe1)
3 = 1. Thus, we can express ηe1 as ηe1 = ωα, where ω = e2πi/3.

On the other hand, vortex lines qm contribute to the sum of (3.71) iff qm = Ck(qm). In our case,
we can see that only q0, q3, q6 are fixed under Ck. Since (η̃q3)

3 = 1, we can express η̃q3 as η̃q3 = ωβ .
Then, the indicator formula (3.71) becomes

exp

(
2πiν

9

)
=

1

9

∑
1≤n≤9,
1≤m≤3

ωnα+mβ−nm = ωαβ. (3.79)

Therefore, the anomaly is read as ν = 3αβ mod 9.
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Chapter 4

Anomalies and topological phases based
on generalized global symmetries

Inspired by the discovery of ’t Hooft anomalies on boundaries of SPT phases in condensed matter
literature, new types of ’t Hooft anomalies involving various symmetries have been discovered. In
this chapter, we review and discuss anomalies based on higher-form symmetry, which is a generalized
concept of ordinary global symmetry.

Higher-form symmetry (p-form symmetry) is a global symmetry whose charged object has di-
mension p, e.g., lines for 1-form symmetry, membranes for 2-form symmetry, and so on [4, 30, 31].
Theories with higher-form symmetry are ubiquitous in diverse range of physics. For example, pure
abelian gauge theories possess 1-form symmetry whose charged object is given by Wilson line op-
erator. For SU(N) gauge theory, 1-form symmetry appears as a center symmetry which shifts the
holonomy by an element of the center ZN of gauge group SU(N). For discrete symmetries, their
spontaneous symmetry breaking implies realization of topological ordered phase, where vacuums in
distinct topological sectors are tunneled by acting symmetry generator which shifts the value of line
operators.

Various important concepts in ordinary (0-form) global symmetries are naturally generalized for
higher-form symmetries. For instance, spontaneous symmetry breaking (SSB) can also be formulated
for higher-form symmetry [32]. Concretely, we say that the higher-form symmetry is spontaneously
broken in the reference ground state |0⟩, if there exists an operator O which is charged under the
symmetry such that ⟨0| O |0⟩ ̸= 0.

We can also think of gauging p-form symmetry. This procedure is explicitly performed in La-
grangian formalism by coupling derivative of p-form matter field with p+ 1-form gauge field, which
can be either classical (background) or dynamical. Accordingly, ordinary quantum anomaly can
also be generalized for higher-form symmetries. Specifically, ’t Hooft anomaly leads to SPT phases
protected by higher-form symmetries [33–35]. The consequences of such anomalies have been exten-
sively studied in hep-th literature and applied to constrain vacuum structures and phase structures
of quantum field theories. [4, 36–48] For example, SU(N) pure Yang-Mills theory in (3+1)d with
θ = π is found to possess an ’t Hooft anomaly involving CP symmetry and center symmetry, while
at θ = 0 is not anomalous. The ’t Hooft anomaly provides strong constraint on spectral properties
of low energy theory; in this case, we can claim the spontaneously breaking of CP symmetry at zero
temperature of θ = π.

In condensed matter literature, such constraint on spectral properties provided by ’t Hooft
anomalies appears as Lieb-Schultz-Mattis (LSM) mechanism. LSM mechanism is applied for quan-
tum many-body system defined on a lattice, possessing both internal and lattice symmetries. Roughly
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speaking, LSM theorem prohibits a symmetric gapped phases without ground state degeneracy (i.e.,
trivial symmetric insulator) with input of combination of internal and lattice symmetries. Such
theorem of LSM-type is empirically known to manifest itself as a consequence of ’t Hooft anomaly
in the continuum infrared limit. More concretely, in the IR theory where lattice symmetry such as
translational symmetry can be treated as internal symmetry, LSM-type constraint is understood as
a mixed ’t Hooft anomaly involving internal and lattice symmetries. We will discuss in detail the
generalization of LSM mechanism for higher-form symmetries and relation to anomalies in the next
chapter.

4.1 Generalized global symmetries

In this section, we give a basic definition of higher-form symmetry. Let us start with recalling
fundamental properties of ordinary global symmetries we are familiar with in (d + 1) dimension.
For ordinary (0-form) global symmetries, charged object is 0 dimensional particle, i.e., there exists a
local operator charged under the symmetry. Generator of symmetry is supported on a d-dimensional
manifold. Specifically, for continuous symmetries, the conserved charge is given by integrating d-form
Noether current j over a d-dimensional manifold Md regarded as a space,

Q(Md) =

∫
Md

j. (4.1)

Then, the generator is obtained by exponentiating the conserved charge; Ug(Md) := exp[iαQ(Md)],
where g ∈ G is an element of the symmetry group. The symmetry transformation on a charged
operator is implemented via equal-time commutation relation,

Ug(M
d)Vi(p)Ug(M

d)† = Rji (g)Vj(p) at equal time, (4.2)

where Vi(p) is a charged operator which transforms as representation R of the symmetry group
G under G-action. We recall that the equal-time commutation relation is understood as a time
ordered product, where the generator acts on charged objects via canonical commutation relations.
Thus, letting p be located at time t, two generators Ug(Md), Ug(Md)† in (4.2) sandwiching the
charged object are supported on the whole space of time slice at t+ ϵ, t− ϵ respectively, where ϵ is
an infinitesimal constant. Here, note that correlation function involving symmetry generators Ug is
left invariant under deforming the configuration of a generator, as long as the manifold supporting
the generator does not cross an operator V charged under symmetry. Thus, by deforming the
configuration of generators at t+ ϵ, t− ϵ in (4.2), we obtain

Ug(S
d)Vi(p) = Rji (g)Vj(p), (4.3)

where the generator is supported on a small sphere Sd surrounding p.
We can readily generalize the above properties of ordinary global symmetries for p-form symme-

tries. For general p-form symmetry, charged object W (Mp) is supported on p-dimensional closed
manifold Mp. Correspondingly, the generator is of dimension d− p. For continuous symmetries, the
conserved charge is given by integrating (d− p)-form current j on a closed manifold Nd−p,

W (Mp) =

∫
Mp

O, Q(Nd−p) =

∫
Nd−p

j. (4.4)

Then, the generator is again obtained by exponentiating the conserved charge,

Ug(N
d−p) := exp[iαQ(Nd−p)], (4.5)
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where g ∈ G is an element of symmetry groupG and α is a transformation parameter. The generators
respect the group law, Ug(Nd−p)Ug′(N

d−p) = Ug′′(N
d−p) for gg′ = g′′. The group multiplication

of generators is again regarded as time ordered product. For p ≥ 1, we note that the order of
generators are permuted by continuously deforming the configuration of generators. Hence, we have
UgUg′ = Ug′Ug, i.e., the symmetry must be abelian for p-form symmetry of p ≥ 1. The symmetry
action on charged object is implemented by equal-time commutation relation,

Ug(N
d−p)W (Mp)Ug(N

d−p)† = g(V )I[N
d−p,Mp]W (Mp), (4.6)

where g(V ) is a representation of G (i.e., phase), and both manifolds are defined on spatial manifold
whose intersection number is I[Nd−p,Mp]. The interpretation for (4.6) is that a generator acts on
a charged object as it crosses Mp (see Fig.4.1). By deforming generators sandwiching a charged
object in (4.6), we obtain

Ug(S
d−p)W (Mp) = g(V )Lk[Sd−p,Mp]W (Mp), (4.7)

where Sd−p is a sphere linking with Mp whose linking number is given by Lk[Sd−p,Mp].

Figure 4.1: Generators in equal-time commutation relation are deformed to a sphere linking with
a charged object. (a): 0-form symmetry in (1+1)d spacetime. (b): 1-form symmetry in (2+1)d
spacetime.

1-form symmetries in (3+1)d Maxwell theory

As an example, let us consider the Maxwell theory in (3+1)d without matter, whose action is given
by

S =

∫
X
F ∧ ∗F, (4.8)

with F = dA, where X is 4d spacetime manifold. Actually, we have two 1-form symmetries in the
action (4.8). These symmetries correspond to conserved currents followed by equation of motion
and Bianchi identity,

d ∗ F = 0, dF = 0, (4.9)
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respectively, whose integration over surfaces give rise to generators of 1-form symmetries,

UEg=eiαe (M
2) = exp

(
iαe

2π

∫
M2

∗F
)
, UMg=eiαm (M2) = exp

(
iαm

2π

∫
M2

F

)
. (4.10)

The first 1-form symmetry generated by UEg (M2) is referred to as electric. The electric symmetry
shifts U(1) gauge field A 7→ A+ λ, with λ ∈ Z1(X,R/2πZ) a flat field. 1 The charged object under
the electric symmetry is the Wilson line operator,

W (C1) = exp

(
i

∫
C1

A

)
. (4.13)

The symmetry action on the Wilson line is summarized in the equal-time commutation relation (4.7),

UEg=eiαe (S
2)W (C1) = eiαeLk[S2,C1]W (C1). (4.14)

The other symmetry generated by UMg (M2) is referred to as magnetic, which is related to electric
symmetry by electromagnetic duality. Magnetic symmetry shifts the dual gauge field by a flat field
Ã 7→ Ã + λ̃, where dual field Ã is locally defined via ∗F = dÃ. The charged object is the ’t Hooft
line operator,

T (C1) = exp

(∫
C1

Ã

)
. (4.15)

The combination of these two 1-form symmetries have a mixed ’t Hooft anomaly. To see this, we
introduce 2-form background gauge field Be, Bm for electric and magnetic symmetry, respectively.
The gauge transformations are defined as

A 7→ A+ ξ, Be 7→ Be + dξ,

Ã 7→ Ã+ η, Bm 7→ Bm + dη.
(4.16)

First, we gauge magnetic symmetry by coupling the background field Bm to the conserved current
F ,

L = F ∧ ∗F +
1

2π
F ∧Bm. (4.17)

Next, we introduce background field Be for electric symmetry,

L = (F −Be) ∧ ∗(F −Be) +
1

2π
(F −Be) ∧Bm. (4.18)

Then, we can see that the gauged action is no longer invariant under gauge transformation Bm 7→
Bm + dη,

S 7→ S − 1

2π

∫
X
Be ∧ dη, (4.19)

1Flat 1-form field λ is classified up to gauge transformations by the first cohomology group,

[λ] ∈ H1(X,R/2πZ). (4.11)

Here, the cohomology is generated by [ω] ∈ H1(X,Z). Precisely, electric 1-form U(1) symmetry is expressed as

A 7→ A+ αeω, αe ∈ R/2πZ. (4.12)

In the case of θ ∈ 2πZ, the above shift corresponds to large gauge transformation, which leaves the Wilson operator
invariant.
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which signals an ’t Hooft anomaly involving two 1-form symmetries. This phase ambiguity is can-
celled by gauge variation of the following 5d bulk topological action,

Sbulk =
1

2π

∫
Y
BmdBe −BedBm, (4.20)

where ∂Y = X.

4.2 Anomalous 1-form symmetries of toric code

In condensed matter literature, topological ordered phases often possess higher-form symmetries,
due to the existence of extended operators supported on a line, membrane, etc. Here, we examine
topological phases with extended line operators from the viewpoint of generalized global symmetries.
For instance, let us look at the toric code (untwisted Z2 gauge theory) in (2+1)d with two kinds of
line operator, e and m. We can see that both line operators generate Z2 1-form symmetries. Let us
call these two symmetries as Ze2,Zm2 , respectively. Reflecting braiding statistics between e and m,
equal-time commutation relation for Ze2 symmetry is expressed as

We(S
1)Wm(M

1) = (−1)Lk[S1,M1]Wm(M
1), (4.21)

where We (resp. Wm) is a line operator of e (resp. m). We also have commutation relation for Zm2
with e and m exchanged,

Wm(S
1)We(M

1) = (−1)Lk[S1,M1]We(M
1). (4.22)

Thus, for e,m line operators, one operator generates Z2 1-form symmetry whose charged object is
the other. Interestingly, these two 1-form symmetries have a mixed ’t Hooft anomaly. To see this,
we introduce 2-form background field Be, Bm for Ze2,Zm2 respectively. At Lagrangian level, gauge
fields are introduced to (2+1)d BF theory by coupling with currents,

L =
2i

2π
b ∧ da+

i

2π
(a ∧Bm + b ∧Be), (4.23)

where Bm, Be are understood as 2-form Z2 fields; [Be/2π], [Bm/2π] ∈ H2(X,Z2). a, b are 1-form
gauge fields whose integration on lines give We,Wm respectively. Because of Poincaré duality
H2(X,Z2) ∼= H1(X,Z2), we can identify background gauge field as an assignment of line opera-
tors We,Wm on some 1-cycle Ce, Cm ∈ H1(X,Z2), by choosing Be, Bm as a Poincaré dual of Ce, Cm.
In this picture, there are many gauge equivalent configuration of line operators, since 1-form gauge
transformation Be 7→ Be + dξ,Bm 7→ Bm + dη amounts to deforming the web of line operators.
Here, due to nontrivial braiding statistics between e and m, the partition function Z(Be, Bm) is no
longer invariant for gauge equivalent configurations of background fields (see Fig.4.2). For example,
under Ze2 gauge transformation a 7→ a + ξ/2, Be 7→ B′

e = Be − dξ, we observe phase ambiguity of
partition function as

Z(Be, Bm) 7→ exp

(
πi

∫
X

ξ

2π
∧ Bm

2π

)
Z(Be, Bm) = (−1)Lk[C′

e−Ce,Cm]Z(Be, Bm), (4.24)

which signals a mixed ’t Hooft anomaly involving Ze2 and Zm2 symmetries.
This phase ambiguity is cancelled by gauge variation of (3+1)d bulk topological action,

Sbulk = −πi
∫
Y

Be
2π

∧ Bm
2π

, (4.25)
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Z [     ] = (�1)·Z [     ] �
Figure 4.2: Background gauge fields of Ze2,Zm2 are specified by the web of line operators e (red), and
m (green) respectively. Reflecting mutual statistics of e and m, the phase of partition function has
ambiguity for gauge equivalent configurations of background fields.

where ∂Y = X. Here, we note that background gauge field of 1-form symmetry is generally expressed
by assigning codimension 2 defects (which is supported on Poincaré dual of 2-form background field).
In our case, the background field in the 4d bulk is an assignment of (4−2)d defects of Z2×Z2 1-form
symmetry, which become (3 − 2)d defects (supported on Ce, Cm) when restricted to 3d boundary.
Our situation here is somewhat similar to (1+1)d Haldane chain introduced in Section 2.1, where we
had a network of codimension 1 defect of Z2 ×Z2 0-form symmetry on 2d bulk, cancelling anomaly
on the boundary.

