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Ux): R’ SUQ), with U=1 as |x| = .
Tapatogwat charge PBe/Z = ,(SU(2))

|
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Ri=@UU™" €8u(2), i=123. baryon density
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k- — Tr=- R [Ny el x > B
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Baryoin number B — J Eir IT(R; Ry R;) d>x.
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fr) 8 a F?T’O-fii.é ﬂf%h&ﬁ@h wibthh f(0) = 7, f(co) = 0.
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Numerical minimization qgives E =1.232




B=1 PT'C)“F "f MM&& LOWN

— rational
—— Atiyah-Manton
— numerical




Productk ansakz
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only works for well-separated Skyrmions
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Rakilonal map ap Foroximaﬁ LOWN
Houghton+Manton+Sutcliffe (1997)

Rewrite the hedgehoq ansatz using spheﬂc&t
t,mtm* and Riemanin s[ph@.w_ coordinates.

x = (rsinf@cos ¢, rsin@sin g, rcosd), z=e'’tan(d/2).

- ( i f(r) V' | W|° W )
d 1+ | W[ oW W|* =1

W=z is a deqree 1 ratiownal map W(z) : CcP! » CP!.




<ational map ap Foroximaﬁ Lo

Take a degree B rational wmap W) : CP — CP,
C¥0+C¥1Z+...+aBzB
fo+ P12 vt et P’

] 4 df : df ; | sin* f
L= 3_7TJ0 (rz(a) +2B(1 + (E) )sm2f+1 r2 )dr,

)4 2idzd?
(1+121°)

W(z) =




<ational map ap Foroximaﬁ Lo

Maps that minimize I for B=1,2,3,4 are
3 - 4 . 2
27—\ 31z z + 2\/3Biz-+ 1
i B v T
V3iz2 - 1 2t — 24 30z2 + 1

o

9. B=2, humerical E =2.358, agoprax&maﬁom E =2.416,
error ~ 2.5%




Yang-Mills thstantons

SUQ2) Yang-Mills in R,

A, €dul) - Fo =04 ~WA FIA A LEee 10 34,

1

1
g8 4
Eyn = . J'Tr( k) @ e _

4
2y JTr( ool alicn) 4 X .

“wnstankon number

1

Eyy =N, for self-dual fields, F, = g

SN—-dimensional moduli space of charge N instantons.



ADHM cownstruction cwf nstantons

ADHM = A%avaw—brm{Lc&+Ha%¢ham+Mamam (197%)

ADHM data: )
x Symmetbric NxN
 makrix of quaﬁermmms

with MM a real non-singular NxN makrix,

T

where ' s qua&ew\&omm CQMJMS&EQ Eramsposm



ADHM cownstruction cwf nstantons
e CGriven the ADHM data, form the operator

g & L
(X, x4) s OV L (le " p ]xz g kx3 T x41

L j,i are the qua&ermov\s NN ;@_m&&v wakrix

Solve Y(xr,x)'Ax,x) =0, P, x) WPk, x) =1,
where Y(x,x,) is ann N+1 campamev\% columin vector.

A, =P, x)'0,¥(x,x,), is a pure quaterhion.



A&vakmMamﬁom approxima&uv\
Atiyah+manton (19%9)
Swvrmmms N kotamomv tskankons

Ux) = Q(x, ), where Q(x,x,) is the solution of
0,82(x, xy) = Q(x,x44(x,x4), wibthh Q(x, —0) = 1.

gauge potential nf a charge N instantown

This gives a Skyrme fleld with B=N.



B=1, AﬁivahmMammv\ approxima%mm

Taking an N=1 instanton with size 4
gives a hedqgehoq Skyrmion with a eroﬂfﬁte function

&
f<'”>=”(“—\m—+rz)-

For 1= 145, the energy 18 E=1.243
Cc;)m[mr&s»\g) wikthh the Erue value E=1232, error<1%.
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A%LvahmMambm approxima&om

ka does b work?
Consider approxima&ma ai unskanton wikh a Sl«f’vrmﬁom

1
In the gqauqge A, =0, set A =-— E(aiU)U‘l(l + tanh(x,)) .

This qives N=B and Eyy=F and E,, >N = E>B.

This is the leading term in an expansion in x,.
More terms gives a Skyrme model with vector mesons.

Yang-Mills = Skyrme + o tower of vector mesons.



