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(11dim.) M-theory is “defined” by

Non-perturbative (10 dim.) lIA string theory

More precisely,

M-theory on §' = type IIA string

radius of §' ~ siring coupling constant



It wass claimed:
“All string theories are unified”

Type | SO(32)

Hetero E8s x Es8

Hetero SO(32) Type 1IB

Any string theory = a compactification of M-theory

Various string dualities are manifest in M-theory



M-theory is described by

11d supergravity in a low energy limit



Fields in 11d sugra
are
and metric only.

(except gravitino)

3-forms C,,,

Only M2-branes and M5-branes
are (charged) branes

Here, M2-brane is (2+1)d object
and M5-brane is (5+1)d objecit.



Let us concenirate on M2-brane, which
has been significantly understood recently.

The low energy effective theory on M2-branes
is given by
AB JM aharony-Bergman-afferis-Maldacena) ’rheory,
which is just a (2+1)d Chern-Simons-matter theory
after the important works by
Basu-Harvey
and Bagger-Lambert (and Gustavsson).



M5-branes may be more interesting,
but, mysterious.

Nevertheless, we expect that
M2-branes know M5-branes.

Why?



Now, remember that
in type llA string theory,
D2-branes know D4-branes.

D2-branes (no boundary)

0O .1 Yang-Mills theory describes the D2-branes
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ADHM(N) construction

Monopole equation Nahm equation
1 T JK

D4-bra% D2-branes (terminated at D4-branes)

333?3347@:’ //

T, This is a soliton solution in YM theory

Z‘Q(E S) 9




lIA string : D2-brane

M-theory (on §') : M2-brane

D4-brane

M5-brane
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We expect that

the M2-branes know the M5-branes.

M2-branes (no boundary)

R

0 .1 ABJM theory describes these M2-branes
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We expect that

the M2-branes know the M5-branes.

M5-bran% M2-branes (terminated at M5-branes)

3337334,3357336 //

Tr,x This is a soliton solution in ABJM theory

LEQ(E S) 12




this M5-brane-M2-brane bound state is

In ABJM theory,
BPS equations for

dY!

dY?
da?

2T
Lk

2T

k

Y2V, v — vy, v?),

Y'V'Y? - vy,
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In ABJM theory,
BPS equations for
this M5-brane-M2-brane bound state is

dY' 2r

0 = —— + (Y - YY),
dY? 2m
0 = — +T(Y1YJY2—Y2YI'Y1),

Cubic interaction, not quadratic,
not commutator like Nahm eq, ADHM, instanton,,,
new type of soliton equation!
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Thus,
the solutions of these BPS eq.
should represent the M5-branes.
Those will be important!

(for example, in order to try to find
a Nahm-like transformation to
the BPS solutions in the M5-brane action).

However,

only a few solutions had been known.
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M5-brane

333, ;1:'4, z°, z°

We found all solutions
for two M2-branes:

s
-

2 M2-branes

e
-
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The KEY facts:

The BPS equations

dYl 2n

0 = —+ (Y - YIY?),
dYy? 2r . o
0 = —5 + (I =y,

equivalent!

Lax equation A = [A, B] for Lax pair

| O Y1+ AY?
A(s; A) = ( VI \—ly2t O ) '
/\—1}/’1}7‘21 4 /\},TQY'H O
B(S?/\) — ( O AYHY2 L \-ly2ryl )
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Using this integrable structure
rather tricky,

we find all solutions for two M2-branes.

This could be a step toward
understanding M5-branes

| will talk about this.
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Plan

e Introduction

e D2-D4 and Nahm eqution

« ABJM theory and the BPS equations
* The Lax pair

* The solutions for two M2-branes
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D2-D4 and Nahm equation

20



N D2-branes in lIA string

D2-branes (no boundary)

SU(N) YM theory describes these D2-branes

£z 21



|

D2-brane effective action (3 dim. field theory)
is super Yang-Mills theory with maximal SUSY

[/ scalars = location of D2-brane in 10d spacetime
16 SUSY and SO(7) global symmetry

Not conformal

We will consider N D2-branes, which means SU(N) gauge

22



Fields in SU(N) SYM action:

7 real scalars (/=1,2,3,4,5,6,7) TI
adjoint rep. of U(N)

location of D2-branes

4 (2+1)d Dirac spinors A
adjoint rep. of U(N) wﬂ ’ w T

(2+1)d U(N) gauge fields Ay,
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D2-D4-brane bound state in super YM

—

T = T (z?)
T? = T?%(2?)