Let us explicitly see how symmetry defects on the (3+1)d bulk can cancel the anomaly, on a
lattice model of the (3 + 1)d Ze2 ×Zm2 SPT phase [33, 34]. We consider a lattice system of qubits in
(3+1)d defined on a cubic lattice, where each edge (1-cell) and face (2-cell) contains one qubit. We
label a face and edge by σ2, σ∗2 respectively, where 1-cells are regarded as 2-cells on the dual lattice.
We consider the following Hamiltonian (called RBH model [49]) known to simulate the SPT phase,
which is given by

HRBH = −
∑
σ2

X(σ2)Z(∂σ2)−
∑
σ∗
2

X(σ∗2)Z(∂
∗σ∗2), (4.26)

where Z(∂σ2) is the product of Z operators on 1-cells contained in ∂σ2, and Z(∂∗σ∗2) is defined
likewise on the dual lattice (see Fig.4.3). Like the Haldane chain Hamiltonian (2.1), the RBH
Hamiltonian is also obtained by operating CZ circuits on the trivial Hamiltonian,

HRBH = UCZH0U†
CZ , (4.27)

where

H0 = −
∑
σ2

X(σ2)−
∑
σ∗
2

X(σ∗2), (4.28)

and

UCZ =
∏
σ2,σ∗

2

 ∏
σ′
1∈∂σ2

(CZ)σ2,σ′
1

 ∏
σ′∗
1 ∈∂∗σ∗

2

(CZ)σ∗
2 ,σ

′∗
1

 . (4.29)

This expression ensures that the ground state is unique and short-range entangled.
Let us refer to symmetries of the RBH Hamiltonian. We have two Z2 1-form symmetries Ze2,Zm2

generated by

Ue(C2) =
∏
σ2∈C2

X(σ2), Um(C
∗
2 ) =

∏
σ∗
2∈C∗

2

X(σ∗2), (4.30)
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Figure 4.3: Local Hamiltonians of the RBH model. left: X(σ2)Z(∂σ2), right: X(σ∗2)Z(∂
∗σ∗2).

for a 2-cycle C2 and dual 2-cycle C∗
2 . In Hamiltonian formalism, we can implement a symmetry

defect by acting a symmetry generator at a certain time slice, as we did in the study of the Haldane
chain. Charged objects are expressed as

We(C
∗
1 ) =

∏
σ∗
1∈C∗

1

Z(σ∗1), Wm(C1) =
∏
σ1∈C1

X(σ1). (4.31)

In the presence of boundaries, we can actually see that these two symmetry defects are realized
as line operators e,m of toric code on boundaies, respectively. Concretely, let us assume that 2-
cycles C2, C

∗
2 support symmetry defects, which intersect with the boundary on lines Ce, Cm. Then,

symmetry generators Ue(C2), Um(C
∗
2 ) act only on boundary degrees of freedom on the ground state

Hilbert space,

Ue(C2) =
∏
σ2∈C2

X(σ2) =
∏
σ1∈Ce

Z(σ1),

Um(C
∗
2 ) =

∏
σ∗
2∈C∗

2

X(σ∗2) =
∏

σ̃1∈Cm

X(σ̃1)Z(σ
∗
1),

(4.32)

where we used X(σ2)Z(∂σ2) = X(σ∗2)Z(∂
∗σ∗2) = 1 satisfied on the ground state. In this expression,

σ1, σ̃1 are contained in Ce, Cm defined on boundary, and σ∗1 denotes a 2-cell (dual 1-cell) in the
bulk, neighboring σ̃1 (see Fig. 4.4). Here, we see that these generators simulate the braiding of line
operators of toric code,

Ue(C2)Um(C
∗
2 )Ue(C2)

† = (−1)I[Ce,Cm]Um(C
∗
2 ), (4.33)

which is consistent with cancellation of anomaly by the partition function on bulk, whose gauge
variation is described by braiding phase of symmetry defects on the boundary.

4.3 Anomaly of SU(N) pure Yang-Mills theory at θ = π

In this section, we give a review on anomaly in (3+1)d pure SU(N) Yang-Mills theory involving
CP and center symmetry, to see how ’t Hooft anomaly provides rigorous constraint on the vacuum
structure of quantum field theories. We consider the 4d SU(N) Yang Mills theory given by

S = − 1

2g2

∫
Tr (F ∧ ∗F ) + iθ

8π2

∫
Tr (F ∧ F ) , (4.34)

Since CP flips the sign of
∫
F ∧ F term, CP symmetry exists only for θ = 0, π.
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Figure 4.4: Symmetry defect of Ze2 (left), Zm2 (right) symmetry. These defects acts only on the
boundary degrees of freedom, and behave as line operators of toric code.

center symmetry

Here we recall the center symmetry of SU(N) Yang-Mills theory. Since gauge fields are left invariant
under center ZN in the gauge group SU(N), the gauge transformation is determined only up to ele-
ments of ZN . Then, given a nontrivial cycle C in the spacetime, we can think of gauge transformation
by g ∈ SU(N), which is not single-valued along C parametrized by θ with 0 ≤ θ < 2π,

g(2π) = e2πi/N · g(0). (4.35)

This transformation leaves the action invariant, but we can see that the transformation (4.35) acts
nontrivially on Wilson line operators

W (C) = Tr

[
P exp

(
i

∮
C
a

)]
. (4.36)

Under the transformation a 7→ ag = gag−1 − igdg−1 with (4.35), W (C) transforms as

W g(C) = Tr

[
P exp

(
i

∮
C
ag
)]

= Tr

[
n−1∏
i=0

exp

(
i

∫ xi+1

xi

ag
)]

= Tr

[
P
n−1∏
i=0

(1 + i∆xag +O(∆x2))

]

= Tr

[
P
n−1∏
i=0

gi(1 + i∆xa)(g−1
i +∆xdg−1) +O(∆x2)

]

= Tr

[
P
n−1∏
i=0

gi exp

(
i

∫ xi+1

xi

a

)
g−1
i+1 +O(∆x2)

]

= Tr

[
g(0)P exp

(
i

∮
C
a

)
g(2π)

]
= e2πi/NW (C).

(4.37)

Namely, the transformation shifts the Wilson line operator along C by ZN phase, and is called
the center transformation. It should be emphasized that the center symmetry associated with this
transformation is interpreted as a ZN 1-form symmetry shifting a by flat connection, a 7→ a+ ϵ/N ,
where ϵ ∈ Z1(X,R/2πZ).
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gauging center symmetry

To detect the anomaly, we introduce 2-form ZN background gauge field coupled with the center
symmetry. The ZN background field is represented in the continuum theory by the pair (B,C),
where B is a U(1) 2-form field, C is a U(1) 1-form field with the relation NB = dC satisfied. Such
relation is incorporated by adding a multiplier term to the Lagrangian as 1

2πu ∧ (NB − dC), which
makes B into a ZN field by integrating the multiplier u [5, 31].

To couple the U(1) 2-form field B to center symmetry in SU(N) gauge theory, we extend the
gauge group from SU(N) to U(N) = [SU(N)× U(1)] /ZN , and gauge the U(1) 1-form symmetry
of the extended group by coupling to B. Let us denote the extended U(N) gauge field as a′. Here,
we postulate the invariance under U(1) 1-form gauge transformation,

B 7→ B + dλ, a′ 7→ a′ + λ1N , C 7→ C +Nλ, (4.38)

where λ is a U(1) 1-form field, and 1N denotes an identity matrix of size N . From now on, we
sometimes omit 1N from the expression of gauge fields. We can check that the relation NB = dC
is invariant under the gauge transformation.

To eliminate U(1) photon, we introduce a U(1) 2-form field u′ as a multiplier and add to the
Lagrangian the following term

1

2π
u ∧ (TrF ′ − dC), (4.39)

where we denote the field strength of a′ as F ′. If we decompose the U(1) gauge field a′ into SU(N)
part and U(1) part as

a′ = a+
1

N
Â · 1N (4.40)

with Â a U(1) gauge field, integrating the multiplier u′ sets Â ∼ C up to gauge transformation.
Especially, we recover the original SU(N) gauge theory in the absence of background field (B,C) =
(0, 0), since one can eliminate the U(1) part of U(N) gauge field by the gauge transformation (4.38).

Now we couple background field to the Yang-Mills theory with extended gauge group in gauge
invariant fashion, as

S = − 1

2g2

∫
Tr
(
(F ′ −B) ∧ ∗(F ′ −B)

)
+

iθ

8π2

∫
Tr
(
(F ′ −B) ∧ (F ′ −B)

)
, (4.41)

where we omitted multiplier terms. Here, the mixed anomaly between CP and center symmetry
appears as the violation of CP symmetry, in the presence of background gauge field B. Since CP flips
the sign of θ term and leaves the kinetic term unchanged, only θ term contributes to the variation.
Thus, for θ = 0 there is no mixed anomaly. For θ = π, the change of the action CP : θ 7→ −θ is
given by

∆S = − i

4π

∫
Tr
(
(F ′ −B) ∧ (F ′ −B)

)
= − i

4π

∫ [
Tr(F ′ ∧ F ′)− 2B · TrF ′ +N ·B ∧B

]
= − i

4π

∫
Tr(F ′ ∧ F ′) +

i

4πN

∫
dC ∧ dC,

(4.42)
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where we used TrF ′ = NB = dC in the third line of the equation. Since the first term takes the
value in 2πiZ on spin manifolds due to index theorem, the variation of partition function becomes

Z[B,C] 7→ exp

[
i

4πN

∫
dC ∧ dC

]
· Z[B,C]. (4.43)

We are tempted to deduce the presence of anomaly just by observing phase ambiguity (4.43). How-
ever, the theory is free of ’t Hooft anomaly if one can eliminate the ambiguity by adding local
counterterms. In this case, we can think of a counterterm in the form of

ip

4πN

∫
dÂ ∧ dÂ. (4.44)

Under U(1) 1-form gauge transformation Â 7→ Â+Nλ (4.38), the counterterm shifts by

ip

2π

∫
dλ ∧ dÂ+ πipN

∫
dλ

2π
∧ dλ

2π
. (4.45)

The first term is quantized as 2πiZ for arbitrary integer p. On spin manifolds, the second term also
becomes 2πiZ for p ∈ Z due to index theorem (for non-spin manifolds, we must require Np/2 ∈ Z).
We can restore CP symmetry at θ = π even in the presence of background field, by choosing p
properly. Actually, with the counterterm (4.44) the variation of the action under CP becomes

Z[B,C] 7→ exp

[
(−2p+ 1)i

4πN

∫
dC ∧ dC

]
· Z[B,C], (4.46)

since CP flips the counterterm. Hence, the action at θ = π is CP-invariant on spin manifolds, when

−2p+ 1 ≡ 0 mod N. (4.47)

Next, let us take a look at θ = 0. The variation at θ = 0 becomes

Z[B,C] 7→ exp

[
−2pi

4πN

∫
dC ∧ dC

]
· Z[B,C], (4.48)

Thus, anomaly-free condition at θ = 0 on spin manifolds is

−2p ≡ 0 mod N. (4.49)

We can obatin the following consequences from the anomaly-free conditions (4.47), (4.49);

• For even N , we immediately see from (4.47) that the Yang-Mills theory suffers from ’t Hooft
anomaly at θ = π for arbitrary integer p.

• For odd N , the theory at θ = π is anomaly-free by setting the counterterm p = (−N + 1)/2.
However, this p manifestly violate CP at θ = 0. We observe that there is no integer p which
satisfies anomaly-free conditions at both θ = 0, π (4.47), (4.49). It is known that θ = 0 has
trivially gapped spectrum with unique ground state (i.e., non-anomalous), hence we conclude
that the theory again suffers from ’t Hooft anomaly at θ = π.

Further, if we assume that 0 ≤ θ < π realizes gapped trivial spectrum with no first order
transition, we can conclude the first order transition occurs exactly at θ = π.
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In conclusion, we deduce that the Yang-Mills theory is anomalous at θ = π for arbitrary N .
Reflecting ’t Hooft anomaly in infrared, the theory at θ = π must have low energy degrees of
freedom which accounts for violation of CP symmetry after coupling to background fields. We list
possible fates of low energy spectrum here:

1. CP or center symmetry is spontaneously broken. Here, we note it is widely believed that
the Wilson line is confined for all θ at zero temperature. Confinement of the Wilson line
means that the center symmetry is unbroken, since charged object under center symmetry has
exponentially decaying expectation value according to its length. Therefore, we conclude that
broken symmetry must be CP, which leads to two-fold degeneracy of ground states.

