Nonperturbative correlation functions
from homotopy algebras

Yuji Okawa
(The University of Tokyo, Komaba)

based on collaboration with Keisuke Konosu

April 15, 2024
at Graduate School of Mathematics, Nagoya University



1. Introduction



In the first talk, I explained the formula for correlation functions using A
algebras:

(") =7, f1,
where
Fe 1
I+hm+ihh U’

For a scalar field p(z), ® is given by
o = /ddm o(z)c(z).
For a Dirac field ¥(x), ® is given by

o = /ddx(Qa(x) Uo(x) + ¥Yo(z)ba(x)).



It was shown in perturbation theory that correlation functions based on this
formula satisfy the Schwinger-Dyson equations when the inverse of the oper-
ator I+ hm + thh U is defined by

1
I+hm+ihhU

I+Y (-1)"(hm+ihhU)".
n=1

It is possible, however, that the inverse of the operator I+h m+ih h U exists
for finite coupling constants, and in that case our formula may be regarded
as a nonperturbative definition of correlation functions for finite coupling
constants.

In the second talk, we present evidence that this is indeed the case for scalar
field theories in zero dimensions.
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2. Scalar field theories in zero dimensions



In the Euclidean case, we consider the action S given by

I 55, 1 5 1. 4
= — — Aot
S 2mg0+39g0+4 ©

In the path integral formalism, the partition function Z is given by

[e.e]
Z:/ dgoefg7
—0o0

and the correlation functions (¢™) are given by

S|t

1 [ .
<<P">=/ dop"e



In the Lorentzian case, the action differs by a sign and is given by

1 2 2 1 3 1 4
= —= - — Aot
S 5™ P399t — g Ap

The partition function Z is defined by

e i
Z = lim dypene
e—0 J_

with . 1 1
Se= =5 (m*—ie)p* = 2g¢p* = 2Ap".

Correlation functions (™) are similarly defined by
1 0

(") = 7 lim dp " ende .

e—0 ) _



In the description in terms of quantum A., algebras, degrees of freedom are
described by a vector space which we call .

For theories without gauge symmetries,
H="H1DH2.
For gauge theories,
H=HoDH1DH2DHs.
For string field theories,

H=.. PH_1PHPHI1PHsDPH3s DB HsLD....



The action is described by ® in H;.

For scalar field theories,
o= /dd:v o(x) c(x). (analogous to |U) = /dx U(x) ]x>>
For theories with a scalar field and a Dirac field,

o = /ddac o(x) e(x) + /dda: (0a(z) VUo(z) + Uy(z)0a(x)) .

For string field theories,

d*k
(I):/(27r)26 [T(k:)cl|0;k>+A#(k)cla‘il\0;k> +...



In the case of scalar field theories in zero dimensions, the vector space H; is
a one-dimensional vector space, and we denote its single basis vector by c.
We expand @ in H; as

d=pc.

The vector space Hs is also a one-dimensional vector space, and we denote
its single basis vector by d.

We define the symplectic form w which is a map from H ® H to a complex
number. In the case of scalar field theories in zero dimensions, we define w

by
(oles o )= 0)



The action described by an A, algebra takes a universal form.

In the Euclidean case, the action S is written as
S=-w(®,Qd) +Z—w O ,my (P®...00)).

In the Lorentzian case, the action S is written as

o0

1
S = —§w(q>,Qq>)—Z

n=2

P mp(P®...090)).



The kinetic term is described by () which is a linear map from H to H, and
the cubic interactions are described by mso which is a linear map from H ® H
to H. Similarly, the interactions involving n + 1 fields are described by m,,
which is a linear from H®" to H, where

H"'=HONH®...QH .

n

For the scalar field theory in zero dimensions, we define Q by
Qc=m?d, Qd=0,
and we define mgy by
mo(c®c)=gd, mo(c®d)=0, mo(d®c)=0, ma(d®d)=0.

Similarly, we define mgs to be nonvanishing only when it acts on c® c¢® ¢ and
is given by
m3(c®c®c)=Ad.

Since the action is quartic, we take m,, to vanish for n > 3.