We assume - T3 = T3(22)
TH=T°=T°=T"=0
A, =0

Tl,T2,T3

D4-branes/‘ D2-branes
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Then,
2 BPS equations for D2-D5 bound stare 1s Nahm eq.

L JpK A dT!
1 —ZGIJKT 1 where T = ds

Yt y?

D4-branes/‘ D2-branes

oo , there will be D4-brane at ° = ¢ N

e
=t
~
~
—~
O
N—"
|



If T!(c) = oo , there will be D4-brane at ? = c

Actually, any solution will becomes
the following basic solution near the D4-branes:

T! ~ SR

where
R is N dim. representation of SU(2) (N x N matrices)

This correspond to the fuzzy 2 sphere
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The ABJM theory and
the BPS equations
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A

M2-brane effective action (3 dim. field theory)
should have

8 scalars = location of M2-brane in 11d spacetime
16 SUSY and SO(8) global symmetry

Conformal symmetry (— not Yang-Mills theory)

28



Fields in ABJM action:

4 complex scalars (4=1,2,3,4) YA' YT
bi-fundamental rep. of U(N) x U(N) A

location of M2-branes

4 (2+1)d Dirac spinors A
bi-fundamental rep. of U(N) x U(N) wﬂ ’ w T

(2+1)d U(N) x U(N) gauge fields A, | A "
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ABJM action
1S
U(N) x U(N) Chern-Simons-matter theory
which has

12 SUSY (N=6)
7 SU@4) x U(1) global symmetry
Conformal symmetry

—

~——

This action describes N M2-branes on C*/Z,

YA N eQﬂ'i/kyA
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s=[d [—EW’\TI (A“Q,A,\Jr

%05 —

’:l"
V ferm —

ABJM action:

3
_T’I‘D;LYATDMYA — il @ATA/;MD;L@A - Vbos - ‘/ferm}

21 A A 20 ~ A~ A
_ZA[LAVAA - ApiaI/AA - ngp‘,AVAA)

A2

——Tr (YAYQYBYQYC*YQ FYIVAYLY YLy ©

3|2
HAY VR Y IVEYE - 6y Y Y PY YOV

e A | . .
——Tr (};{y AYpBlyg — wBYYAY Lg — 2V IV ByAtyg + 20BTYAY Ry

e 4BC‘D}H

W }CL D — EﬁlBCD} 4?-"?»‘BT};C'I;:}DT) :
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M2-M5-brane bound state in ABJM

’leyl(mﬂ)

Y2:Y2<ZE2)
We assume - 9 4

Y =YY" =0

A, =A, =0

Yyl y?

M5-brane/‘ M2-branes

32



Then,
2 BPS equations for M2-M5 bound stare is given by

ye = ybybiye _ yaybiyb

ay
a = 1,2
— )

where ¥V =

Yt y?

M5-brane/‘ M2-branes

If Y%(c) = oo, there will be M5-brane at ¥ = c
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If Y%¢c) = 0o, there will be M5-brane at 72

Actually, any solution will becomes
the following basic solution near the M5-branes:

Y a S a

where S are constant N x N matrices satisfying
Sl _ 8282"[81 o Sl 82"(82
S? = §lgtigs — g2gtigl

— C
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This can be solved by digonalizing S'
by U(N) x U(N) gauge symmetry

(Sl)?] — 5?]—1\/; (SQ)U — 55; V N —1 (2] — 1 T j\r)

/0@\?-1 \ /01 \
0 a
\ y \ ey

This should represent an Fuzzy 3-sphere
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k

A2
Because 7 1
T ((S*)1S,) =N —1

—

radius of 3-sphere 1s r ~ \/ kN/(4ma?)