2. The low-energy theory is described by TQFT with nontrivial topological order.

3. The spectrum is gapless.
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Chapter 5

Lieb-Schultz-Mattis type theorem

In Chapter 4, we have observed an ’t Hooft anomaly involving center symmetry and CP symmetry
in SU(N) pure Yang-Mills theory, where the anomaly provides a rigorous constraint on low energy
spectrum of the IR theory, dictating spontaneous breaking of CP symmetry. In this chapter, we
examine the spectral constraint thanks to the ’t Hooft anomaly in condensed matter literature,
which is celebrated as the Lieb-Schultz-Mattis (LSM) type theorem [50–52].

Historically, the LSM theorem was originally constructed for (1+1)d quantum spin chains [50].
Roughly speaking, the LSM theorem states that quantum spin chains with half-odd integer spin
per unit cell cannot be trivial symmetric insulator; the ground state must spontaneously break
the lattice translational symmetry. In higher dimensions, the LSM constraint is also accounted by
the spontaneous breaking of SO(3) spin rotation symmetry, or by nontrivial topological order [53].
Such obstruction to opening trivial gap is reminiscent of ’t Hooft anomalies that appear on the
boundary of SPT phases, as we have seen in the previous chapter. Actually, it was proposed that
the half-odd integer spin systems are equivalent to the surface state of SPT phases protected by
spin rotation and lattice translational symmetry. For instance, a (2+1)d S = 1/2 spin system
is regarded as boundary of a (3+1)d system composed of an array of Haldane chains placed in
translation symmetric fashion [54]. Based on these observations, we expect that the LSM constraint
is understood as an ’t Hooft anomaly in continuum field theory description, which is accounted
by an SPT phase (as a conceptual tool) in the bulk. In recent years, the LSM theorem has been
generalized for various combination of internal and spatial symmetries [55–66].

Although anomalies involving onsite symmetry solely are well understood as we have seen in
Chapter 2, understanding for the anomalies involving crystal symmetries are still under develop-
ment, mainly because crystal symmeties on a lattice cannot be gauged, due to their non-onsite
nature. However, it should be noted that crystal symmetries like lattice translational symmetries
can reduce to internal symmetries after taking continuum IR limit, allowing us to discuss ’t Hooft
anomalies in continuum field theory by introducing standard background fields. In this chapter, we
explicitly see that the LSM constraint manifests itself as a mixed ’t Hooft anomaly involving internal
symmetry (e.g., SO(3) spin rotation symmetry, charge U(1) symmetry. . . ), and internal version of
lattice symmetry. [61–63, 67] Moreover, recent developments of anomalies based on higher-form sym-
metries implies the existence of LSM-type constraints involving higher-form symmetries. Actually,
we can explicitly construct the LSM-type theorems on lattice systems which relies on lattice transla-
tional symmetry and higher-form symmetry, which are applied, for example, to pure abelian gauge
theory constructed on a lattice. Concretely, the generalized Lieb-Schultz-Mattis theorem for p-form
symmetries dictates the impossibility of having trivial gapped state without breaking p-form U(1)
and lattice translational symmetries, when the “filling factor” of the p-form symmetry is fractional
(see Section 5.3).
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Here, the filling for the charge of p-form symmetry is defined as follows: the (d− p)-dimensional
hyperplane M(d−p) that supports the generator of the n-form symmetry is chosen so that M(d−p) is
extended by (d−p) unit lattice vectors among the d lattice vectors that constitute the whole system.
With such choice, the filling is just defined as the charge per (d−p)-dimensional unit cell, measured
on the hyperplane M(d−p).

The proof of the generalized theorem is in parallel with that of the original theorem by Os-
hikawa [51]: we first introduce the background gauge field coupled with the U(1) global symmetry
and consider the “adiabatic insertion” of the unit background magnetic flux, respecting the trans-
lation symmetry in the system. The unit magnetic flux can be eliminated by the homotopically
non-trivial gauge transformation (the large gauge transformation), which can change the lattice mo-
mentum of the ground state depending on the filling of the 1-form charge of the ground state. This
leads to the degeneracy of the ground states with different momentum.

As an interesting example that demonstrates the theorem, we consider the lattice gauge theory
that simulates the dynamics of the (2+1)-dimensional quantum dimer model (QDM) on a bipartite
lattice. This theory is a pure U(1) lattice gauge theory whose Hamiltonian is analogous to the
familiar compact quantum electrodynamics (CQED), but its Gauss law is modified from that of
CQED due to the presence of background staggered charge density. This theory has a 1-form
U(1) global symmetry, which leads to the conservation of the number of dimers on a certain one
dimensional closed string in the QDM. Then, the LSM theorem based on the 1-form symmetry and
the lattice translation symmetry, implies that the system cannot be trivially gapped if the filling of
the dimer on a deliberately chosen string is fractional. This result is explicitly demonstrated on the
phase diagram of the QDM on the honeycomb and square lattice. For example, the filling of the 1-
form symmetry is calculated as ν = 1/3 in two neighboring gapped crystal (columnar and plaquette)
phases of the QDM on the honeycomb lattice. In these phases the lattice translation symmetry is
spontaneously broken, and the 3-fold degenerate ground states appear accordingly, which are related
by the lattice translation to each other. A more interesting case is the incommensurate crystal found
between two distinct crystal (plaquette and staggered) phases, where the gapless excitation called
phason emerges. This gapless spectrum is enforced by the irrational filling of the 1-form charge
realized in the incommensurate crystal.

A remarkable feature of the QDM is the existence of the special point called the Rokhsar-
Kivelson (RK) point, where the exact ground state wavefunction can be obtained by the equal
weight superposition of all dimer configuration states. When the lattice is bipartite, the RK point
appears as a quantum criticality between the plaquette crystal and incommensurate ordered phase.
The RK critical point on a bipartite lattice is described in the continuum by the quantum Lifshitz
model, which is dual to a U(1) gauge theory by the standard boson-vortex duality. In the continuum
description, the LSM constraint is manifested in the form of the mixed ’t Hooft anomaly afflicting
the symmetries, by treating the lattice translation as an internal symmetry. We diagnose the ’t Hooft
anomaly for the 1-form U(1) symmetry and the effective internal version of lattice translation, in
the field theory which reproduces the vicinity of the RK critical point.

5.1 Oshikawa’s argument

Here we recall a heuristic proof of Lieb-Schultz-Mattis theorem in general (d + 1) dimension by
Oshikawa [51], which is a generalized version of Laughlin’s argument. Namely, the argument proceeds
by piercing unit flux of U(1) background gauge field through the cylinder adiabatically, and looking
at spectral flow of the system according to flux insertion.

Setup
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• General quantum many-body system on (d+ 1) dimensional lattice.

• Tx: lattice translational operator in x-direction, s.t. (Tx)L = 1, i.e., periodic boundary condi-
tion with size L.

• Particle number conservation associated to global U(1) symmetry.

• Given a “cross section” C =
∏
i(i ̸=x) Li, total volume is CL. Filling ν is fractional, ν = p/q,

s.t. gcd(p, q) = gcd(C, q) = 1.

Then, the proof proceeds as follows:

1. U(1) flux insertion

We introduce background U(1) gauge field A for charge U(1) global symmetry. Let us consider
the time-dependent configuration of A that corresponds to “adiabatic flux insertion”;

Ax = 0 t < 0,

Ax(r⃗, t) = 2πt/LT 0 ≤ t ≤ T,

Ax(r⃗, t) = 2π/L t > T,

(5.1)

and At = 0, Aj = 0 for x ̸= j. This configuration corresponds to threading flux Φ :=
∫
xAxdx

from 0 to 2π,

Φt=0 = 0 7→ Φt=T = 2π. (5.2)

Let us assume that the system is always gapped during the adiabatic flux insertion. Then, the
ground state changes according to adiabatic process as

|Ψ0⟩ 7→ |Ψ′
0⟩ , (5.3)

The initial ground state is taken to be an eigenstate of Tx, Tx |Ψ0⟩ = eipx |Ψ0⟩. We remark that
the initial and final state possess identical momentum Tx |Ψ′

0⟩ = eipx |Ψ′
0⟩, since the adiabatic

process (5.1) is performed in translational invariant fashion.

2. Spectral flow

It should be emphasized that the adiabatic process is not gauge transformation, and hence the
Hamiltonian is not invariant,

HΦ=0 ̸= HΦ=2π. (5.4)

However, the initial and final Hamiltonian are connected by large gauge transformation, which
shifts the holonomy in x direction Φ by 2π. The generator of large gauge transformation is
expressed as

U := exp

[∑
x

2πi

L

∑
r⃗

xn̂r⃗

]
, (5.5)

where n̂r⃗ is the generator of U(1) symmetry on a vertex r⃗. We have

UHΦ=2πU
† = HΦ=0. (5.6)
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Therefore, we obtain a ground state of HΦ=0 by acting U on the ground state of HΦ=2π; U |Ψ′
0⟩

is a ground state of H0. What we have done is summarized as follows:

H0
flux insertion−−−−−−−−→ H2π

U−→ H0

|Ψ0⟩
flux insertion−−−−−−−−→ |Ψ′

0⟩
U−→ U |Ψ′

0⟩.
(5.7)

Now we have constructed two (possibly different) ground states of H0, |Ψ0⟩ and U |Ψ′
0⟩.

A crucial observation is that the momentum eigenvalue of the final state is different from the
initial one. Recall that

Px|Ψ0⟩ = px|Ψ0⟩, Px|Ψ′
0⟩ = px|Ψ′

0⟩, (5.8)

where Px is momentum in x direction. Also notice the following commutation relation,

[Px, U ] = [Px, e
2πi
L

∑
r⃗ xn̂r⃗ ] =

(
2π
Q

L

)
U =

(
2π

Q

LC
C

)
U =

(
2π
p

q
C

)
U, (5.9)

where [x, Px] = i, Q =
∑

r⃗ n̂r⃗, and filling fraction p/q = Q/(LC). Then, we observe the
following

PxU |Ψ′
0⟩ = UPx|Ψ′

0⟩+ [Px, U ]|Ψ′
0⟩ =

(
px + 2π

p

q
C
)
U |Ψ′

0⟩ (5.10)

Hence, the momentum eigenvalue of U |Ψ′
0⟩ is different from that of |Ψ0⟩, and hence, different

ground state. Particularly, the condition that gcd(p, q) = gcd(C, q) = 1 tells us that there is at
least q-fold degeneracy in the ground states if the finite excitation gap exists as we assumed.
Invalidation of the assumption means the gapless ground state. Therefore, we proved the LSM
theorem.

5.2 LSM theorem and ’t Hooft anomaly

5.2.1 (1+1)d spinless fermion system

Let us first illustrate the connection of LSM-type constraint to ’t Hooft anomaly in continuum
description with a simple example [61]. We begin with considering a chain of spinless complex
fermions in (1+1) dimension with length L,

H = −t
∑
j

(c†xcx+1 + h.c.)− µ
∑
j

c†xcx (5.11)

with the periodic boundary condition cL+1 = c1. The system has U(1) symmetry and lattice
translation symmetry T

U(1) : cx 7→ eiϕcx,

T : cx 7→ cx+1.
(5.12)

The ground state of the system is given by filling single particle states under the Fermi sea |GS⟩ =∏
|k|≤kF c

†
k |vac⟩, where |vac⟩ denotes the Fock vacuum. The filling ν of the ground state ν = kF/π

is fractional, where the LSM theorem prohibits trivial symmetric insulator.
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We would like to see the counterpart of LSM constraint in continuum description. To this end,
we expand the fermion operator in the vicinity of Fermi points,

cx ≈ ψR(x)eikFx + ψL(x)e−ikFx. (5.13)

The gapless excitation is captured by the following continuum theory

H =

∫
dxΨ†(x)(−ivF∂x)σzΨ(x), (5.14)

with Ψ(x) := (ψR(x), ψL(x))
T . It is noted that Ψ is a coarse-grained field in the sense that it is not

sensitive to microscopic lattice scale, i.e., Ψ(x+ 1) ≈ Ψ(x). The transformation law of Ψ under the
symmetries can be read off as

U(1) : Ψ(x) 7→ eiϕΨ(x), (5.15)

T : Ψ(x) 7→ eikFσzΨx = e
iπ p

q
σzΨx, (5.16)

where we have used ν = p/q = kF/π. The translational symmetry is converted to internal Zq chiral
symmetry. Hence, the conflict between T and U(1) on a lattice manifests itself as chiral anomaly in
the continuum description.

To make the connection between the lattice and continuum descriptions even clearer let us remind
ourselves the ’t Hooft anomaly and anomaly matching condition briefly. A quantum field theory
(QFT) with a global symmetry G and its background gauge field A is described by a partition
function Z[A]. We say that there is G-’t Hooft anomaly if the partition function is not invariant
under the background gauge transformation,

Z[A] 7→ Z[A+ dλ] = Z[A]eiA[λ,A]. (5.17)

We sometimes call A[λ,A] an anomaly or an anomalous phase. ’t Hooft anomalies is invariant under
renormalization group flow, which leads to the celebrated ’t Hooft’s anomaly matching. Provided
the G-’t Hooft anomaly, the anomaly matching condition imposes constraints on the ground state
of the QFT that it must be either of

• gapless,

• gapped with degenerate ground states,

• spontaneously G-broken.

5.3 LSM theorem based on generalized global symmetries

In this section, we discuss the generalization of the LSM type theorem based on U(1) 1-form sym-
metry and lattice translation symmetry, which are found in pure U(1) lattice gauge theory. The
proof of the generalized theorem runs in parallel with Oshikawa’s argument for the original one: we
introduce background gauge field coupled with 1-form symmetry, and perform “adiabatic insertion”
of unit flux for background field. It turns out that the generalized theorem also has a continuum
description in terms of ’t Hooft anomaly involving 1-form symmetry. The LSM theorem for most
general p-form U(1) symmetry is constructed in Appendix E.