It is convenient to consider linear operators acting on the vector space TH
defined by

TH=H s HOHP s H®a ...,

where we also introduced the vector space H*". It is a one-dimensional vector
space given by multiplying a single basis vector 1 by complex numbers. The
vector 1 satisfies

1d=2>7, dPR1=9

for any ® in H.

We denote the projection operator onto H®" by 7.



For a map D,, from H®" to H with n = 0,1,2, ..., we define an associated
operator D, acting on TH as follows:

D, 7,m=0 for m<n,
D, m, =Dy, m,,
Dy = (Dp @T4+1® Dy ) g,
Dy mpys = (Dp @I@14+10 Dy @I+ 1®1® Dy ) Tpya,

Here and in what follows we denote the identity operator on H by I.

An operator acting on TH of this form is called a coderivation.



In this talk, we often introduce a coderivation ® associated with ® in H. It
is defined by

P1=29,
Pm =(2RI+1IxP)m,
Pm=(0RI0l+I00QI+IRI®®)r,



We define the coderivation Q associated with () and the coderivation m,,
associated with m,, for each n. We then define m by

o0

meYm.,
n=2
and we define M by
M=Q+m.

When we consider gauge theories, the action described by the coderivation
M is gauge invariant if M satisfies

M? =0.



When we consider projections onto subspaces of H, homotopy algebras have
turned out to provide useful tools.

We consider projections which commute with ), and we denote the projection
operator by P:
P?=pP, PQ=QP.

We then promote P on ‘H to P on TH as follows:
Pry=mg,
Pm=Pm,
P7T2:(P®P>7T27
P7T3:(P®P®P)7T3,

The operators Q and P satisfy
P2=P, QP=PQ.



A key ingredient is an operator h satisfying
Qh+hQ=1-P, hP=0, Ph=0, hr=0.

It is called a contracting homotopy, and physically it describes propagators
associated with degrees of freedom which are integrated out.

We then promote h on ‘H to h on TH as follows:

hmy =0,

hm =hm,

hmy=(h@P+1®h)m,
hrs=(h@PRP+I@hP+I11I®h)ns,



The relations involving @, P, and h are promoted to the following relations
Qh+hQ=1-P, hP =0, Ph=0, h?=0,

where I is the identity operator on TH.



When we consider correlation functions, we carry out the path integral
completely. This should correspond to the projection with

P=0.
The associated operator P corresponds to the projection onto H&V:
P=mng.
When P = 0, the conditions for h are given by
Qh+hQ=1, h?=0.

In the case of scalar field theories in zero dimensions, h is given by

hd:%c, hc=20.
m

The associated operator h is given by

h=hm+Y (I°"Yen)m,.

n=2



We claim that correlation functions are given by
(®%") =71, f1

with
PN =PRPR..0D

n

where f for Lorentzian theories is

1
I+hm+ihhU

and f for Euclidean theories is

f=

1
I+hm—-hhU’

In the case of scalar field theories in zero dimensions, the operator U is
defined by

f=

U=cd,

where ¢ and d are coderivations associated with ¢ and d, respectively.



The correlation functions for scalar field theories in d dimensions can be
extracted by expanding (®®") as

(P¥") = (PRP®...0 0 )

n

= /ddajldd:cg d%, (o(x1)p(za) ... plzy) ) e(z1) @c(xe) @ ... @ c(zy) .
For scalar field theories in zero dimensions, this simplifies as follows:

(™) = (") c®c®...®cC .

n

We can show that correlation functions from our formula satisfy the Schwinger-
Dyson equations as an immediate consequence of the structure

1

Ithmiahu  ~ 1

(I+hm+ihhU)



The operator f

Fe 1
I+hm+ihhU
or 1
f:

I+hm—-hhU
is a linear map from TH1 to T'H1, where TH; is defined by

THi=H" oHieHP o H @ ...

with
H" = H1OH1®...Q Hy

n

for n > 0.