S

The action 1s evaluated as

| ‘ K
3 ... i\ a 3 . " a a\T
S ~ —Q/d v TrD,YIDrY e ~ —Q/d Lz,m_(mg)ng(S (5)")

d27

)
~ — f A2 da\drr 7

Correct tension of M5-brane!
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k

A a2

M5-brane at x2=0
M2-branes

S (L

The basic solution Y =

S
il

S

Adding to this, there are some few solutions had been known
37



Translational symmetry

If T'is a solution of the Nahm equation 7" —= ¢ 77 KTJ 7R

then, TI + const.1 1salso a solution.

But, even 1f Y 1s a solution of the BPS equation

Yo =Ylybiye — yeybiy?
Y% + const.1 is NOT necessary a solution.

Actually, translational symmetry is broken by the orbifolding.
This is an origin of additional difficulty to solve the equation. .,



3-bracket

Bagger and Lambert showed that
ABJM action also has Lie 3-algebra structure defined by

~ ~ ~ ~ o~ o~ ~ o~ o~ _ 0 }TA
[YA7 Y, YC} = YAYBYe — YoYpYa Yi= ( YI:{ 0 )

Structure constant: fb¢d

which satisfy (i) and (ii)
)

(i) fundamental identities

< fefgdfabcg _ fefafgfbcgd 1 fefbgfcczgd 1 fefcgf&bgd'

(i) NOT total anti-symmetric

abed [abed]
N f é\f

The BPS eqution is written as d%f/A = [Y/B, }73, }N/A]
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The Lax pair

40



Lax pair for Nahm equation
TI — ’iE[JKTJTK
equivalent!
The Lax equation 4 = A, B]
A =T34 2(T" —iT?) — L(T" 4 iT?)
B = 5(T" —iT?) + & (T +iT?)
A 1s a arbitrary constant parameter
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Because of A — {A B}

Tr A™ are “conserved charge”

These are summarized to
the spectral curve P(u, A) =0
defined by

P = det(nlN — A)
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We also itroduce a star-conjugate:

43



Now, we will consider the so-called
linear problem:

44



We define an N x N matrix and an N x N matrix:

U = (Y1,%2,....9N)
D = diag(ni,m2,....0N)

Then, the linear problems are written as:

AV =v D BY =-Yy

45



We have assumed there are N linearly
independent solutions for A = ny

Then, we can reconstruct A(s;A) from ¥(s;A) and D.
Indeed, we find

A(s; N) =W (s; N)C (NP (s5 M)

C := DN
N =9y
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The Lax pair for ABJM

47



Let us consider the BPS equations:

ye = ybybiyae _ yaybiyb
(a = 1,2)

The symmetry of the BPS equations 1s

Y 5 Y = A UY VT

U,V € SUN), (A%)cSU(2), €% ecU(1)
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ye = ybybtyae _ yaybty?t
equivalent!

The Lax equation A — A, B]

O Y4+ \Y?
A(S;)\) — ( YIT _ )\—1Y2T O ) )
AIYLY 2T 4\ Y2y O
Bls:A) = O AYHY?2 4 )31y 2ty

A 1s a arbitrary constant parameter
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Because of A = {A B}

Tr A" are “conserved charge”

These are summarized to
the spectral curve P(i, \) =0
defined by

P = det(nloy — A)
— det [7)21N — (Y1 + )\YQ) (YlT — /\_1Y2T)}
= det [*1y — (YT = A7V (Y +AY?)]
9

=1
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We introduce a “chirality” matrix

1y 0
r.(o _1N)

Then, we find

{A T} =0, B, T =0
~ O
A(s; A) = ( Vit _ \—1ly2f
- o
B = )\a)\A

Y4+ \Y?
O

)
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We also itroduce a star-conjugate:

52



Now, we will consider the so-called
linear problem:

<
u(‘.o
>
=
N
w
>
|
Ly
N
>
<
N
w
>

If ) is an eigen vector with eigen value 71

then I'y is an eigen vector with eigen value —n

53



Then, we will take

UNtm = 1'n, NIN+m = —Thn; m=1,...,N

We define an N x 2N matrix and an 2N x 2N matrix:
Vo= (Y1,...,%nN) = (W1, ..., 0N, TY1, ..., TYN),

D := diag(m,...,mon) = diag(m1, - - s N, =15+ - -, —1N)

Then, the linear problems are written as:

AV =¥ D  BY = -y
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We have assumed there are 2N linearly
independent solutions for Ay = ny

Then, we can reconstruct A(s;A) from ¥(s;A) and D.
Indeed, we find

A(s; N) =W (s; N)C (NP (s5 M)

C := DN
N =9y
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The relation to two Nahm equations

T = (o)) YY"
Each of these 3 matrices T

T, = (6")uY 'Y

satisfy the Nahm equation TI — €77 KTJTK

(We do not know why two Nahm eq. appears.)
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Nahm equation T —= je 17 d Tk

also has a Lax representation

_ Ay =T3 + . (T; _ @Tg) 1 (TO{ + z‘Tj)
A, = |Aa, B 2 2
@ @A Al Lo g
Ba = E (Ta — ZTQ) —+ ﬁ (Ta -+ lTa) .

relation to Lax pair for the BPS equations in ABJM?
Indeed, a sitmple relation:

Ay 0 By 0
2 _ 1 _ 1
w=(vn) 2= (0 8)

similar to “Dirac equation”!

57



These relations means
P = det(,ulN — Al) — th([L].N — Ag)

The linear problems for the Nahm equations:

AV, =V, M
BV, = -V,
M = diag(p, - - -, in)
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Now consider the original BPS eq. in ABJM
and the linear problem AV = ¥ D

1 /v, W
If we express v = — : ! )
P \/§ ( vy ¥

v, U, are the eigenvectors of A
for the corresponding Nahm equations

H O .
D(O _H>j H = diag(n,...,nn)

H? =M

59



Next, we assume
eigenvectors for Nahm data are given:

Ui, Wy, M

H O .
D(O _H), H = diag(n, ..., nn)
H* =M
A candidate for ¥ should be

gpzi(% V) )
\/§ sz _Lpz 60



For this W, we can reconstruct A as

4 O U HNG W5
—\ B HN U O

o o O Y4+ AY?
Compq"ng W“h A(s;A) = ( Yyt _ \-ly2t +O )
2

0 g
Cond.1 W [L_DlHNQ 1@2} — ()

Cond.2 HNl :NQH A* = A

With these conditions, this A gives
the solutions of the BPS equations! N



The solutions for two M2-branes
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General solutions of the Nahm equations
for N=2 case (with an M5-brane)

1 2

C C

. a : c g ¢
TO{ = — +t112,~. Té = — + 15
sinh(x — x,) 2 sinh(x — x,) 2
3
.. c o .
T3 = + 31,5,
“  tanh(z —x,) 2 ’
T = CS, c >0
X1 = U, Lo = —l, [ > 0
2 D2-
D4-brane at * = 7, branes

Xr T
gj:cs/ 63



For this, the Lax pair is written as

1 1

_ —p _ p
A, = (tanhx 2:6&> M (tanhaj 237a>

= ()
N D WDt 1(0 )\1>

1 TN W W

—

J P

A 1
£y = 15 4+ Z(t —it?) — —(t' + 4t?
B Tt —ith) = o (B +it”)

1

L —p
Wa — (tanhx 2;6&) Da

D;Da — ]-2 o4




We can compute the candidate of A as

1

. r—x1\ " iy T — To \"
W HNS WS = ( tanh > D, M2 Ds ( tanh >

(ANCZE 1 e*/?  FATle /2
(tanh —) = ' _, _,
2 Vv2sinhz \ Fe /2 e%/2

Then, we require the conditions 1,2

82 —1yrx
e U HN, 'S =0
A=A

1
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Finally, we find general solution for N=2