We begin with summarizing briefly how to formulate 1-form symmetry and its background gauge
field on lattice systems. Lattice formulation is most easily done on a simplical complex obtained by
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triangulating a spacetime manifold M . 1-form field configuration is set up by assigning a ∈ R/2πZ
on each 1-simplex (edge), satisfying the following properties:

a(ij) = −a(ji) on a edge (ij), (5.18)

(da)(ijkl) = a(ij) + a(jk) + a(ki) lattice differential on a 2-simplex (ijk), (5.19)

a(ij) 7→ a(ij) + ω(ij), dω = 0, U(1) 1-form transformation. (5.20)

Then, we introduce 2-form background gauge field B of 1-form symmetry (5.20), assigned on each
2-simplex (face). Gauge transformation is defined as

a(ij) 7→ a(ij) + λ(ij), B(ijk) 7→ B(ijk) − (dλ)(ijk). (5.21)

5.3.1 1-form LSM theorem

Now we are ready to formulate the LSM theorem involving 1-form symmetry and lattice translation
symmetry in (d+1)-dimensional lattice. Below we describe the setup for constructing the generalized
theorem.

setup

• d-dimensional spatial hypercubic lattice labeled as

(x1, x2, · · · , xd) ∈ ZL1 × ZL1 × · · · × ZLd
. (5.22)

• U(1) 1-form gauge field aj(x⃗) defined on each edge. In the previous notation, aj(x⃗) := a(x⃗,x⃗+e⃗j)
with a unit lattice vector e⃗j in the j-th direction.

• Global symmetries: lattice translational symmetry Tl = eiPl in the l-th direction and U(1)
1-form symmetry U(1)[1],

Tl : aj(x⃗) 7→ aj(x⃗+ e⃗l), (5.23)
U(1)[1] : aj(x⃗) 7→ aj(x⃗) + ωj(x⃗). (5.24)

In particular, we can prepare ground states |Ψ0⟩ such that

Pl|Ψ0⟩ = pl|Ψ0⟩, (5.25)

which should also be invariant under U(1)[1] transformation.

• The filling is interpreted as U(1)[1] charge per unit area of hypersurface on which the gener-
ator of U(1)[1] symmetry is supported. More precisely, the charge here is defined to be the
intersection number between Wilson lines and a generator supported on (d − 1) dimensional
hypersurface which is set at xm = 0 with l ̸= m here. Accordingly, we define a cross section
by C =

∏
i ̸=l,m Li so that CLl gives an area of the hypersurface (See Fig. 5.1).

Let us show that the low-energy spectrum is necessarily nontrivial if we have the filling ν = p/q
for U(1)[1] charge measured on xm = 0 at the ground state, based on the above setup. To this end,
we first perform adiabatic insertion of 2-form background gauge field Blm(x⃗), which is defined by
Bij(x⃗) := B(x⃗,x⃗+e⃗i,x⃗+e⃗i+e⃗j ,x⃗+e⃗j) on each face of the lattice. Namely, the configuration of B gradually
changes as time proceeds, 

Blm(x⃗) = 0 t < 0,

Blm(x⃗) = δ(xm) · 2πt/LlT 0 ≤ t < T,

Blm(x⃗) = δ(xm) · 2π/Ll T ≤ t,

(5.26)
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Figure 5.1: filling of U(1)[1] symmetry for (3+1)-dimensional systems. Charged objects of U(1)[1]
symmetry are Wilson loops (red line), which are charged by a generator supported on a 2d surface
xm = 0 (orange plane). Filling is defined as the number of intersections (green dots) per unit area
of the surface xm = 0.

and other components are 0. We note that the holonomy of 2-form gauge field is given by integrating
the 2-form field on a closed surface, and the final configuration at t = T realizes “unit flux” of 2-form
field B measured on lm-plane ∑

lm-plane

Blm =
2πt

T
0 ≤ t ≤ T. (5.27)

Suppose that the spectrum is gapped at t = 0, and the gap does not close during the adiabatic
process 0 ≤ t ≤ T . Then, the initial state |Ψ0⟩ evolves into some ground state |Ψ′

0⟩ at the end of the
process t = T . Since the lattice translational symmetry is respected during the adiabatic process,
the initial and final state share the identical momentum Pl|Ψ0⟩ = Pl |Ψ′

0⟩ = pl|Ψ0⟩.

Figure 5.2: (a) Configuration of 2-form field B on lm-plane. (b) A large gauge transformation.
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The final configuration of background field at t = T is gauge equivalent to the initial one at t = 0
by the following U(1)[1] large gauge transformation

am(x⃗) 7→ am(x⃗) + δ(xm)
2πxl
Ll

, (5.28)

Blm(x⃗) 7→ am(x⃗)− δ(xm)
2π

Ll
, (5.29)

as shown in Fig. 5.2 (b). We write the generator of the above large gauge transformation (5.28) as
Ulm. Then, Ulm |Ψ′

0⟩ is also a ground state of the system before the adiabatic process (with B = 0
everywhere). To prove the ground states are degenerate it suffices to show that |Ψ0⟩ and Ulm |Ψ′

0⟩
are orthogonal with each other. It can be seen by measuring the momentum eigenvalue of Ulm |Ψ′

0⟩,

PlUlm|Ψ′
0⟩ =

(
pl + 2π

pC

q

)
Ulm|Ψ′

0⟩, (5.30)

where we have used a crucial relation

[Pl, Ulm] =

(
2π

Qm
CLl

C

)
Ulm =

(
2π
pC

q

)
Ulm, (5.31)

with the total U(1)[1] charge Qm measured on xm = 0 and filling fraction p/q = Qm/CLl. With
an assumption gcd(pC, q) = 1, we have found that Ulm |Ψ′

0⟩ and |Ψ0⟩ are orthogonal with distinct
momentum eigenvalues. Hence, we have proven that

Theorem 5.3.1 (LSMOH theorem for 1-form symmetry)
Consider a quantum many-body system defined on a d-dimensional periodic lattice, in the presence

of a global 1-form U(1) symmetry and a translation symmetry along the l-th primitive lattice vector,
and assume that both symmetries are not broken. Then, if the U(1) charge (measured on a (d− 1)-
dimensional hyperplane characterized by xm = 0 for m ̸= l) per unit cell is ν = p/q at the ground
state, there are only two possibilities for the low energy spectrum:

1. The system is gapped, and the ground states are at least q-fold degenerate, or

2. The system is gapless.

5.3.2 LSM constraint on the quantum dimer model

In this section, we apply the generalization of the LSM theorem based on U(1)[1] symmetry to the
quantum dimer model (QDM) on a honeycomb lattice. Previous applications of the original LSM
theorem to the QDM are found in Refs. [68, 69]. The QDM describes the dynamics of dimers defined
on each edge of a lattice. A dimer variable l(ij) takes a value in {0, 1} ∼= Z2 representing the presence
or absence of a dimer. They are subject to the geometric constraint called dimer constraint,

l(01) + l(02) + l(03) = 1, (5.32)

that the dimer variables emanating from each vertex sum to unit (see Fig.5.3).
The Hilbert space of the QDM is identified with the set of possible configurations of dimer

variables on a lattice. Namely, we define a quantum state |Cdimer⟩ corresponding to each dimer
configuration Cdimer. The set of quantum states {|Cdimer⟩} are orthogonal with each other

⟨Cdimer| C′
dimer⟩ = δCdimer,C′

dimer
. (5.33)
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Figure 5.3: Dimer configuration around a vertex. Dimer variables l(0i) = 0 (resp. 1) when the dimer
is absent (resp. present) on an edge (0i) for i = 1, 2, 3. The sum of dimer variables emanating from
each vertex is 1.

and complete. The Hilbert space for the QDM is extended by {|Cdimer⟩}.
Here, we consider the QDM on a honeycomb lattice described by the Hamiltonian,

HQDM = −t
∑
{ }

(
| ⟩⟨ |+ | ⟩⟨ |

)
diagonal

+ v
∑
{ }

(
| ⟩⟨ |+ | ⟩⟨ |

)
resonance (hopping)

. (5.34)

Remarkably, the QDM on a bipartite lattice can be rigorously converted to U(1) lattice gauge
theory that in turn makes it easier to apply the 1-form LSM theorem to constrain its ground
state. With the parameter v/t = 1, known as the Rokhsar-Kivelson(RK) point, the ground state
is expressed as the equal-weight superposition of possible dimer configurations. Moreover, the field
theoretical description is known in the vicinity of the RK point. We shall find an ’t Hooft anomaly
and its constraint via anomaly matching, and make a connection to the LSM theorem.

Let us rewrite the Hamiltonian (5.34) in the form of U(1) lattice gauge theory by the following
procedure [70].

1. Lift the dimer variable from Z2 to Z.

Let L(ij) be an operator defined on a link (ij) whose eigenvalue is l(ij) ∈ Z and Θ(ij) be
an conjugate momentum operator with eigenvalues in [0, 2π). Then we add to the QDM
Hamiltonian the following term

HK := K
∑
(ij)

(
L(ij) −

1

2

)2
, (5.35)

which restricts l(ij) to take values {0, 1} by taking a limit K → ∞ and restore the original
theory.

2. Express the QDM Hamiltonian (5.34) in terms of L(ij) and Θ(ij).

Provided an eigenstate of L(ij) by |l(ij)⟩,1 the operator eiΘ(ij) plays a role of a ladder operator,

L(ij)|l(ij)⟩ = l(ij)|l(ij)⟩, (5.36)

L(ij)e
iΘ(ij) |l(ij)⟩ = (l(ij) + 1)eiΘ(ij) |l(ij)⟩. (5.37)

1Precisely speaking, an eigenstate is given by dimer configuration covering the whole lattice, and hence, should be
denoted as |{l(ij)}⟩ := ⊗(ij)|l(ij)⟩ with the dimer constraint.
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4

5 6

Figure 5.4: Numbering and sublattice assigning of each vertex on a hexagon. White circle represents
a vertex contained in sublattice A, and black circle for sublattice B.

• Diagonal term
Assigning a number for each vertex of a hexagon as shown in Fig. 5.4, the diagonal term
of the QDM Hamiltonian can be written as follows,

− t
∑
{ }

(
| ⟩⟨ |+ | ⟩⟨ |

)
= −t

∑
{ }

(
L(12)L(34)L(56) + L(23)L(45)L(61)

)
. (5.38)

• Resonance term
Using the ladder operator eiΘ(ij) |l(ij) the resonance term is expressed as

v
∑
{ }

(
| ⟩⟨ |+ | ⟩⟨ |

)
= v

∑
{ }

(
ei(Θ(12)−Θ(23)+Θ(34)−Θ(45)+Θ(56)−Θ(61)) + h.c.

)
= 2v

∑
{ }

cos(Θ(12) −Θ(23) +Θ(34) −Θ(45) +Θ(56) −Θ(61)). (5.39)

3. Assign orientation to each link and introduce gauge fields.

Dividing each lattice vertices into A- and B-sublattices as shown in Fig. 5.4, we assign a positive
orientation to an edge (a, b) with a ∈ A and b ∈ B, and a negative one to an edge (b, a).2 We
define “gauge fields” A and E by

A(ab) = −A(ba) := Θ(ab), E(ab) = −E(ba) := L(ab). (5.40)

In terms of these fields, the QDM hamiltonian is further converted into the following form:

• Diagonal term

−t
∑
{ }

(
E(12)E(34)E(56) − E(23)E(45)E(61)

)
. (5.41)

• Resonance term

2v
∑
{ }

cos(rotA), (5.42)

2Assignment of consistent orientation is possible only in bipartite lattices. A triangle lattice is not bipartite and
cannot be assigned an orientation.
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with

rotA := A(12) +A(23) +A(34) +A(45) +A(56) +A(61). (5.43)

• Dimer constraint

(divE − ρ)(i)|Phys⟩ = 0, (5.44)

which is obtained from (5.32) via the following observations. Under the assignment of
number on each vertex shown in 5.3, divE is given as follows,

vertex 0 ∈ A

(divE)(0)|Phys⟩ = (E(01) + E(02) + E(03))|Phys⟩ = (L(01) + L(02) + L(03))|Phys⟩
= |Phys⟩, (5.45)
vertex 0 ∈ B

(divE)(0)|Phys⟩ = (E(01) + E(02) + E(03))|Phys⟩ = −(L(01) + L(02) + L(03))|Phys⟩
= −|Phys⟩. (5.46)

Accordingly, ρ is given by

On A ρ(0) = 1, (5.47)

On B ρ(0) = −1. (5.48)

Therefore, the dimer constraint (5.32) yields the Gauss law constraint (5.44) with static
staggered charges.

As the Gauss law constraint generates the U(1) gauge transformation,3 the resultant theory
is interpreted as U(1) lattice gauge theory described by the total Hamiltonian,

Hgauge = K
∑
(ij)

i∈A,j∈B

(
E(ij) −

1

2

)2
− t
∑
{ }

(
E(12)E(34)E(56) − E(23)E(45)E(61)

)
+ 2v

∑
{ }

cos(rotA). (5.52)

This expression of the Hamiltonian (5.52) with the Gauss law (5.44) gives faithful representa-
tion of the QDM (5.32), (5.34) by taking a limit K → ∞.

