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Introduction(Deformation Quantization/Complex Grassmannian)

Definition of Deformation Quantization

Definition 1 (Deformation Quantization)

Let (M,{, }) be a Poisson manifold and C* (M) [h] be the ring of formal
parameter series over C™° (M) . Let x be the star product denoted by
fxg=>,Ck(f, g)h* satisfying the following conditions :

@ Forany f,g,h € C= (M) [A], f * (gxh) = (f *g) *h.

® Forany fe C®(M)[h], fx1=1xf=f.

® For any f,g € C° (M), Cx(f,g9) = ZI’JaI,Jalfan, where I,.J are

multi-indices.
0 Co(f.9)=1fg, Ci(f,9)—Cilg, f)={f g}

(C°° (M) [A],*) called a deformation quantization for Poisson manifold M.
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Introduction(Deformation Quantization/Complex Grassmannian)

Deformation Quantization with Separation of Variables

For Kahler manifolds, Karabegov proposed one of the deformation quantizations.

Definition 2 (D. Q. with separation of variables(Karabegov(1996)))

Let M be an N-dimensional Kahler manifold. The star product * on M is
separation of variables if x satisfies the two conditions for any open set U and

feC>(U):
® For a holomorphic function a on U, a * f = af.
® For an anti-holomorphic function b on U, f xb= fb.

The deformation quantization by the star product * such that separation of
variables (C* (M) [Ah] , *) is called a deformation quantization with separation of
variables for Kahler manifold M.
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Introduction(Deformation Quantization/Complex Grassmannian)

Historical Background of Deformation Quantization(1)

Deformation quantization for symplectic manifolds

o de Wilde-Lecomte (1983)
e Omori-Maeda-Yoshioka (1991)
o Fedosov (1994)

Deformation quantization for Poisson manifolds

e Kontsevich (2003)

Deformation quantization for contact manifolds

e Elfimov-Sharapov (2022)
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Introduction(Deformation Quantization/Complex Grassmannian)

Historical Background of Deformation Quantization(2)

Deformation quantization for Kahler manifolds

e Moreno (1986)
o Omori-Maeda-Miyazaki-Yoshioka (1998)
o Reshetikhin-Takhtajan (2000)

Deformation quantization with separation of variables for Kahler manifolds

o Karabegov (1996), Gammelgaard (2014)
— For the case of Kahler manifolds.

o Sako-Suzuki-Umetsu (2012), Hara-Sako (2017)
— For the case of locally symmetric Kahler manifolds

March 4-15, 2024
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Introduction(Deformation Quantization/Complex Grassmannian)

Deformation Quantization and Modern Physics

Deformation quantization (or star product) has applications in modern physics, for
example, quantum field theory, string theory and quantum gravity.

Applications of deformation quantization for physics

@ Kontsevich's star product interpretation using a path integral on the
Poisson-sigma model. (Cattaneo-Felder (2000))

® Noncommutative solitons on Kahler manifolds via a star product.
(Spradlin-Volovich (2002))

© Extension of soliton theories and integrable systems using a star product and
quasideterminant. (Hamanaka (2010,2014))

@ Deformed (or Noncommutative) gauge theories on homogeneous Kahler
manifolds. (Maeda-Sako-Suzuki-Umetsu (2014))
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Introduction(Deformation Quantization/Complex Grassmannian)

Construction Method proposed by Hara-Sako

Hara and Sako proposed the method for locally symmetric Kahler manifolds.

Theorem 3 (Hara-Sako(2017))

Let M be an N-dimensional locally symetric Kdhler manifold, i.e. a Kahler
manifold such that VRY =0, and U be an open set of M. Then, for any
fyg € C=(U), there exists a star product with separation of variables x such that

eo=3 3 1 5 (075) (7).

n=0gz2 gt

%
i)
HereDl ._g” rDZ Dl Oén—(a?7"',Oé?v),ﬂn:(ﬂ?,"',ﬂ?[) are the
multi-indices such that the sum of each component is n, and the coefficient
T™ _ is a formal power series satisfying some recurrence relations.