Aﬁvah
s

- Mankton approx&ma&um
O ‘%

The tnstanton moduli spaces induce spaces of
Skyrmiohs that include qood apprax&maﬁmms to
all lnown minimal energy Skyrmions, and allow
these to be sepm*c&ed ko individual Skyrmions,

e The ODE 0,Q(x, x,) = Q(x, x,)A4(x, x;)
can ohly be solved explicitly for a spherically
symmetric Skyrmion and must be computed
numwerically th all other cases,




ADHM construction of Skyrmions

Harland+Sutcliffe (2023)
ADHM data = rakional approx&maﬁmms to Skyrmions
aZLSZ(X?’ X4) = Q(xa X4)A4(x, X4), SQ% A4 — \P(x, X4)Ta4‘{’(x, X4),
0,Q2(x, x,) = Q(x, x,)P(x,x,)70,P(x, x,) .

Discretize this equation bv replacing x, €l b:j a lattice
—0 =1 <[l <...<t,=00, with forward difference approximations

Qx,1;,1) — Qx, 1) = Qx, )P (x, 1) (P(x, 1) — P(x, 1))
and as ¥ has unit length  Q(x, 7, ) = Q(x, )P (x, 1,)"P(x, 1., ;)




ADHM consbruction of Skyrmions

As Qx,5) =1 the soluktiown is
Q(x, 00) = L2x. 1) = Elx, tl)“P(x, )W (x, tz)“P(x, ta) AW (X, tp_l)“{’(x,t )

Also, Y, 1) =Yk, 1) =¢ =(1,0,.,0), hence
Q(x, c0) = e/ P(x, 1) P(x, 1) " P(x, 1) ... W(x,1,_) ey .

Now, Yx,x)¥Px,x,) =0, x,) is the Praje&&ar onko the kernel oﬁf A(x, x,),

—1
OX, x) = 1, 1 A(x,x4)(A(x,x4)TA(x,x4)) Ax, x,)T,

Q(x, c0) = €/ 0(x, ) 0(x, 1) ... Q(x,1,_)e, .



ADHM consbruction of Skyrmions

Crazy idea: use Qmi.v 3 interior lattice Fom&s, by, 13, 1 = —1,0,u

e O(x, —u)Q(x,0)0(x, u)e,
el Q(x, —)0x,0)0(x, e, |

Looks alqebraic but in fact all examples will be rakional.

Ulx) =

ADHM data has an axial symmelry i the (y,x)-plane

= ¢/ (0x,000(x, u) — O(x, —)Qx.,0))e; =0

—> U(x) is rabtional in the Cartesian coordinates.



=1 rakional Sw’vrmmm

M = (g) A is the size of the nstanton

At A Pt = AR 2iA%u(rt + A+ X T
((,,2 i ,12)2 4 ﬂzrz) (,,2 % qu)
2/12,ur (r2 Cnpi ,142) )

r2(r2+ A2+ /42)2 — A4u?

b

hedgehoq with Prwfil@. function f(r) = tan_l(

True: E=1.232
A%&j&kmMamﬁow E =1.243, error 09%, 1 = 1.45.

Rational Sw’vrmmw K= 1236, error 03% 41 =203 u=143.
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R=1 rational Skyrmion
1=203-2, pu=143-1/2

PO+ 12, 4 36r2 — 32 + 84/2i(r2 + 6)x - 1

U >
(r2+8) (r2+2)



B=2 ratiownal axtal Swvrmmv\
V2 V2K A
e

c+im-T
A ="l =&
P O+ R+ B+ 5
) = 64 (62 = 22) (12 +4) (2 + 8 — 4p?)
n, = 128x.x, (r2 + 4) ((;n2 +8)2— 4,02)
%y = 16x; (r* + 1212 +4p% +32) (( + 8)2 = 4p?)

e

M

o =r'2+36r'" + (—=12p* + 512) r® + (—288p* + 3520) r® + (48p* — 2496p* + 11008) r*
+(576p% — 9728p + 8192) r* — 64p° + 1792p* — 16384(p* + 1).

Do - 1t
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B=2 akttractive channel

o |2 e a /20 bk L5, db i,

5 (14 a)i (1 —a)j conkrols the separa&mm
(1 —a) —(1 +a)




R=2 0&&& T'OufiE Lve ¢ lﬁs anne L

separation




Conclusion

® Skyrmions deform when they overlap to
Prc;a-clu&e symmelric shapes .

® Various approximations are valid in different
reqimes,

® Inbroduced a new appraximaﬁwm based on an
ADHM Evgm consktrucktion,

® Algebraic Skyrmions are obtained bv usung
only 2 internal points.

® Applications: quantization, nuclear foree.