3We consider

Uλ := exp
[
i
∑
(ij)

(dλ)(ij)E(ij) + i
∑
i

λ(i)ρ(i)

]
= exp

[
− i

∑
i

λ(i)(divE − ρ)(i)

]
(5.49)

up to surface term. Due to the commutation relation

[E(ij), A(kl)] = i(δikδjl − δilδjk), (5.50)

Uλ induces a transformation of A. As ρi is a c-number, it does not act on A. On the other hand, Uλ acts on the
physical state as

Uλ|Phys⟩ = |Phys⟩, (5.51)

owing to the Gauss law constraint (5.44). Hence, it does not act on physical state (Hilbert space) and we identify it
with the gauge transformation with a gauge parameter λ.

65



4

LSM theorem

Besides the lattice translational symmetry, the Hamiltonian (5.52) is invariant under a U(1) 1-form
transformation,

A(ij) 7→ A(ij) + ω(ij), dω = rotω = 0, (5.53)

which is generated by

Uω(M
1) = eiQω(M1), Qω(M

1) =
∑
(ij)

i∈A,j∈B

ω(ij)E(ij) −
∑
i

ω(i)ρ(i), (5.54)

where ω is supported on a closed line M1 (see Fig. 5.5) and ω is supported on a closed line Σ2 such
that ∂Σ2 = M1. The attachment of the surface Σ2 makes the operator topological, i.e., invariant
under deformation of the line M1. 5 However, the surface term does not affect how it acts on the
charged objects as ρ is a c-number. In terms of the original dimer variables, the charge operator
takes the form of

Q(M1) =
∑

(ij)∈M1

i∈A,j∈B

E(ij) −
∑
i∈Σ2

ρ(i) =
∑

(ij)∈M1

L(ij) −
∑
i∈Σ2

ρ(i), (5.56)

which counts the number of dimers intersecting the charge surface M1.
Now we can apply the LSM theorem for the gauge theory Hamiltonian (5.52), based on lattice

translational symmetry and U(1)[1] symmetry. 6 Let us check the consistency of the LSM theorem
with several ordered phases in the QDM [71]. As shown in Fig. 5.6, it is known that in the columner
and staggered phases the charge (5.56) per length is 1/3 and in the incommensurate phase the filling
is irrational. Consequently, the LSM theorem claims the degenerate ground state in those phases
because the spontaneous breaking of U(1) 1-form symmetry is forbidden in (2 + 1)-dimensional
spacetime by Coleman-Mermin-Wagner’s theorem for 1-form symmetries.

We remark that the 1-form filling ν is allowed to take distinct values for different phases of the
QDM. This should be contrasted with the 0-form filling of lattice models which preserve the particle
number. 7 The LSM theorem is applied to each sector of the Hilbert space with the specific 1-form

4 One may worry that the LSMOH constraint becomes unavailable in the limit K → ∞ in (5.52): It is good to
prove that the energy splitting of two states, which decays in the thermodynamic limit at finite K, still decays even
if we first take the limit K → ∞ and then the thermodynamic limit. This can be actually done in (2+1) dimensions
rigorously as discussed in Appendix D.

5The charge (5.56) without ρ would not be well-defined topological operator because if we change its support from
M1 to N1 the difference is

Q(N1)−Q(M1) =
∑

(i)∈N1−M1

(divE)(i) =
∑

(i)∈N1−M1

ρ(i) (5.55)

which does not vanish due to the staggered charges.
6To apply LSM theorem for (5.52), we have to ensure that the LSM constraint is also applicable even after taking

the limit K → ∞, before taking the thermodynamic limit. Namely, we have to rule out the possibility that the energy
splitting of the low-energy states would diverge, or converge to finite value by taking the limit K → ∞. Such subtle
problems are discussed in Appendix D.

7Thus, one may vary the filling ν at the ground state by introducing a kind of chemical potential term in the QDM
Hamiltonian like

Hchem = µ
∑
x2

Q2(x2) = µ
∑
x

nα(x).
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FIG. 2. Cartesian coordinate on the honeycomb lattice. Lattice vectors connecting two neighboring vertices are labeled as
eα, eβ and eγ respectively.
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I. INTRODUCTION

Predicting low-energy properties of many-body systems from a given kinematical data is important when the theory
is not exactly solvable. The prototypical example is the celebrated Lieb-Schultz-Mattis theorem1 and its generaliza-
tions by Oshikawa and Hastings (LSMOH theorem)2,3, which provide a strong constraint on the characteristic of low
energy spectrum of a lattice system from input data of a set of symmetries of a ground state. This theorem states that
when the lattice translation symmetry and U(1) charge conservation are preserved in the ground state, the system is
gapless or its ground state is gapped and degenerate, if the U(1) charge (the number of charged particle) per unit cell
is not integral. In one dimension, the LSMOH theorem is clearly demonstrated in one dimensional anti-ferromagnetic
spin-1/2 XXZ chain, which is mapped by the Jordan-Wigner transformation to a half-filled fermion system with U(1)
charge conservation. In this case, the system resides in the gapless Tomonaga-Luttinger liquid (TLL) phase when the
lattice translation symmetry is unbroken, and enters the gapped Mott insulator phase with two-fold degenerate ground
states related by the lattice translation, accompanied by the spontaneous breaking of the translation symmetry. In
higher dimension, the degeneracy of ground states in a gapped system can also be accounted by a topological order6.
This result has been generalized to be based on various spatial lattice symmetries other than simple translation4,5.
The purpose of this paper is to generalize the LSMOH theorem in order to tell about the spectral properties of wider

class of theories that includes pure lattice gauge theories without matter, while the original theorem and previous
generalizations apply for theories with a global symmetry that lead to the conservation of the number of particles. In
the generalization discussed in this paper, we rely on a generalized global symmetry which is known as a higher-form
symmetry (n-form symmetry)7 that is found in such like pure gauge theories whose action only includes the curvature
of gauge fields, instead of ordinary global symmetries absent in pure gauge theories. Compared to ordinary global
symmetries whose charged object is a (0-dimensional, point-like) particle, higher-form symmetries are symmetries
whose charged object have a dimension n > 0, i.e., the charged operator is supported on a loop, brane, etc. For
example, the Maxwell theory on a (d+1)-dimensional manifold X that describes the electromagnetism, whose action
is written as

S = − 1

2g2

!

X
da ∧ ∗da, (1)

possesses a symmetry that shifts a 1-form gauge field a by a flat connection λ: a $→ a+λ. This transformation defines
a 1-form symmetry. The gauge invariant charged object under this symmetry is the Wilson loop operator supported
on a closed loop C,

W (C) = exp

"
i

!

C
a

#
. (2)

An operator that generates the transformation of an n-form symmetry in a (d+1)-dimensional spacetime is supported
on a (d − n)-dimensional closed manifold. For ordinary (0-form) continuous symmetries, the generator is given by
integrating the d-form Noether current on a d-dimensional closed manifold regarded as a space. In the case of the
Maxwell theory (1), the 1-form symmetry shifting the Wilson loop operator (2) defined on C, is generated by the
integration of (d− 1)-form ∗da/g2 on a certain (d− 1)-dimensional manifold that intersects C once. The spontaneous
breaking of such higher-form symmetries is formulated in parallel with that of ordinary global symmetries7,8. Namely,
the higher-form symmetry is spontaneously broken in the reference ground state |0⟩, if there exists an operator O
which is charged under the symmetry such that ⟨0|O|0⟩ ̸= 0.
The LSMOH-type theorem based on higher-form symmetry is also formulated in parallel on a periodic lattice system.

As an input we assume that the spatial symmetry (e.g., lattice translation) and the U(1) higher-form symmetry are
preserved in the ground state, and the generalized theorem dictates the impossibility of the trivial gapped states
without breaking any symmetry, relying on the “fractional filling” of the charge of the higher-form symmetry. The
filling is defined when the (d−n)-dimensional hyperplane M(d−n) that supports the generator of the n-form symmetry,
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preserved in the ground state, and the generalized theorem dictates the impossibility of the trivial gapped states
without breaking any symmetry, relying on the “fractional filling” of the charge of the higher-form symmetry. The
filling is defined when the (d−n)-dimensional hyperplane M(d−n) that supports the generator of the n-form symmetry,
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Predicting low-energy properties of many-body systems from a given kinematical data is important when the theory
is not exactly solvable. The prototypical example is the celebrated Lieb-Schultz-Mattis theorem1 and its generaliza-
tions by Oshikawa and Hastings (LSMOH theorem)2,3, which provide a strong constraint on the characteristic of low
energy spectrum of a lattice system from input data of a set of symmetries of a ground state. This theorem states that
when the lattice translation symmetry and U(1) charge conservation are preserved in the ground state, the system is
gapless or its ground state is gapped and degenerate, if the U(1) charge (the number of charged particle) per unit cell
is not integral. In one dimension, the LSMOH theorem is clearly demonstrated in one dimensional anti-ferromagnetic
spin-1/2 XXZ chain, which is mapped by the Jordan-Wigner transformation to a half-filled fermion system with U(1)
charge conservation. In this case, the system resides in the gapless Tomonaga-Luttinger liquid (TLL) phase when the
lattice translation symmetry is unbroken, and enters the gapped Mott insulator phase with two-fold degenerate ground
states related by the lattice translation, accompanied by the spontaneous breaking of the translation symmetry. In
higher dimension, the degeneracy of ground states in a gapped system can also be accounted by a topological order6.
This result has been generalized to be based on various spatial lattice symmetries other than simple translation4,5.

The purpose of this paper is to generalize the LSMOH theorem in order to tell about the spectral properties of wider
class of theories that includes pure lattice gauge theories without matter, while the original theorem and previous
generalizations apply for theories with a global symmetry that lead to the conservation of the number of particles. In
the generalization discussed in this paper, we rely on a generalized global symmetry which is known as a higher-form
symmetry (n-form symmetry)7 that is found in such like pure gauge theories whose action only includes the curvature
of gauge fields, instead of ordinary global symmetries absent in pure gauge theories. Compared to ordinary global
symmetries whose charged object is a (0-dimensional, point-like) particle, higher-form symmetries are symmetries
whose charged object have a dimension n > 0, i.e., the charged operator is supported on a loop, brane, etc. For
example, the Maxwell theory on a (d+1)-dimensional manifold X that describes the electromagnetism, whose action
is written as

S = − 1
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possesses a symmetry that shifts a 1-form gauge field a by a flat connection λ: a %→ a+λ. This transformation defines
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An operator that generates the transformation of an n-form symmetry in a (d+1)-dimensional spacetime is supported
on a (d − n)-dimensional closed manifold. For ordinary (0-form) continuous symmetries, the generator is given by
integrating the d-form Noether current on a d-dimensional closed manifold regarded as a space. In the case of the
Maxwell theory (1), the 1-form symmetry shifting the Wilson loop operator (2) defined on C, is generated by the
integration of (d− 1)-form ∗da/g2 on a certain (d− 1)-dimensional manifold that intersects C once. The spontaneous
breaking of such higher-form symmetries is formulated in parallel with that of ordinary global symmetries7,8. Namely,
the higher-form symmetry is spontaneously broken in the reference ground state |0⟩, if there exists an operator O
which is charged under the symmetry such that ⟨0|O|0⟩ ̸= 0.

The LSMOH-type theorem based on higher-form symmetry is also formulated in parallel on a periodic lattice system.
As an input we assume that the spatial symmetry (e.g., lattice translation) and the U(1) higher-form symmetry are
preserved in the ground state, and the generalized theorem dictates the impossibility of the trivial gapped states
without breaking any symmetry, relying on the “fractional filling” of the charge of the higher-form symmetry. The
filling is defined when the (d−n)-dimensional hyperplane M(d−n) that supports the generator of the n-form symmetry,
is chosen so that M(d−n) is extended by (d − n) unit lattice vectors among the d lattice vectors that constitute the
whole system. With such choice, the filling is just defined as the charge per (d − n)-dimensional unit cell, measured
on the hyperplane M(d−n).

An interesting example that demonstrates the theorem is the lattice gauge theory that simulates the dynamics of
the (2+1)-dimensional quantum dimer model (QDM) on a bipartite lattice. This theory is a pure U(1) lattice gauge
theory whose Hamiltonian is analogous to the familiar compact quantum electrodynamics (CQED), but its Gauss
law is modified from that of CQED due to the presence of background staggered charge density. This theory has a

FIG. 3. The schematic phase diagram of the QDM on the honeycomb lattice. The 1-form filling ν = 1 in the staggered
phase. ν = 1/3 in the columnar and plaquette phase, which terminate at the RK critical point. There is a sequence of the
incommensurate crystal and commensurate ordered phase between the RK point and the staggered phase,? ? where ν increases
continuously from 1/3 to 1.

C. Continuum field theory description

The special point v = t which appears at the transition between the plaquette and staggered phases, is called the
Rokhsar-Kivelson (RK) point.? ? The RK point is remarkable in the sense that one can obtain exact ground states
as the equal weight superpositions of states in each sector of dimer configurations connected by the resonance term
in (??). The vicinity of the RK point has a field theoretical description in the continuum. The degree of freedom
in the effective field theory is a scalar field φ with the compactification radius 2π, which is introduced as the height
field. In terms of φ, the underlying theory believed to control the vicinity of the RK point is given by the following
Lagrangian?

L =
1

2
∂tφ∂tφ− ρ

2
∇iφ∇iφ− κ2

2
∇2φ∇2φ

=
1

2
∂µφ∂

µφ− κ̃2

2
∂i∂

iφ∂j∂
jφ

= dφ ∧ ∗dφ− κ̃2

2
(∆φ)2, (43)

where ∂µ := (∂0,
√
ρ∇i), ∆ = ∂i∂i and κ̃ := κ/ρ, with ρ ∝ −(v/t) + 1 changing its sign precisely at the RK point.