Any Py,

Obtained star product: CV, CPY, CH?", arbitrary 1- and 2-dimensional ones.
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Introduction(Deformation Quantization/Complex Grassmannian)

Complex Grassmannian

Definition 4 (Complex Grassmannian)

The complex Grassmannian G+, (C) is defined by

Gpptq (C) :={V C CP*?| V : complex vector subspace s.t. dimV = p}.

We take the local coordinates of G, 14 (C). Let

U .= {y: < Q > €M (p+q,p;C)| Yy € GL, (C), Y} GM(q,p;C)}

be an open set of G}, p14 (C), and ¢:U — M (q,p;C) be a holomorphic map
such that Y + ¢ (V) := V1Y, !. By using ¢, we can choose

Z = (ZI) = (z”/) = Y1Y071

’ ’ ’

as the local coordinates, where I := ii’ (i=1,---,q,79 =1,---,p).
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Main Result: Star Product with Separation of Variables on G 4 (C)

Recurrence Relations for G 4 (C)

We focus on G4 (C). The recurrence relations for G2 4 (C) are given by

n—1
h E :yDTH 2.3 3E_t
DeT Bner

- ngy (Tn+5/) " —h(/a;;/ +1) (5;;, +1) Tl o o ()

where 7, ::1—n—|—%,ﬁjn 5175/ ﬂ?,,ﬂ/ ,and 7 := {I,I,ii/,ii'}.

{ (or {') is the other index which is not i (or not i ). { (or {')is uniquely
determined when i (or ') is fixed. For example, if I = 11 , then if =12,
fi =21" and I =22'. T =i may take 12", 21" and 22" as well as 11"

T.Okuda (Tokyo Univ. Sci.) N.C. Go 4 (C) as D.Q. sep. var. March 4-15, 2024



Main Result: Star Product with Separation of Variables on G 4 (C)

Solving the Recurrence Relations for Ga 4 (C) (1)

First problem

The number of variables in (1) increases combinatorially with increasing n. For
this reason, it is difficult to obtain the general term 1™, 7 from (1) in a

nvn

straightforward way.

Solutions to first problem

@ We transform (1) into the (equivalent) ones such that the only term of

order n appearing in the expression is 871", 7
an7

® We derive new recurrence relations satisfied by 7", _, from equivalent
(“/"Vl! n
recurrence relations. By using the obtained ones, we can explicitly determine
Tn
an:ﬁ
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Main Result: Star Product with Separation of Variables on G 4 (C)

Solving the Recurrence Relations for Ga 4 (C) (2)

U Some technical calculations

Proposition 2.1 (0.-Sako(2024))

T” 5 for G 4 (C) is expressed using the solution of order (n — 1) as follows :

ZZQ: (b + B3y +1) 957 T L

— = &

J,DeT k=1 anfeD7ﬁ 76] /k e, —e 5

- S I
an.f

4 Tn{n(fnﬂ)m(ﬁywﬁ,) (ﬂ;w;;,)}

That is, T", o5t given by (2) gives the star product with separation of variables.

Qn Py
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Main Result: Star Product with Separation of Variables on G 4 (C)

Solving the Recurrence Relations for G4 (C) (3)

Second problem

® If &, or Bj has at least one negative component, we define 7", _, := 0.
-
® The multi-index ,8 — 51 ( / e;/,> appearing on the right-hand side

of (2) in Prop05|t|on 2.1 includes not only subtraction but also addition.
® We should determine T” T from (2) taking into account the above
problems. However, it is dlfflcult to obtain 1™, s straightforwardly from

oy,

(2) due to the above problems.

Solutions to second problem

e The property T" — 0 when @, or /)ﬁ

L

corresponds well to the Fock representation.

— By using the Fock representation, the above problems are eliminated.