For scalar field theories in zero dimensions, a linear map A from TH1 to TH1
with
Al=Apl+AgctApc®ct+Apce®cet...,
Ac=Appl+A1c+Apc®c+A13¢c®RcQc+...
Ac®c=An1+As1c+Axpc®Rc+Axzc®RcRc+...,
Ac®ec®Rcec=A301+Asz1c+A3cQ®c+Azz3cRcRc+ ...,

is represented in the matrix form as

Agp Agr Agx Ags
Ao A A A
A=| A Az Axp A
Azp Az Az Agg

Therefore, the formula can be expressed as

<99n>:fn0-



In the matrix form, the operators hmso, hms and h U are given by

J

0 0
1 0
1

1
0O 0 0 0 O

0O 0 0 0 0 O
0 0 O
0 0 0 O

[000000

0O 0 0 0 0 O

o ] ’ hmg

0 1 0 0 O
0O 0 0 1 O
0 0 0 0 1

[000000

0O 0 0 0 O
0O 0 0 0 0 O

hmeo

S o

S o

[l en)

(el en)

[eien)

[l en)

0 0 0 0 O

2

0 0 0 O

0

0 0 0 4 0 O



We set g = 0 and let us consider ¢* theory in the Euclidean case. We first

verify that fao reproduces { ¢?) in perturbation theory. The action S is
1 1
S =_ 2, 2 A 4
) m”p” + 4 2

and we further set m2 =1 and i = 1.

The two-point function {¢?) in the path integral formalism is given by

(@) =1 — 3\ 4 2427 — 297)\3 + 4896\ — 100278)\° + 2450304\°
— 69533397\ + 2247492096)\% + O()\?) .



In perturbation theory, f is defined by

1

f:I—i—hmg—th:

I+i(—1)”(hm3—th)”.
n=1

We calculate fop to find

Fao =1 — 3\ + 2402 — 297X\3 + 4896 A% — 1002785 + 2450304\°
— 695333977 + 224749209678 + O(\?).

This correctly produces the perturbative expansion of (?).
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It is possible that the inverse of the operator I + hms — hh U exists non-
perturbatively for finite values of \. When m =1 and h = 1, we have

1 0 0 0 00
0 1 0 X 00
-1 0 1 0 X O
I+hms—hhU=| 0 -2 0 1 0 A :
0 0 -3 0 1 0
0 0 0 -4 0 1

foo for foz Jfoz fos fos
fio Sfuu fi2 fi3 fu fis
foo for foo foz far Jfos
F= ! | foo Fu feo i fu Fa

I+hms—-hhU fao fuo fao Faz Fas Jus
fso fs1 fs2 fsz3 fsa fss




Let us evaluate the inverse of I + hms — Ah U by truncation to an N by N
matrix. When N = 25, fog and fyo are

B 1+ 140X 4 666022 + 1293601% + 957075\* + 18534601°

14 143X + 706572 + 147420A3 4 1267350\* + 3615885A° + 15142056’
- 3+ 405X + 18060\ + 3102753 + 1762425)\* + 1514205\°

14 143X + 7065M2 + 147420A3 4 1267350A* + 3615885A° + 15142050 °

For A = 0.04, we find

Ja0

fa0

(%) ~ 0.90653672,
F20 ~ 0.90653666

and

(¢*) ~2.3365819
Fi0 ~ 2.3365834 .



(p?) A= 0.04 A=0.2 A=15 A=3
exact | 0.9065367244 | 0.7240590202 | 0.4066915207 | 0.3130156270
N A =0.04 A=0.2 A=1.5 A=3
10 | 0.9059745348 | 0.7024793388 | 0.2685512367 | 0.1574468085
25 | 0.9065366639 | 0.7237546945 | 0.3751623774 | 0.2543859219
50 | 0.9065367244 | 0.7240552164 | 0.4002397294 | 0.2932452874
100 | 0.9065367244 | 0.7240590258 | 0.4072861268 | 0.3167705780
(p*Y | A=0.04 A=0.2 A=15 A=3
exact | 2.336581891 | 1.379704899 | 0.3955389862 | 0.2289947910
N A =0.04 A=0.2 A=15 A=3
10 | 2.350636631 | 1.487603306 | 0.4876325088 | 0.2808510638
25 | 2.336583402 | 1.381226527 | 0.4165584151 | 0.2485380260
50 | 2.336581891 | 1.379723918 | 0.3998401804 | 0.2355849042

100

2.336581891

1.379704871

0.3951425821

0.2277431407




Let us next consider the Lorentzian case. We set g = 0 and consider ¢* the-
ory. The formula for correlation functions in the Lorentzian case is