Figure 5.5: U(1)[1] gauge transformation and charge operator. ωij has finite value only on a line M1.
We choose a (x1, x2)-coordinate i = (i1, i2) such that ω(ij) ∝ δi2,0δj2,1 with unit lattice constant. On
the links intersecting with M1 the gauge field A transforms as (5.53).

charge. More generally, in gauge theories we usually sum over all configurations of gauge fields in
path integral, without fixing specific topological sector.

5.3.3 ’t Hooft anomaly at RK point

We present a continuum description of the QDM in the vicinity of the quantum critical point,
Rokhsar-Kivelson (RK) point [72, 73], realized in the quantum dimer model and discuss the conse-
quences of anomaly matching. The degree of freedom in the effective field theory is a bosonic scalar
field ϕ with compactification radius 2π, which is introduced as a height field. The underlying theory
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An operator that generates the transformation of an n-form symmetry in a (d+1)-dimensional spacetime is supported
on a (d − n)-dimensional closed manifold. For ordinary (0-form) continuous symmetries, the generator is given by
integrating the d-form Noether current on a d-dimensional closed manifold regarded as a space. In the case of the
Maxwell theory (1), the 1-form symmetry shifting the Wilson loop operator (2) defined on C, is generated by the
integration of (d− 1)-form ∗da/g2 on a certain (d− 1)-dimensional manifold that intersects C once. The spontaneous
breaking of such higher-form symmetries is formulated in parallel with that of ordinary global symmetries7,8. Namely,
the higher-form symmetry is spontaneously broken in the reference ground state |0⟩, if there exists an operator O
which is charged under the symmetry such that ⟨0|O|0⟩ ̸= 0.

The LSMOH-type theorem based on higher-form symmetry is also formulated in parallel on a periodic lattice system.
As an input we assume that the spatial symmetry (e.g., lattice translation) and the U(1) higher-form symmetry are
preserved in the ground state, and the generalized theorem dictates the impossibility of the trivial gapped states
without breaking any symmetry, relying on the “fractional filling” of the charge of the higher-form symmetry. The
filling is defined when the (d−n)-dimensional hyperplane M(d−n) that supports the generator of the n-form symmetry,
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integrating the d-form Noether current on a d-dimensional closed manifold regarded as a space. In the case of the
Maxwell theory (1), the 1-form symmetry shifting the Wilson loop operator (2) defined on C, is generated by the
integration of (d− 1)-form ∗da/g2 on a certain (d− 1)-dimensional manifold that intersects C once. The spontaneous
breaking of such higher-form symmetries is formulated in parallel with that of ordinary global symmetries7,8. Namely,
the higher-form symmetry is spontaneously broken in the reference ground state |0⟩, if there exists an operator O
which is charged under the symmetry such that ⟨0|O|0⟩ ̸= 0.

The LSMOH-type theorem based on higher-form symmetry is also formulated in parallel on a periodic lattice system.
As an input we assume that the spatial symmetry (e.g., lattice translation) and the U(1) higher-form symmetry are
preserved in the ground state, and the generalized theorem dictates the impossibility of the trivial gapped states
without breaking any symmetry, relying on the “fractional filling” of the charge of the higher-form symmetry. The
filling is defined when the (d−n)-dimensional hyperplane M(d−n) that supports the generator of the n-form symmetry,
is chosen so that M(d−n) is extended by (d − n) unit lattice vectors among the d lattice vectors that constitute the
whole system. With such choice, the filling is just defined as the charge per (d − n)-dimensional unit cell, measured
on the hyperplane M(d−n).

An interesting example that demonstrates the theorem is the lattice gauge theory that simulates the dynamics of
the (2+1)-dimensional quantum dimer model (QDM) on a bipartite lattice. This theory is a pure U(1) lattice gauge
theory whose Hamiltonian is analogous to the familiar compact quantum electrodynamics (CQED), but its Gauss
law is modified from that of CQED due to the presence of background staggered charge density. This theory has a

Figure 5.6: The schematic phase diagram of the QDM on the honeycomb lattice. The 1-form filling
ν = 1 in the staggered phase. ν = 1/3 in the columnar and plaquette phase, which terminate at the
RK critical point. There is a sequence of the incommensurate crystal and commensurate ordered
phase between the RK point and the staggered phase, where ν increases continuously from 1/3 to 1.
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Figure 5.7: Cartesian coordinate on the honeycomb lattice. Lattice vectors connecting two neigh-
boring vertices are labeled as eα, eβ and eγ respectively.

is given by the following Lagrangian [73],

L =
1

2
∂tϕ∂tϕ− ρ

2
∇iϕ∇iϕ− κ2

2
∇2ϕ∇2ϕ

=
1

2
∂µϕ∂

µϕ− κ̃2

2
∂i∂

iϕ∂j∂
jϕ

= dϕ ∧ ∗dϕ− κ̃2

2
(∆ϕ)2, (5.57)

with ∂µ := (∂0,
√
ρ∇i), ∆ = ∂i∂

i, and κ̃ := κ/ρ.
An identification of dimer variables L and scalar field ϕ is given by [74, 75]

Lα − 1

3
=

1

2π
∂1ϕ+

1

2

[
eiϕ+i 4π

3
x1 + h.c.

]
,
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1

3
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1
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−1

2
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√
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2
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3
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√
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2
∂2

)
ϕ+

1

2

[
eiϕ+i 4π

3
(x1−1) + h.c.

]
.

(5.58)

See Fig. 5.7 for coordinate we are using. One can read off the action of the translation symmetry in
x1 direction (denoted by T1) on ϕ from (5.58) and T1 : L(x) 7→ L(x + 1). Then, in the continuum
limit T1 acts on ϕ as an internal Z3 symmetry

T1 : ϕ 7→ ϕ− 2π

3
. (5.59)

Besides the T1 symmetry (5.59), this theory has a U(1) 1-form symmetry, whose generator is
given by (5.56) in the lattice model. The continuum description of the charge operator of U(1)[1]
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(5.56) in the QDM is expressed as

Q2 =

L1−1∑
x1=0

nα(x1, 0)

=
∑
x1=0

1

2π
∂1ϕ(x1, 0) +

1

2

[
eiϕ(x1,0)e

4πix1
3 + h.c.

]
+
L1

3

≈
∫
x2=0

dx1∂1ϕ+
L1

3
,

(5.60)

where we used the identification (5.58) and dropped the summation of the staggered part in the last
equation.

Equations of motion are read off from the Lagrangian (5.57),

∂µ∂
µϕ+ κ̃2∆∆ϕ = 0,

ϵµνρ∂ν∂ρϕ = 0. (5.61)

Conserved currents for 0-form and 1-form U(1) symmetries are respectively given by

djA = 0, (∗jA)µ = (∂0ϕ, ∂iϕ+ κ̃2∆∆ϕ), (5.62)
djB = 0, (∗jB)µν = ϵµνρ∂ρϕ. (5.63)

Z3 translation symmetry is a subgroup of the U(1) 0-form symmetry. Then, (5.60) is identified as a
generator of 1-form symmetry given by integrating the current on a line up to constant,

Q2 =

∫
x2=0

jB +
L1

3
. (5.64)

On the other hand, Z3 translation symmetry (5.59) is a subgroup of the U(1) 0-form symmetry.
According to (5.60), the filling measured relative to 1/3 is identified as the gradient of the height

ϕ measured in x1 direction per unit lattice,

ν − 1

3
=
Q2 − L1/3

L1
≈
∫
x2=0

dx1∂1ϕ (5.65)

which is sometimes called “tilt". [76] The flat tilt is observed in the columnar and plaquette phase
reflecting ν = 1/3, while the staggered phase is fully tilted. On the tilted side of the RK transition
v/t > 1, it is argued [74, 77, 78] that the tilt increases in the “incomplete devil’s staircase” fashion.
Namely, the increase of the tilt is continuous at least in the vicinity of the RK point on the tilted
side, and there is a sequence of commensurate gapped crystal and incommensurate points. It is also
argued [74] that the incommensurate region has finite measure in the parameter space. Here, the
incommensurate region is characterized as the irrational tilt, which corresponds to the limit q → ∞
for ν = p/q. We remark that in the incommensurate region it is guaranteed non-perturbatively to
have gapless spectrum by the LSM theorem based on U(1)[1] symmetry.

To diagnose the anomaly, we introduce a background U(1)[1]-gauge field B by coupling to the
conserved current jB = dϕ,

L = dϕ ∧ ∗dϕ+ dϕ ∧B − κ̃2

2
(∆ϕ)2, (5.66)
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which is invariant under a 1-form gauge transformation

B 7→ B + dλ. (5.67)

Next, we introduce a background U(1)-gauge fields (A,C) to gauge Z3 symmetry by forming the
covariant derivative dϕ+A,

S =

∫
(dϕ−A) ∧ ∗(dϕ−A) + (dϕ−A) ∧B − κ̃2

2
(∂i(∂

iϕ−Ai))2d2x+ F ∧ (3A− dC). (5.68)

is not invariant under the 1-form gauge transformation (5.67) but

S 7→ S − 2π

3
k (mod 2π), (5.69)

with k ∈ Z.

Dual gauge theory

Let us try to derive the dual gauge theory.

S =

∫
(Φ +A) ∧ ∗(Φ +A) + (Φ +A) ∧B − κ̃2

2
(∂i(Φ

i +Ai))2d2x+Φ ∧ da, (5.70)

where a constraint 3A = dC is understood. We perform the Gauss integral with respect to Φ by
solving equation of motion and plugging the solution back into the action. The equation of motion
is

2(Φ0 +A0) = −1

2
ϵ0ij(fij + 2Bij), (5.71)

2(Φi +Ai)− κ̃2∂i(∂j(Φ
j +Aj)) = −ϵij0(fj0 + 2Bj0). (5.72)

Assuming B is a flat two-form gauge field, the solution takes the form of 8

Φ+A = −1

2
∗ (da+B). (5.73)

Hence, the dual action is

S =

∫
1

4
(da+B) ∧ ∗(da+B)− κ̃2

16
(ϵij∂i(ej + 2Bj0))

2d2x−A ∧ da. (5.74)

In the dual gauge theory, the 1-form gauge transformation is

B 7→ B + dλ, a 7→ a+ λ, (5.75)

which does not leave the last term invariant but yields Z3 anomalous phase due to the constraint
3A = dC.

8It is interesting to observe that both hand sides of equality is invariant under U(1) and U(1)[1] symmetries. Thus,
it is understandable that the transformation law of dϕ ∼ Φ under U(1) has nothing to do with that of a and a is
indeed unchanged, and vice versa.
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Chapter 6

Conclusion

In conclusion, we have observed several aspects of ’t Hooft anomalies that appear in condensed
matter literature. First of all, via the anomaly inflow assumption, the ’t Hooft anomalies are regarded
as the boundaries of SPT phases in one more dimension. The ’t Hooft anomalies provide strong
constraints on low energy effective theory. In particular, the trivial gapped symmetric phases are
strictly forbidden on the boundary of SPT phases. Even in the presence of such spectral constraints
required by anomalies, the boundaries can still host symmetric gapped states that is described
by nontrivial TQFT with topological order. By focusing on such gapped boundaries governed
by TQFT, we have seen that the symmetry properties in TQFT are controlled by the data of
symmetry fractionalization of quasiparticle excitations. Some choices of symmetry fractionalization
turn out to be anomalous, which are only realized as the boundaries of SPT phases in one dimension
higher. For reflection in (2+1)d and rotation in (3+1)d, we have provided the indicator formulae
which immediately tell us the presence or absence of anomalies in TQFT, from given input data
of symmetry fractionalization. Some future generalizations would be to examine the generalization
for anomalies based on other point group symmetries. Another possible generalization is to look for
the indicator formula of anomalies in (3+1)D that correspond to ΩSO5 (pt) = Z2. It would also be
interesting to see the generalization for fermionic topological phases.

Next, we have observed intimate relation between Lieb-Schultz-Mattis (LSM) mechanism and
’t Hooft anomalies. Lieb-Schultz-Mattis (LSM) mechanism provides spectral constraint on lattice
systems with both internal and lattice symmetries, reminiscent in anomalous states on boundaries of
SPT phases. Actually, the nontrivial states due to LSM mechanism are equivalent to boundaries of
SPT phases protected by both internal and lattice symmetries. The LSM mechanism is nothing but
anomaly constraints in lattice systems: we have seen that the anomalies manifests itself as mixed
’t Hooft anomaly between (internal version of) lattice and internal symmetries. We have revealed
that pure lattice gauge theories can host the LSM mechanism based on the lattice symmetry and
a 1-form symmetry, which is understood as anomalies involving the 1-form symmetry in continuum
limit. One direction to extend the studies here is to apply our results to the QDM on a bipartite
lattice in higher dimensions, which can be realized, for example, as an effective model of the spin-1/2
anti-ferromagnetic Heisenberg model on a pyrochlore lattice. [79] It would be interesting to look for
the possibility of the deconfined phase enforced by the fractional 1-form filling in such systems, which
is left for future investigation. Finally, in this work we have not considered spatial symmetries other
than simple lattice translation and reflection, so we leave the refinement of our result for additional
crystal symmetries for future work.
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Appendix A

Group cohomology

In this appendix, we briefly summarize basic properties of group cohomology [6, 27] exploited in the
main text.