This make it possible to determine T, 7 straightforwardly from (2).
An,Pp

contain negative components”
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Main Result: Star Product with Separation of Variables on G 4 (C)

Solving the Recurrence Relations for Ga 4 (C) (4)

We introduce the following operator:

T,, : a linear operator on a Fock space s.t. (o |Tnl|8 > T, 7
o, B

Corresponding table:

’ Notations appearing in rec. rel. (1) \ — \ Fock representations ‘
™, —> T,
an)ﬁn
8t — | Ni(=ajar)
=7 al
+er — IW
—e; — a’F
Scalar (not 87) <— | Scalar multiplication

Here a;, ay are creation and annihilation operators defined as

alBn) =BT A 1B+ eb), a0y =0,  aslBy) = /B}IBn
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Main Result: Star Product with Separation of Variables on G 4 (C)

Solution of the Recurrence Relations (1)

1 N,. r + 1
Tn = T —— (T + N +1 + t 1
bt g (4 ey o Gy o) 7l
J

.Tgl{n(Tn+1)+2(N1+N/i,)(N/_‘_Ni//)}—l- o
»U/ By sequentially substituting lower-order ones...

Theorem 5 (0.Sako(2024))

A linear operator T,, is explicitly given by

2

9525, .D Kpjn' D 1 1
T — 171 ,D1 njn ,Dn aT L. aT
P> Z 1 Ta Pn/Np,+1 Pt /Np, +1

Jie{Ji}, ki=
D; E{D} ki e{k}

“ToAs k- Adn knC1gy ki), Cn i), ki),
T T kit b kb (4)
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Main Result: Star Product with Separation of Variables on G 4 (C)

Here, for I =1,--- ,n, {J;}, :={J1,--- Jn} and {k;},, == {k1,-- - kn},

OEED IS

Jie{Ji}, J1€T Jn€T

SRS IR

D;e{D;}, D.eT D,el

J.
1 1 1 gk
Aj ke =ay, ay al ,
’ Ny, ZN/N)}Z/ JW,«/NJ-Z){'-I-l
Cl7{Ji}n,{ki}n = Tlajlkl —|—Njw~{' +1—--- s
1
.E’{Ji}yﬂ{ki}n = {l(Tl+1)+2(N1+N/Z./ —) (N/—I—Ni%, —)} .
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Main Result: Star Product with Separation of Variables on G 4 (C)

Solution of the Recurrence Relations (2)

Theorem 6 (O.-Sako(2024))

The solution T", o for G5 4 (C) is given by

2
> Smznmizs,

€T Zom=1 dP,Jm,kme_fZ
Jie{Ji}n k=1
D,‘,E{Dl n kie{k@-}"
(T (- 3 o)) (1122
SeZ r=1 m=r =1 l
o ﬁ 05k, + BZJ?/ +1-— Al’jl){"{Ji}n,{ki}n
=1l (n+1)+2

(5? + 5/721 - A[,/i’,l,{Ji}n) (5; + ﬂ:;’ - A/yi// l,{Ji}n)
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Main Result: Star Product with Separation of Variables on G 4 (C)

Note that for any m=mges + m/e_} + mi%,@) + m%i,%, aJ|m> can also be
expressed as

ag|mt) = (H O(my — 5LJ)> Vmy|nt —ej) (J € 1),

Lel

where 6 : R — {0, 1} is the step function defined by
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Main Result: Star Product with Separation of Variables on G 4 (C)

Star product with separation of variables on G2 4 (C)

Hence, we eventually obtained the explicit star product f * g on G24 (C).

Theorem 7 (O.-Sako)

For f,g € C* (G2,4 (C)), the star product with separation of variables on
G4 (C) is given by

[*g

= i Z 22: <ﬁ g?jl"DlTl,{Ji}w{ki}n>

-
=1 ¢

X <s€ ﬁ9 <H dS,Jm,km>) (szlm’f) (szez m:ldp,Jm,kme_ﬁg> ’
(6)
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Main Result: Star Product with Separation of Variables on G 4 (C)

Here

l
Tl(sjzkz +1+ Z dm,jl/}'{',c]m,km

m=1

I(n+1)+2 { zl_: (51Jm + 5/1'/,,],")} { zl_: (§/Jm + 5i//,Jm)}

for l,’l“ = 1, ,n, {J’L}n = {J1,~-- ,Jn}, {Dz}n = {Dl,-~- ,Dn},
(K}, = {k1, kn} and T := {1,1, ii',ii’}

Tigay, kit =
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Summary and Outlook

Summary

@ We obtained the concrete star product with separation of variables on
(2.4 (C) by solving the recurrence relations given by Hara-Sako. This means
that the noncommutative G 4 (C) as the deformation quantization with
separation of variables was constructed.