<<pn>:.fn07
where
F 1
" I+hm+ihhU’
When m =1 and & = 1, the matrix form of I + hms +thh U is
1 0 0 0 0 O
01 0 X 00O
i 01 0 X O
I+hms+ihhU=| 0 20 0 1 0 A
0 0 3 0 1 0
0 0 0 4 0 1




When N = 25, f20 and f40 are

—i — 140\ + 6660iA? + 129360A% — 957075iA* — 1853460\
T20 = T 430X 706572 1 147420073 1 1267350M" — 3615885iA° — 151420500
B —3 + 4050\ + 18060A% — 310275i\% — 1762425X" + 15142050\
T4 = 774318 — 706572 1 147420073 1 1267350A" — 3615885i° — 151420576

For A = 0.04, we find
<<p2> ~ (0.1065670 — 0.9693848931 ,
Fo0 ~ 0.1065659 — 0.969384873i
and

(o) ~ —2.6641739 — 0.7653777i
f10 =~ —2.6641477 — 0.7653782i .



{(p?) A = 0.04 A=05
exact | 0.106567 — 0.969385: | 0.280132 — 0.576152;
N A =0.04 A=05
10 | 0.105205 — 0.969450i | 0.444071 — 0.548360i
25 | 0.106566 — 0.969385i | 0.274637 — 0.597967i
50 | 0.106567 — 0.969385i | 0.277626 — 0.574320i
100 | 0.106567 — 0.969385i | 0.279980 — 0.576085i
(ph) A = 0.04 A=05
exact | —2.66417 — 0.76538i | —0.560264 — 0.8476961
N A =0.04 A=05
10 | —2.63013 — 0.76374i | —0.888141 — 0.903280i
25 | —2.66415 — 0.76538i | —0.549273 — 0.804066i
50 | —2.66417 —0.76538i | —0.555251 — 0.851360i

100

—2.66417 — 0.76538¢

—0.559961 — 0.8478301




We have presented evidence that our formula contains nonperturbative in-
formation.

Our formula, however, requires us to choose a free part of the action.

e This is not satisfactory for a nonperturbative definition of correlation
functions.

e This also raises the question of background independence.



3. Perturbation theory around a nontrivial solution



Let us consider perturbation theory around a nontrivial solution. Consider
the following action:

1 (a+b)m? m?
G — _ 22 aTom 3 M o4
2T 3 Y T ”
with 0 < b < a. The equation of motion is given by
2
m
— —-b —a)=0
5 Ple=b(p-a)=0,

and the solutions are
p=0,b,a.




Let us consider perturbation theory around the nontrivial solution ¢ = a. In
quantum field theory, we know what to do. We expand ¢ as

p=a+0o,
and the action in terms of @ is

a?(2b—a)m? (a—b)ym? _, (2a—-bym? _; m? _,
S YT 3w P da”

We then calculate (@™ ), and (") is given by

(P =((a+ BV = 3 e ("),
m=0



Let us describe this procedure in terms of A, algebras. We first need to

represent the equations of motion in the language of A, algebras.
equations of motion are usually written as

1
M-—— =0
Hal I S

where

1 o0
m:Z<1>®”:1+<I>+<I>®<I>—I—<I>®<I>®<I>...
n=0

This can also be written in a form which is more convenient for us.

introduce the coderivation ® associated with ® in H;. We then have

1
= —e%1.

1-¢

In terms of ®, the equations of motion are written as

mMe®1=0.

The

We



Suppose that we have a nontrivial solution @, to the equations of motion.
We denote the corresponding coderivation by ®,:

7T1M€(I>*1=0.

We expand ® as B
=0, + 9,

and the coderivation M which describes the action in terms of @ is given by
M =c & Me?-.
We decompose 7 M as
. . o0
mM=0Qm + Zmnﬂ'na
n=2

and we define the coderivation Q associated with @ and the coderivation m,,
associated with m,, for each n.