Let ωn(g1, g2, . . . gn) be a function of Gn which takes the value in an Abelian group M ; ωn :
Gn 7→ M . Any function ωn : Gn 7→ M is called a n-cochain. The space of n-cochains form a group
Cn(G,M), whose group structure is given via group operation in M . In the main text, M is mostly
set as M = U(1). Next, we define coboundary operator d as a map d : Cn(G,M) 7→ Cn+1(G,M)
given by

dωn(g1, . . . , gn+1) = ωn(g2, . . . , gn+1)ωn(g1, . . . , gn)
(−1)n+1 ·

n∏
i=1

ωn(g1, . . . , gi−1, gigi+1, gi+1, . . . , gn+1).

(A.1)

Then, we define the cocycle condition as

dωn = 1. (A.2)

Here, we can check that operating coboundary operator twice becomes null; d2ωn = 1 for any
ωn ∈ Cn(G,M), which allows us to define cohomology algebraic structure. Let us define an n-
cocycle as an n-cochain which satisfies the cocycle condition (A.2). The space of n-cocycles form a
group Zn(G,M),

Zn(G,M) = {ωn|dωn = 1, ωn ∈ Cn(G,M)}. (A.3)

Furthermore, an n-cocycle ωn is called an n-coboundary if it is written as ωn = dωn−1 by some
n− 1-cochain ωn−1 ∈ Cn−1(G,M). The space of n-coboundaries also form a group Bn(G,M),

Bn(G,M) = {ωn|ωn = dωn−1, ωn−1 ∈ Cn−1(G,M)}. (A.4)

The equivalence class of n-cocycles up to n-coboundary forms an n-th cohomology group Hn(G,M),

Hn(G,M) = Zn(G,M)/Bn(G,M). (A.5)
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Appendix B

Ck anomaly in (3+1)d non-abelian
discrete gauge theory

In this appendix, we pose a conjecture on Ck anomaly indicator of (3+1)d for non-abelian discrete
gauge group. We consider (3+1)d untwisted Dijkgraaf-Witten theory, which supports both point-like
and loop-like excitations;

• Point-like excitations

Point-like excitations are electric particles which can be created at the ends of an open line
operator (Wilson line),

WRi(C) := Ri

∏
ij∈C

gij

 , (B.1)

where C is an open line. An electric charge is labeled by an irreducible representation Ri ∈
Rep(G) of gauge group G, with quantum dimension di = dim[Ri].

• Loop-like excitations

A single loop-like excitation can be created at the boundary of an open surface operator. In
(3+1)d gauge theory, a vortex line excitation exists as a loop-like excitation. A vortex line
is characterized by a holonomy measured on a closed loop which rounds a vortex, which is
labeled by a conjugacy class χ of G, since holonomy h ∈ G is mapped h 7→ ghg−1 for some
g ∈ G under gauge transformation. A single vortex line is created by the following operator,

Mχ(S) :=
∑
h∈χ

∏
ij∈S

Bij(h)

 , (B.2)

where S is an open surface on a dual lattice, and Bij is an operator which transforms a link
variable gij 7→ hgij . This operator implements a defect along S, and violates flatness at the
boundary of S. Quantum dimension can be defined as weight of a bubble of a surface operator
dχ := ⟨Mχ(S)⟩, where S is taken as a small sphere. Thus, we have dχ = |χ|, where |χ| is the
number of elements in χ.

We can further think of attaching a charge on a vortex line labeled by χ, defined as an
irreducible representation Repi(Gχ) of Gχ, where Gχ is a centralizer of χ [80–82]. Although
we cannot explicitly write down the operator which creates such loop-like excitation associated
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with charge, we push on heuristic argument based on the conjecture that charged loop-like
excitation is generated by a composite object of Wilson line and surface operator. By including
the effect of charge, the quantum dimension becomes

dχ;i = |χ| · dim[Repi(Gχ)]. (B.3)

For example, let us consider S3 gauge theory. S3 is classified by three conjugacy classes; χ1 =
((1)), χ2 = ((1, 2), (2, 3), (3, 1)), χ3 = ((1, 2, 3), (1, 3, 2)). For each conjugacy class, there are charged
excitations labeled by irreducible representation of Gχ1 = S3, Gχ2 = Z2, Gχ3 = Z3 respectively.
χ1 corresponds to point-like excitations p1 = (χ1, R0(S3)), p2 = (χ1, R1(S3)), p3 = (χ1, R2(S3))
with quantum dimensions d1;0 = 1, d1;1 = 1, d1;2 = 2. χ2, χ3 corresponds to vortex lines, s10 =
(χ1, R0(Z2)), s11 = (χ1, R1(Z2)), s20 = (χ2, R0(Z3)), s21 = (χ2, R1(Z3)), s22 = (χ2, R2(Z3)). Among
them, s10 = (χ1, R0(Z2)) and s20 = (χ2, R0(Z3)) create “pure” vortex lines without charge, which
are generated by (B.3). The rest corresponds to bound states of electric charge and vortex line.
Fusion rules of these excitations are controlled by fusion rule of quantum double D(G) [83, 84] (i.e.,
inherit the fusion rules of anyons in (2+1)d G-gauge theory).

B.1 partition functions

We want to evaluate partition function Z(L(k; 1, 1, 1)) based on (3+1)d G-gauge theory, as we did
for Zk gauge theory in the main text. As exercise, let us first try to compute partition function on
a sphere, Z(S5).

B.1.1 Z(S5)

First, we apply gluing relation by cutting S5 along S4 into two D5s,

Z(S5) =
Z(D5)[ϕ]Z(D5)[ϕ]

Z(S4 ×D1)[ϕ]
. (B.4)

Similarly, by cutting S4 ×D1 along S3 ×D1 into two D5, we have

Z(S4 ×D1) =
Z(D5)[ϕ]Z(D5)[ϕ]

Z(S3 ×D2)[ϕ]
. (B.5)

Combining these relations gives

Z(S5) = Z(S3 ×D2)[ϕ]. (B.6)

S3 ×D2 can be decomposed into two D5s by cutting along S2 ×D2. Now, the boundary condition
on the cut S2 ×D2 is labeled by a surface operator wrapping S2. Since no line operator can round
S2 × D2 nontrivially, these surface operators cannot carry electric charge. Thus, the boundary
condition is characterized by “pure” surface operators without charge, sχ;0 wrapping S2. Therefore,
by the gluing relation

Z(S3 ×D2)[ϕ] =
∑
χ

Z(D5)[sχ;0]Z(D5)[sχ;0]

⟨sχ;0|sχ;0⟩V(S2×D2;ϕ)
. (B.7)

Since the configuration of sχ;0 of Z(D5)[sχ;0] is a bubble in ∂D5, it follows that Z(D5)[sχ;0] =
|χ|Z(D5)[ϕ]. For ⟨sχ;0|sχ;0⟩V(S2×D2;ϕ), we have

⟨sχ;0|sχ;0⟩V(S2×D2;ϕ) = Z(S2 ×D3)[sχ;0 ∪ sχ;0]. (B.8)
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We have two pure surface operators on the boundary. Z(S2 × D3) is evaluated by cutting along
S1 × D3. Now the boundary condition on the cut contains a line operator rounding S1, together
with a tube eχ;0 of surface operator sχ;0 supported on S1 × I (see Fig.3.11). Such configuration of
surface operators attached to a line operator are labeled by (χ,Ri(Gχ)). Thus, the gluing relation
becomes

Z(S2 ×D3)[sχ;0 ∪ sχ;0] =
∑

Ri∈Rep(Gχ)

Z(D5)[sχ;i]Z(D5)[sχ;i]

⟨eχ;i|eχ;i⟩V(S1×D3;(χ;Ri)∪(χ,Ri))

, (B.9)

where eχ;i denotes a tube of surface operator attached to a line operator with irreducible represen-
tation Ri(Gχ). We find by gluing relation that ⟨eχ;i|eχ;i⟩V(S1×D3;(χ;Ri)∪(χ,Ri))

= 1, hence

Z(S2 ×D3)[sχ;0 ∪ sχ;0] =
∑

Ri∈Rep(Gχ)

(|χ| · dim[Ri(Gχ)])
2 · Z(D5)[ϕ]Z(D5)[ϕ]

= |Gχ| · (|χ|Z(D5)[ϕ])2.

(B.10)

Combining (B.10) with (B.7), we obtain

Z(S5) =
∑
χ

1

|Gχ|
=
∑
χ

|χ|
|G|

= 1. (B.11)

Thus, we have Z(S5) = 1, which is required for cobordism invariance of (4+1)d path integral.

B.1.2 Digression: impossibility of “loop only” topological order in (3+1)d

In Ref. [80], it is proposed that (3 + 1)d topological ordered phase whose excitations are all loop-
like excitations cannot exist as a standalone (3+1)d system. In this section, we claim the result
which supports the impossibility of “only loop-like excitation” topological order in Ref. [80], based
on analysis of path integral of SPT phases in (4+1)d bulk. Our computation implies that such
“only loop-like excitation” topological order cannot exist even as a surface state of (4+1)d invertible
topological phases, strengthening the result in Ref. [80].

For odd dimensional invertible topological phases, it is known that the partition function on a
sphere must be fixed to unit; Z(Sd) = 1 when d is odd. [11] 1 Here, we will show that Z(S5) > 1
when the surface topological order in (3+1)d has only loop-like excitations. We note that “loop only”
topological ordered phase supports only 2d surface operator as extended operators, where loop-like
excitations are created by open surface operators. Let us assume we have N surfece operators, and
label surface operators as {sl} for 1 ≤ l ≤ N . Line operators are absent since we have no point-like
excitations. According to (B.6), it follows that Z(S5) = Z(S3 ×D2)[ϕ]. Using gluing relation via
cutting S3 along S2 into two D3s, we obtain

Z(S3 ×D2)[ϕ] =
∑
l

Z(D5)[sl]Z(D5)[sl]

⟨sl|sl⟩V(S2×D2;ϕ)
. (B.12)

For ⟨sl|sl⟩V(S2×D2;ϕ), we have

⟨sl|sl⟩V(S2×D2;ϕ) = Z(S2 ×D3)[sl ∪ sl]. (B.13)

1If d is even, we can add Euler term to shift the value of Z(Sd). In odd dimension, Euler term does not exist and
Z(Sd) is fixed to unit. In any dimension we can have Z(Sd) = 1 by normalization using Euler term, which is required
for cobordism invariance of SPT partition function. See Ref. [11] for detail.
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Then, we use gluing relation by cutting S2 into two D2s along S1. Then, we have

Z(S2 ×D3)[sl ∪ sl] =
Z(D5)[sl]Z(D5)[sl]

⟨el|el⟩V(S1×D3;l∪l)
, (B.14)

where el denotes a tube of surface operator which makes surface operators on boundaries closed.
We remark that the boundary condition is unique on S1 ×D3 due to the absence of line operators.
We use gluing relation by cutting S1 at a point, then we obtain ⟨el|el⟩V(S1×D3;l∪l) = 1. Combining
the above results, we have

Z(S3 ×D2)[ϕ] =
∑
l

Z(D5)[sl]Z(D5)[sl]

Z(D5)[sl]Z(D5)[sl]
=
∑
l

1 = N, (B.15)

where N is a number of surface operators (including a trivial surface operator). Thus, if there exists
a nontrivial surface operator, we have

Z(S5) = Z(S3 ×D2)[ϕ] = N > 1, (B.16)

which implies that the bulk (4+1)d TQFT cannot be an invertible topological phase.

B.1.3 Z(L(k; 1, 1, 1))

Next, we evaluate partition function on the 5d lens space. Using the logic of 3.3.3, we obtain (3.57),

Z(L(k; 1, 1, 1)) = Z(L(k; 1, 1, 1)3)[ϕ]. (B.17)

Next, we do handle decomposition for L(k; 1, 1, 1)3,

Z(L(k; 1, 1, 1)3)[ϕ] =
∑
χ

Z(L(k; 1, 1, 1)2)[sχ;0]Z(D5)[sχ;0]

⟨sχ;0|sχ;0⟩V(S2×D2;ϕ)

=
∑
χ

Z(L(k; 1, 1, 1)2)[sχ;0]

|Gχ| · |χ|Z(D5)[ϕ]

=
1

|G|
∑
χ

Z(L(k; 1, 1, 1)2)[sχ;0]

Z(D5)[ϕ]
,

(B.18)

where we used (B.10). For L(k; 1, 1, 1)2,

Z(L(k; 1, 1, 1)2)[sχ;0] =
∑

Ri∈Repi(Gχ)

Z(L(k; 1, 1, 1)1)[s
(+1)
χ;i ]Z(D5)[sχ;i]

⟨eχ;i|eχ;i⟩V(S1×D3;(χ;Ri)∪(χ,Ri))

=
∑

Ri∈Repi(Gχ)

Z(L(k; 1, 1, 1)1)[s
(+1)
χ;i ] · dχ;i · Z(D5)[ϕ],

(B.19)

where we choose the configuration of surface and line operator of sχ;i in Z(L(k; 1, 1, 1)1)[s
(+1)
χ;i ], such

that these operators link exactly once on the surface of L(k; 1, 1, 1)1, as explained in the main text
(see the step 4 of Section 3.3.3, and Fig.3.12).

Therefore, using the logic in the final step of Section 3.3.3, we have

Z(L(k; 1, 1, 1)1)[s
(+1)
χ;i ] =

∑
χ,i

Θχ;iηχ;i, (B.20)
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where ηχ;i is an eigenvalue of Ck for the state with a single vortex line χ and k charges Ri located in
rotation symmetric manner. Θ denotes a phase by linking between a line and a surface; Θχ;i := Ri(h),
where h ∈ χ and we define Gχ as a centralizer of h. Then, Ri(h) becomes a scalar because of
Schur’s lemma [83]. The sum runs over χ such that Ck(χ) = χ for a vortex line, and Ri such that
Ri, Ck(Ri), . . . , C

k−1
k (Ri) can fuse into vacuum. Finally, we obtain

Z(L(k; 1, 1, 1)) =
1

|G|
∑
χ,i

dχ;iΘχ;iηχ;i. (B.21)
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Appendix C

Partition function on various 4d spaces

In this appendix, we compute partition function on various spaces of 4 dimension required to evaluate
Z(RP4).