® By obtaining the explicit star product with separation of variables on
G2,4 (C), we can now compute deformations from the commutative product
for functions on G 4 (C) with arbitrary precision. For example, when
comparing some physical quantity on a commutative Gz 4 (C) and
noncommutative one, it is now possible to compute the difference with
arbitrary precision. In this sense, the star product on Gg 4 (C) is useful.
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Summary and Outlook

Outlook of our work

On the other hand, the deformation quantization with separation of variables for
Gp.p+q (C) in general has not yet been resolved.

Examples of G, 44 (C) (not yet obtained)

® G224 (C) (p=2,9>2)
— In this case, we have some prospects. However, several issues remain to
be considered.

® Gp,iq(C) (p>2,9>2)
— In general, the recurrence relations for G, ,+4 (C) have been determined.
Unfortunately, the concrete star product with separation of variables on
Gp.p+q (C) has not been determined at the moment.
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Thank you for your kind attention!
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Appendix (1)

The recurrence relations which give the star product with separation of variables
are given as follows:

N
B = Okp — dir + 2 Rﬁkkan
2 2 &, Bi—ei+aci—el

B — Okp — i + 1) (ﬁ};H — Okytp — Oirt + 1) RﬁkJrl k{

k=1 I=1 p=1
x T" —
tﬁ,@ﬁn*?p+ek+52+z*ei’

= (01ks »Okks- - ,ONK), and RJk = gimgks R

imsl"
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Summary and Outlook

Appendix (2)

For n =0, 1, the coefficients are concretely given by

0 1
Tﬁ7$:1’ T_)?:hgﬁ

€15 €5

In other words, these coefficients are the initial conditions of the recurrence
relations.
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Appendix (3)

We denote the recurrence relations, equivalent to (1), as follows:

ZZ(TnZk+/B%+1>gk DT—> — 2 (;z —>>

5 . DGIk 1 eDﬁn*BI*(S/ /761_/,

w3 (e 3y +1)

(1)

where I = ii is fixed. From (7), we can obtain Proposition 2.1.
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Summary and Outlook

Appendix (4)

The detailed notations in Theorem 5 are given as follows:

0.
y 1 ( 1 1 i
Jik = Ay a a' ,
N N 39 N T

n l
Cigay, kiy, = (Tl%kz + N = D Diie oo F D it g + 1) ;
m=1 m=1

FL{5},.(ki},,
— {z (n+1)+2 (N, + Ny - A,’%i,’l’mn) (N/ + Ny - A/Vﬂ/,l)mn) }_1 ,

Liit b = Ogiit g T Vi (51‘:,9‘( Oyt g/) :

n 1
AI’/ilvl’{Ji}n = Z (51(],” +5/i',Jm) — Z (51(],” +5/i/,Jm) )

m=1 m=1
n l
Apipaion, = 2 On+p.0,) = 3 (O +040,)-
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Summary and Outlook

Appendix (5)

The detailed notations in Theorem 6 and Theorem 7 are given by

l
Tl&jlkl + ]‘ + Z dmij,avakm
m=1

Lm+1)+2 { ZI: <5IJm + 5/z'/,Jm>} {zl: (5/Jm +6i//"]m)}7

m=1 m=1

Tiay, kit =

n T
Ars (g, ity =D dSdin = D dS ks
m=1 m=1

A1y ke =080+ Os, (55% - 55,]‘,,,%/)

for lyr =1, ,n, {Ji}, == {J1.--+ Ju}, {Ds}, == {D1,- , Dy},
{ki}, = {k1,--- k).
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