We define m by

and we define M by

We then construct A satisfying

Qh+h
and h satisfying
Qh+hQ=1-P,

with

Q=I,



The formula for the correlation functions (®®") is given by
1
————————1
I+hm+ihhU
The formula for the correlation functions (®®") for perturbation theory
around the solution ®, can be written using ®. as
1

R —1.
I+hm+ihhU

(3%") =7

Let us define Q,, m, and h, by

Q. =e¢% Qe %, my, =eP me ¥, h,=e¢® he ® .
The formula for (®®") is then

L P1
I+h.m,+ihh,U

(o%") = m,

with
P= €<I>*7T0 .



Since
M=Q+m=c¢e ¥ Me®,

we find

Namely, the sum of Q. and m, is the same as the sum of Q and m, but Q.
is different from Q:

Q. #Q.
Given the action described by M, we are making different choices for the free
part. If we take Q to be the free part, the correlation functions are given by

1
1.
I+hm+ihhU

<(I)®n>:77n

If we take Q. to be the free part, the correlation functions are given by

1

P1.
I+h.m.+ihh,U

(®%") =1,



The operator P plays an important role. The equations of motion can be
written in terms of P as

MP =0

with
P=e%n,

where ® is the coderivation associated with ®.



4. New formula



Consider the case where the action described by M and the free part we
chose is described by Q. Suppose that we have a solution <I>£O) to the free

theory, and we denote the associated coderivation by q)io):

QP =0

with o
PO — ¢ o .

We then use h which satisfies
Qr+hQ=1-PO POR=0, RARPO=0, AK2=0

to describe the correlation functions as follows:

1

)
T hmiinhGL &

(957) =




Let us transform the formula into a form that does not involve the division
of the free part and the interaction part. Since

1
I+h hhU=(I1+h I4+ih——h
+hm+ihhU=(I+hm)(I+1 T hm U),
we obtain
1 1 1
I+hm+ihhU I+ihHUI+hm'’
where
H— 1
I+hm
The formula for correlation functions is then
(®®") =1 ! P1
"I+ihHU
with 1 o
0
_ 2 1,



What is the interpretation of P when the solution <I>>(k0) does not solve the

nonlinear equations of motion?

First, we can show that P can be written in the form
P=c®r 0,

where ®, is a coderivation associated with @, in H;.

Second, we can show that
MP =0.

Therefore, @, in H; solves the nonlinear equations of motion.

For the operator H, we can show that it satisfies

MH+HM=I-P, HP =0, PH=0, H?>=0.



New formula

Let us denote the coderivation that describes the action by M. We choose a
solution @, to the equations of motion and we denote the associated coderiva-
tion by ®,:
MP =0
with
P=¢%n 0-
The formula for correlation functions is given by
(®®") =1 1 P1
"I+ihHU ’

where H satisfies
MH+HM=1I-P, HP =0, PH=0, H?=0.

This formula does not involve the division of the free part and the interaction
part.



The operator H can be constructed in the following way. We define M by
M=c & Me?.
We decompose 7 M as
N " o0
mM=Qm +Zﬁln7rna
n=2

and we define the coderivation Q associated with @ and the coderivation m,,
associated with m,, for each n. We then define m by

)
m = E m, .
n=2



We construct h satisfying

and h satisfying
QE+EQ:I—7T0, 71,71'0:0, moh =0, h?=0.

The operator H is given by
1 ~

H=¢" —— _he®
I+hm
The formula for correlation functions is
1 1
(%) =1, ————P1=m, ¥ 1.

- "I+4hHU I+ hm+iihU
While the construction of H is perturbative, this does not imply that the
resulting correlation functions are perturbative, as we have demonstrated

earlier.



What does the formula describe?
e It reproduces perturbation theory.
e The solution ®, does not have to be real.
e The Schwinger-Dyson equations are satisfied.

We claim that the formula describes correlation functions on the Lefschetz
thimble associated with the solution.



Lefschetz thimble

Let us replace the real variable ¢ of the action S by a complex variable z.
Consider a flow z(t) parametrized by ¢ in the complex z plane which satisfies
the downward flow equation:

dz .08 dz . 0S

— =i — = —i_.
dt 9z’ dt Dz
Along the flow, the imaginary part of S increases as t increases:

2
>0.

dimS _ 1 (dS _dS\ _1(05d: 05dz\_|0S
dt 2\ dt dt ) 2 | 9z

0z dt 0z dt

A Lefschetz thimble associated with a solution z, is defined by a submanifold
of the z plane consisting of points that can be reached at any ¢ by a flow that
starts from z, at t = —o0.