. C sinh(x + 1) cos 2e’  sinhlsin g
y'=,/ - ¢
2 sinh [ sinh z sinh(z + 1) 0 sinh x cos ge“‘"’

2 C sinh z sin 5 0
2sinh Isinh z sinh(z +- 1) \ sinh{ cos ge‘f‘” sinh(x -+ [) sin g

M5-brane at X=M 2 M2-branes

Only consider = > 0

I — CS 66



. c sinh(x + 1) cos 2e*®  sinhlsin &
vl 2 2
2 sinh [ sinh 2 sinh(x + 1) 0 sinh x cos g i
V2 c sinh z sin g 0
— 2sinh Isinh z sinh(z +1) \ sinh{cos g 1% sinh(x + 1) sin g

x — 0 Y% — basic solution

- C 0
Yl - qu d l/2 1
— S sinh ] COS iag(e )

0
- SlIl— diag(1, e'/?)

xr — OO

Y2
— - 2 sinh [

M5-brane at x=0 2 M2-branes

-




We can rewrite the solution as

| 1 6 6 6 v
Yy = 5 (h smza — fgsmzw -+ fgt Cosza — foe Cos§1g>
; 1 6 6 6 6
ng(hc Cosza —fgc Coszw —](3511150 —f05111§12)
. csinh [ _ cosh(z +1/2) ~ sinh(z+1/2)
fi=1= \/2 sinh x sinh(z + () fa = cosh(l/2) fo o= sinh(//2) h
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We can show that

. 1 0 0 0 0

Yyl = > (flsmzo* + fgsmzm + fze™? cosza * — foe’ coszlg)
; 1 0 0 . . 0 . 0

Y2 = E (flcmcosz o' — foe'? cos 5'202 — f3 511'150'3 — 1o sin§ 12>

with
qu — fj fk fl where €*! £ ()

are the solutions of the BPS equations.

f7 — f& are constants

It reduces to a first-order differential equation,
and can be solved by elliptic integral.



M5-brane

23 2t 2 20

These include
all solutions for two M2-branes:

s
-

2 M2-branes

e
-

represented by Elliptic functions

70



fi=

where -

explicit form 1

Vit (us) \| 201 Y (us + w)¥ (U — u)

D1 (u) \/ w01 ()05 () 05(w.) 04 (u.)

Vi(u) == 0;(u, 7) are Jacobi theta functions

S — S0

2&)1

1 .
so € R, 0 <uy < 2’ w1 € Ry, T € 1Ry

4 parameters

They diverges at u = du,

71



explicit form 2

) ) ] 1/2 _
1(54)2(54) 3(54) pr(s — so) 5
f():( : : . fI:' f ]:1‘_2,3)
o5 — 50) — 9(52) or(e) 1 ¢ )
[ S, = 2W1 Uy, 0 < 5, < Wy

fIQ B foz _ 7”9%+1 Vg1 () Pk 1 (us)
where — 2w V1 ()41 ()
0 (8:) 9K (54)
Or(ss)
= a% (CL] > 0),
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explicit form 3

(3 ST
- — fi=
J VvsnZ xz, —sn?x
(o SN T, dn @
f2 — - f 3

Vvsn?z, —sn2zx

a1 SN Ty CII T

Vsn?x, —sn?a
a3 SN T,

Vsn2zx, —sn?zx

where .- c(s — so), ¢ =asy/a? — a2, sng, = 4/1——



Corresponding Nahm data:

ol ny
1, = o1 (s —54) o U 7 (a..f — a5 — u..K) 15
where 51 = S0 — Sx, S9 = S T Sx
or
D cn x N dn x N 1
p1(5) =c p2(8) =c——,  @3(8) =c
SN @& SN S
r = CS

Two monopoles shifted in s direction.
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Conclusion

New BPS equation for M5-branes in ABJM
Lax representation

Dirac equation like structure

New solutions

All solutions for 2 M2-branes
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Future works

Little research has been done so far, so
there remains much to be donel

3-algebra structure
Moduli space metric, etc

reduction to Toda chain

76



Fin.
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