• ⟨la|lb⟩V(S1×D2;ϕ) = Z(S1 ×D3)[la ∪ lb] = δa,b.

To see this, we apply gluing relation by cutting S1×D3 along {p}×D3, where p denotes some
point in S1. Gluing relation becomes

Z(S1 ×D3)[la ∪ lb] =
∑

ei∈V(D3;a,b)

Z(D4)[arca ∪ ei ∪ arcb ∪ ei]
⟨ei|ei⟩V(D3;a,b)

. (C.1)

The boundary condition on the cut ei consists of an arc of anyon a connected with arca, arcb
at ∂D3, making the diagram (arca ∪ ei ∪ arcb ∪ ei) a closed loop on S3 = ∂D4. This loop
becomes a bubble of la loop on S3 when we have a = b, otherwise weights zero. Therefore, we
have Z(D4)[arca ∪ ei ∪ arcb ∪ ei] = daδa,bZ(D4)[ϕ]. Moreover, for a = b we have

⟨ei|ei⟩V(D3;a,b) = Z(D4)[la] = daZ(D4)[ϕ]. (C.2)

Therefore,

Z(S1 ×D3)[la ∪ lb] = δa,b. (C.3)

• ⟨ϕ|ϕ⟩V(S2×D1;ϕ) = Z(S2 ×D2)[ϕ] = D2 ·
(
Z(D4)[ϕ]

)2.
To see this, we apply gluing relation by cutting S2 ×D2 into two D4s along S1 ×D2,

Z(D2 × S2)[ϕ] =
Z(D4)[la]Z(D4)[la]

⟨la|la⟩V(S1×D2;ϕ)
, (C.4)

where the boundary condition on the cut S1 ×D2 is labeled by loop of anyon la rounding S1.
We have seen in (C.3) that ⟨la|la⟩V(S1×D2;ϕ) = Z(S1×D3)[la∪ la] = 1. For Z(D4)[la], we have
a bubble of la loop on S3 = ∂D4 weighted by quantum dimension da. Hence, Z(D4)[la] =
daZ(D4)[ϕ]. Therefore,

Z(S2 ×D2)[ϕ] = D2 ·
(
Z(D4)[ϕ]

)2
. (C.5)

• ⟨ϕ|ϕ⟩V(S3) = Z(S3 ×D1)[ϕ] = 1/D2.
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To see this, we apply gluing relation by cutting S3 ×D1 into two D4s along S2 ×D1,

Z(S3 ×D1)[ϕ] =
Z(D4)[ϕ]Z(D4)[ϕ]

⟨ϕ|ϕ⟩V(S2×D1;ϕ)
. (C.6)

Using (C.5) for ⟨ϕ|ϕ⟩V(S2×D1;ϕ) = Z(S2 ×D2)[ϕ], we have

Z(S3 ×D1)[ϕ] =
1

D2
. (C.7)

• Z(D4)[ϕ] = 1/D.

To see this, first we remark that Z(D4)[ϕ] is positive definite since Z(D4)[ϕ] is given by norm
of some state (C.2); Z(D4)[ϕ] > 0. Then, let us compute Z(S4), for which we must have
|Z(S4)| = 1. Z(S4) is evaluated by applying gluing formula by cutting S4 along S3,

Z(S4) =
Z(D4)[ϕ]Z(D4)[ϕ]

⟨ϕ|ϕ⟩V(S3)
. (C.8)

Using (C.7) for ⟨ϕ|ϕ⟩V(S3) = Z(S3 ×D1)[ϕ], we have

Z(S4) = D2
(
Z(D4)[ϕ]

)2
. (C.9)

In order for |Z(S4)| = 1 with positive Z(D4)[ϕ], we must choose Z(D4)[ϕ] = 1/D.
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Appendix D

1-form LSM theorem is available in the
quantum dimer model

Here, we give a simple proof that the result of LSM constraint is applicable for (5.52), even if we
take the limit K → ∞ before taking the thermodynamic limit. We check this by seeing if |ψ0⟩ is a
ground state of the gauge theory (5.52), the state U12 |ψ0⟩ also lies in the low energy sector whose
energy splitting from |ψ0⟩ is independent of K and bounded by O(1/L1). Here, the operator U12 is
a generator of large gauge transformation, which is defined as

U12 ≡ exp

(
2πi

L1

L1−1∑
x1=0

x1Eα(x1, 0)

)
. (D.1)

This statement can be proven in the same manner as the original proof of the LSM theorem (for one
dimensional spin system) by Lieb, Schultz and Mattis [50]. We evaluate the difference of the energy
expectation values for |ψ0⟩ and U12 |ψ0⟩ as

δE[K] = ⟨ψ0|
(
U †
12Heff [K]U12 −Heff [K]

)
|ψ0⟩

≤ ⟨ψ0|
(
U †
12Heff [K]U12 −Heff [K]

)
|ψ0⟩+ ⟨ψ0|

(
U12Heff [K]U †

12 −Heff [K]
)
|ψ0⟩

= 8v

(
cos

(
2π

L1

)
− 1

)
⟨ψ0|

∑
{ }
x2=0

cos[rotA]

 |ψ0⟩

≤ 8v · 1
2

(
2π

L1

)2

· L1 =
16π2v

L1
,

(D.2)

where we simply added the term ⟨ψ0|
(
U12Heff [K]U †

12 −Heff [K]
)
|ψ0⟩ in the second line, which is

non-negative due to the variational principle. Using the similar logic, we find that the variational
energy of Un12 |ψ0⟩ is bounded by 16π2vn/L1. With help of the commutation relation between the
momentum in x1 direction like (5.31), we find at least q mutually orthogonal ground states with
distinct momentum when the filling ν ≡ Q2/L1 = p/q. Here the upper bound of energy splitting
16π2vq/L1 is independent of K, therefore

lim
L1,L2→∞

lim
K→∞

δE[K] ≤ lim
L1,L2→∞

lim
K→∞

16π2vq

L1
= 0, (D.3)

which assures the availability of LSM theorem after taking the limit K → ∞.
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Appendix E

LSM theorem for n-form symmetry

In this appendix, we discuss the generalized version of the LSMOH theorem based n-form symmetry.
It is straightforward to generalize the logic introduced in Section 5.3 to n-form U(1) symmetry.

E.1 n-form U(1) symmetry in the continuum

Consider a theory written in terms of a n-form U(1) field h, and assume that the action S[h] consists
only of dh. The theory is invariant under the shift of h by a flat field

h(x) 7→ h(x) + ω(x), dω = 0. (E.1)

Gauge equivalence classes of flat n-form U(1) field are classified by the cohomology group

[ω] ∈ Hn(X;R/2πZ). (E.2)

Then we see that the theory has a global n-form U(1) symmetry

h(x) 7→ h(x) + θλ(x), θ ∈ R/2πZ, (E.3)

and [λ] ∈ Hn(X;Z).
Objects charged under the n-form U(1) symmetry (E.3) are operators defined on n-dimensional

surfaces,

V (C) = exp

[
i

∫
C
h

]
, C ∈ Zn(X), (E.4)

which measures a kind of holonomy along C. The n-form symmetry transformation is implemented
by an operator Uθ(M (d−n)) supported on (d− n)-dimensional manifold M (d−n). We have the equal
time commutation relation as

Uθ(M
(d−n))V (C) = eiθ(C,M

(d−n)) · V (C)Uθ(M
(d−n)) at equal time, (E.5)

where (C,M (d−n)) is the intersection number.
Gauging n-form U(1) symmetry means introducing the flat (n+ 1)-form background U(1) field

c(x), dc = 0, and introduce the gauge equivalence relation

h(x) 7→ h(x) + θ(x)λ(x)

c(x) 7→ c(x)− d(θ(x)λ(x)) = c(x)− dθ(x) ∧ λ(x),
(E.6)
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so that the covariant derivative

Dch := dh+ c (E.7)

is invariant. The gauge equivalence classes of c(x) are determined by a kind of holonomy∫
C
c ∈ R/2πZ, C ∈ Zn+1(X). (E.8)

i.e.,

[c] ∈ Hn+1(X;R/2πZ). (E.9)

E.2 LSM theorem with n-form symmetry

We formulate the above theory on the periodic lattice, whose vertices are labeled as (x1, x2, . . . , xd) ∈
Z/L1Z×Z/L2Z×· · ·×Z/LdZ, and repeat the same logic as Section 5.3 to derive LSM-type theorem
for higher form symmetry. In this case, n-form U(1) field h is assigned on each n-dimensional
hypercube. The theory is invariant under the global U(1) transformation

h 7→ h+ θλ (E.10)

where θ ∈ R/2πZ is a constant, dλ = 0 and∑
γn∈C

λγn ∈ Z, C ∈ Zn(X), (E.11)

where γn is a label of n-dimensional hypercube. The theory is also invariant under the translation Tl
about one unit cell along l-th direction, and assume that neither U(1) nor the translation symmetry
is broken.

Then we gauge the U(1) symmetry (E.10) by coupling with a background flat (n+1)-form gauge
field c defined on (n+ 1)-dimensional hypercube. Consider the field configuration that corresponds
to adiabatic insertion 

clm1...mn = 0 t < 0,

clm1...mn(x; t) =
∏n
i=1 δ(xmi) · 2πt/LlT 0 ≤ t < T,

clm1...mn(x; t) =
∏n
i=1 δ(xmi) · 2π/Ll T ≤ t,

(E.12)

and the other components of c are 0.
For the configuration (E.12), the holonomy of c along (n+1)-dimensional xlxm1 . . . xmn-hyperplane

grows gradually from 0 to 2π as time proceeds:∑
γn+1∈C

cγn+1 =
2πt

T
0 ≤ t < T, (E.13)

where γn+1 is a label of (n+ 1)-dimensional hypercube, and C is some xlxm1 . . . xmn-hyperplane.
Suppose that the Hamiltonian at t = 0 (written as H0) has finite excitation gap above the ground

state, and that the gap does not close during the process of adiabatic flux insertion. At t = 0, the
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ground state |ψ0⟩ is chosen (when the ground state are degenerate) so that it is an eigenstate of Tl
and a U(1) symmetry transformation operator Qm1...mn :

Tl |ψ0⟩ = eipl |ψ0⟩ ,

Qm1...mn |ψ0⟩ = ν
∏

k ̸=m1...mn

Lk |ψ0⟩ , (E.14)

where Qm1...mn is a U(1) charge operator associated with (d − n)-dimensional hyperplane charac-
terized as xm1 = · · · = xmn = 0, and ν denotes the U(1) charge per unit cell. When the holonomy
(E.13) along C reaches the unit flux quantum 2π at t = T , the original ground state evolves into
some ground state |ψ′

0⟩ of the Hamiltonian at t = T (written as H ′
0), that satisfies Tl |ψ′

0⟩ = eipl |ψ′
0⟩.

And the configuration of the flat background U(1) gauge field (E.12) at t = T with the holonomy
2π, is gauge equivalent to that of t = 0, by the following gauge transformation

hm1...mn(x) 7→ hm1...mn(x)−
n∏
i=1

δ(xmi) · 2πxl/Ll,

clm1...mn(x) 7→ clm1...mn(x)−
n∏
i=1

δ(xmi) · 2π/Ll.
(E.15)

We write the symmetry operator corresponding to the above gauge transformation as Ulm1...mn .
Then, Ulm1...mn |ψ′

0⟩ is also a ground state of H0, and there is the following commutation relation
between Ulm1...mn and Tl

Ulm1...mnTlU
†
lm1...mn

= Tl exp
[
−2πi

Ll
Qm1...mn

]
. (E.16)

Now we obtain the action of Tl on Ulm1...mn |ψ′
0⟩ using the commutation relation (E.16)

TlUlm1...mn |ψ′
0⟩ = eipl exp

[
2πi

Ll
Qm1...mn

]
· Ulm1...mn |ψ′

0⟩

= exp

ipl + 2πiν
∏

k ̸=l,m1,...,mn

Lk

 · Ulm1...mn |ψ′
0⟩ .

(E.17)

Thus, if we have ν = p/q, with Ll integer multiple of q and
∏
k ̸=l,m1,...,mn

Lk mutually prime with
q, the momentum of Ulm1...mn |ψ′

0⟩ is written as pl + 2πr/q, using some integer r mutually prime
with q. Therefore, we obtain at least q mutually orthogonal ground states |ψ0⟩ , |ψ1⟩ , . . . , |ψq−1⟩
with different momentum, such that

|ψk+1⟩ = Ulm1...mn |ψ′
k⟩ , Tl |ψk⟩ = exp

[
i

(
pl +

2πkr

q

)]
|ψk⟩ . (E.18)

Then, we have proven that

Theorem E.2.1 (LSM theorem for n-form symmetry)
Consider a quantum many-body system defined on a d-dimensional periodic lattice, in the presence

of a global n-form U(1) symmetry and a translation symmetry about the l-th primitive lattice vector,
and assume that both symmetries are not broken. Then, if the U(1) charge (measured on a (d− n)-
dimensional hyperplane characterized as xm1 = · · · = xmn = 0 for m1, . . . ,mn ̸= l) per unit cell
ν = p/q at the ground state, only two possibilities are possible for the low energy spectrum:

1. The system is gapped, and the ground states are at least q-fold degenerate, or

2. The system is gapless.
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