The path integral on a Lefschetz thimble is well defined.



Let us denote the Lefschetz thimble associated with z; by J;, where ¢ labels
solutions. In general, the path integral over the real variable ¢ should be
understood as being defined by the path integral on C given by

C=> ndi,

where n; are integers and there is a procedure to determine n;.

Previously, we considered the action

1 1
S ——m20?— Z\o
o M ¥ e

in the Lorentzian case.



The solutions to the equation of motion are

m

\ﬁ :

In this case, only the Lefschetz thimble associated with the trivial solution
= 0 contributes.

p=0,%

We will present evidence that supports our claim for more nontrivial cases.



5. Evidence for the claim



Airy function

Consider the action given by

1
S = —ago—g(p?’.

The partition function is given by
o0 i
Z = / dp en.
—0o0

When we set i = 1, this is expressed in terms of the Airy function Ai(a) as
follows:
Z =2mAi(a).



The correlation functions are defined by

<<p">—/ dp g™ e

—00

They are given by
1 d"Z
(o) = (i) =

The equation of motion is given by

g02+a:0.



a>0

When a > 0, the solutions to the equation of motion are

¢ = +iva.




It is known that only the Lefeschetz thimble associated with the solution
p = —14/a contributes in this case. We expand ¢ as

o= —iva+¢@.

The action in terms of ¢ is

2i 9 1
S:§ZG3/2+Z-\/5¢27§¢3‘

The solution ®, is
P, = —ivac,

and the associated coderivation ®, is

$,.1= —1iac.



The operators @ and msy are given by

@ c= —2ivad,
ma(c®c)=d.
The contracting homotopy h is
i
—c
2v/a

The formula for correlation functions are

hd =

(®®") =7, e® f 1,

where
~ 1

f_1+'ﬁ’n72+z‘hﬁU'




The n-point functions with n < 3 are given by

©)= —iva+ fuo,
(%)= —a—2ivafio+ fo,
(¢®) = iav/a —3a fio — 3iva f20 + f30-

—~

For a = 1 with N = 50, we find

() ~ —1.17632196714 ,
—iva+ fio &~ —1.17632196731 1 .

For a = 2 with N = 50, we find

() ~ —1.5201633881848285 1 ,
—iva+ fio ~ —1.5201633881848252 .



For a = 0.1 with N = 50, we find
(o)~ —0.78111,
—iva+ fio ~ —0.78227 .
For a = 0.1 with N = 100, we find
(o)~ —0.7810691
—iva+ fio ~ —0.781005 .

For {¢?), we have the following exact result:

With N = 50, we found
—2iv/a fio + f20 = 0.
For a = 1 with N = 50, we find
() ~0.17632196731 1,
iav/a — 3a fio — 3iv/a fao + f30 =~ 0.17632196714 .



a<o0

When a < 0, the solutions to the equation of motion are

gpz:t\/T.




It is known that both of the two Lefeschetz thimbles associated with the

solutions ¢ = — y/—a and ¢ = y/—a contribute in this case.

S -

\

We denote the partition function associated with the solution ¢ = — v/—a
by Z_ and the partition function associated with the solution ¢ = /—a by

Z4+. We find that

Z_=m(Ai(a)+iBi(a)), Zy =7 (Ai(a) —iBi(a)).



We denote the n-point function of the theory Z_ by (™ )_ and the n-point
function of the theory Z, by (¢™)4. The partition function Z of the full
theory is

Z=7Z_+27Z;=2rmAi(a),

and the n-point function of the full theory (™) is given by

Z_ Z,

<¢n>:m<<ﬂn>—+m<¢n>+-



The n-point functions with n < 3 are given by

(p)x = +vV=a+ fuo,
(¢*)e = —a=£2vV=a fio + fo,
() = T av/—a — 3a f10 £ 3vV—a fao + fa0.-

For the Lefschetz thimble associated with ¢ = — y/—a, we find for a = —1
with N = 50 that

(¢)_ ~ —1.06944263 + 0.18869689 7 ,
—V/=a+ fio ~ —1.06944243 + 0.18869651 i
and
(¢*)_ ~ —1.06944263 — 0.81130311 1,
av/—a — 3a fio — 3v/—a fao + fao ~ —1.06944243 — 0.81130349; .



For the Lefschetz thimble associated with ¢ = y/—a, we find for a = —1 with
N =50 that

(p)+ ~1.06944263 + 0.18869689 7 ,
vV—a+ flo ~ 1.06944243 + 0.18869651 ¢
and

(%), ~ 1.06944263 — 0.81130311 4,
—av/—a —3a f10 + 3v/—a fa0 + fao ~ 1.06944243 — 0.81130349 i .



Double well

Consider the action given by
m® 2 Ay

g="" A
9 ¥ Ty

We set m? = 1. The solutions to the equation of motion are

1
—0,+——.
v N5




For the Lefschetz thimble associated with ¢ = — 1/v/A, we find for A = 1
with N = 30 that

(p)_ ~—1.204933 — 0.26012 ¢,

1 -
— — + f10 ~ —1.204981 — 0.26008 ¢

VA

and

(%) =~ 1.25976 + 0.43764 1,

1 2 =<
-y S0+ fgo ~ 1.25981 + 0.43758 ¢ .

A VA



For the Lefschetz thimble associated with ¢ = 0, we find for A = 1 with
N =100 that

(p)o=0,
fio=0
and

(¢?)o ~ —0.2598 + 0.4376 7,
Foo = —0.2608 + 043917 .



For the Lefschetz thimble associated with ¢ =1/ ﬁ, we find for A = 1 with
N = 30 that

()4 ~1.204933 + 0.260121 ,

1 = .
\?/\ + fi0 ~ 1.204981 + 0.26008 7

and

(¢*)4 = 1.25976 + 0.437641 ,

1 2 ~ =
— + —— fi0 + foo ~ 1.25981 + 0.43758 .

S



The n-point function of the full theory (™) is given by

Z_ Zy
ny _ _“- n e+ n
in the Airy case and by
Z_ Zy
ny___ “= n e n
W=zt Tz (P

Zy

+—
Z_+ Zo+ Zy (v

")+
in the double-well case.

We need to know ratios of partition functions on different Lefschetz thimbles.



Consider a pair of actions S; and Sy, and a solution ¢; to the equation
of motion for S; and a solution ¢; to the equation of motion of S;. We
interpolate S; and Sy as S(t) with 0 <t < 1, where

S(0) = S; S(1)=Sy.
We also interpolate o; and ¢ as ¢(t) with
p0) =i, (1) =ef,

where ¢(t) is a solution to the equation of motion for S(¢). The partition
function Z; of S; for the Lefschetz thimble associated with ; and the parti-
tion function Zy of Sy for the Lefschetz thimble associated with ¢ are given

by
Zi:/dcpezsi, Zf:/dgpe%sf.

We interpolate Z; and Z; as Z(t):

Z(t) = /dg@eés(t).



Since

20 =5 (G0

the ratio of the partition functions can be calculated as

Z:—exp{é/oldt<d§y)>}

We can evaluate this using the formula for correlation functions in terms of
A algebras.



6. Conclusions and discussion



For the theory described by the coderivation M, we presented a new form of
the formula for correlation functions associated with a solution ®, described
by the coderivation ®,:

1

(@®">:ﬂnmPl,
where H satisfies
MH+HM=I-P, HP =0, PH=0, H?=0
with
Pze(b*ﬂ'o.

This formula does not involve the division of the free part and the interaction
part.



We claim that the formula describes correlation functions on the Lefschetz
thimble associated with the solution, and we presented evidence that the
formula contains nonperturbative information on correlation functions in the
case of scalar field theories in zero dimensions.

We have not found a way to choose appropriate Lefshcetz thimbles in the
language of A, algebras.

We have not understood the reason why contributions from different Lef-
schetz thimbles are weighted by partition functions in the language of A
algebras.



For theories in d dimensions with d > 0, we can decompose f P as

1 1
P= P,
I+hm+:hhU IZII—Fhimi-i-ihhiU

h:Zhi.

This way we may be able to define correlation functions nonperturbatively.

with

We then extend our discussion to open superstring field theory, and we may
be able to define string theory nonperturbatively.



