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Motivation 3

Doran in 1993 showed that every linear transformation can be represented as
a monomial of vectors in geometric algebra, every Lie algebra as a bivector
algebra, and every Lie group as a spin group.

Schwinger's realization of su(1, 1) Lie algebra with creation and annihilation
operators was de�ned with spatial reference in the Pauli matrix
representation [W. Pauli, 1927; J. Schwinger, 1945].

Several relations as well as connections were observed in spin particles such as
fermionic, bosonic, parastatistic Lie algebras, and in geometric algebras such
as the Cli�ord algebra, Grassmannian algebra and so on [G. Sobezyk, 2015 ].

Sobczyk proved that the spin half particles can be represented by geometric
algebras. [G. Sobezyk, 2015 ]

T.D. Palev in 1976 highlighted that a semi-simple Lie algebra can be
generated by the creation and annihilation operators. In all the above
mentioned works, the classical groups such as Bn and Dn play a crucial role in
the spin particle Lie algebra.Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION 3 / 35
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Motivation 4

Motivated by all the above mentioned works, a natural questions arise:

1 Is spin in Mathematics the same as the spin in particle Physics?

2 If spin (n) is a double cover of SO (n) group, what is the cover of spin (2)
and what is also the cover for spin (1/2) are they both related?

3 Is it possible to construct the Iwasawa decomposition at both the Lie algebra
and Lie group levels of the spin particles ?

But before dealing with the main results, and as a matter of clarity in the
development, let us brie�y recall the main de�nitions, the known results, and the
appropriate notations useful in the sequel.
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De�nition 1 [ Green, 1953]

Let a±1 , ..., a
±
n be the creation and annihilation operators for a system consisting of

n-fermions with commutator relations :

[a−i , a
+
j ] = δij (3.1)

[a−i , a
−
j ] = [a+i , a

+
j ] = 0, (3.2)

or, of n-parafermions with

[[a−i , a
+
i ], a

±
j ] = ±2δija

+
j , (3.3)

where
[X ,Y ] := XY − YX . (3.4)
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Para-fermionic algebra 6

Let T be the associative free algebra of ai , aj ; i , j ∈ N = {1, 2, ...n}, and I be the
two sided ideal in T generated by the relation (3.3). The Quotient (factor
algebra)

Q =
T

I
(3.5)

is called para-Fermi algebra, for all X ,Y ∈ Q. This is an in�nite dimensional Lie
algebra with respect to the bracket de�ned by the equation (3.4).
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Semi-simple Lie algebra generated by creation and
annihilation operators 7

De�nition 2 [Palev, 1976]

Let g be a semi-simple Lie algebra generated by n pairs a±1 , ..., a
±
n of creation and

annihilation operators. The elements

hi =
1

2
[a−i , a

+
i ], i = 1, ...n (3.6)

are contained in a Cartan subalgebra H of g . The rank of g ≥ n. If the
semi-simple Lie algebra g of rank n is generated by n pairs of creation and
annihilation operators, then, with respect to the basis of the Cartan subalgebra,
the creation (resp. annihilation) operators are negative (resp. positive) root
vectors. The correspondence with their roots is:

a±i ←→ ±h
∗i . (3.7)

where ±h∗i is a basis in the space dual to the Cartan subalgebra.
Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION 7 / 35
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Lie algebra of spin group 8

De�nitions 3

Let now m be an n-dimensional oriented real vector space with an inner product
<,>.

We de�ne the Cli�ord algebra [La Harpe, 1972] Cl(m) over m by the
quotient T (m)/I , where T (m) is a tensor algebra over m and I is the ideal
generated by all elements v ⊗ v+ < v , v > 1, v ∈ m.

The multiplication of Cl(m) will be denoted by x · y .
Let p : T (m) −→ Cl(m) be the canonical projection. Then, Cl(m) is
decomposed into the direct sum Cl+(m)⊕ Cl−(m) of the p-images of the
elements of even and odd degrees of T (m), and m is identi�ed with the
subspace of Cl(m) through the projection p.

Let e1, e2, · · · , en be an oriented orthonormal basis of m. The map:
ei2 · ei2 · · · · · eip 7→ (−1)peip · · · · ei2 · ei1 de�nes a linear map of Cl(m) and
the image of x ∈ Cl(m) by this linear map is denoted by x̄ .

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION 8 / 35
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9

The spin group is de�ned by:

Spin(V ) = {x ∈ Cℓ+(V ) : xVx−1 ⊂ V and xx̄ = 1}.

Let Cℓ(V ) = Cℓp,q = Cℓ(Rp,q) = Rp,q be the Cli�ord algebra over R.
Consider R∗

p,q = Cℓ∗p,q the group of invertible elements of Rp,q. The
exponential of y ∈ Cℓp,q is de�ned by:

exp(y) =
∞∑
n=0

1

n!
yn.

Let π : Spin(V )→ SO(V ) be de�ned by π(x)v = xvx−1. Then, the
di�erential π̇ of π is given by: π̇(x)v = xv − vx , for x ∈ spin(V ) and
v ∈ V .

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION 9 / 35
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Spin Lie group and its Lie algebra 10

Suppose now M is an oriented Riemannian manifold.

De�nition 4[Milnor; Rodrigues]

A spin structure on M consists of a principal �ber bundle π : PSpinep,q (M) −→ M
with a group PSpinep,q and the fundamental map (two fold cover)

s : PSpinep,q (M) −→ PSOe
p,q
(M),

satisfying the following conditions:

(i) π(s(p)) = πs(p) for every p ∈ PSpinep,q (M); π is the projection map of the
bundle PSOe

p,q
(M).

(ii) s(pu) = s(p)Adu for every p ∈ PSpinep,q (M) and

Ad : Spinep,q → Aut(Cℓp,q), Adu : Rp,q 7→ uxu−1 ∈ Cℓp,q.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION10 / 35
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the following diagram must commute

PSpinep,q (M)

πs

$$

s // PSOe
p,q
(M)

π

zz
M

De�nitions 5 [Milnor; Rodrigues]

A spin manifold is an orientable manifold M together with a spin structure on
the tangent bundle of M.

A spin group is a compact dimensional Lie group.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION11 / 35
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Spin Lie Group 12

Spin Lie group

The Lie algebra spin(j) of spin particles can be represented by classical matrices,
which makes it easier to see their algebraic nature:

spin(j) =


higgs j = 0;

fermions j = Z
2 when odd integer spins are considered;

bosons j = Z when positive integer spins are considered.

The Lie algebra sl(2n,C) can represent the fermion spin Lie algebra of
elementary particles in quantum physics. As indicated in the mapping below. We
de�ne Z

2 as fraction of the form ( 2k+12 , k = 0, 1, 2, 3, . . .) :

sl(2n,C) // spin
(Z
2

)
// fermions.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION12 / 35
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The Lie group SL(2n,C) structure can represent the fermion Spin Lie group
analogue:

SL(2n,C) // Spin(Z2 )
// fermions,

while the Lie group SL(2n + 1,C) represents the boson Spin Lie group
analogue:

SL(2n + 1,C) // Spin(Z) // bosons.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION13 / 35
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Spin Semi-simplicity 14

Lemma I

Any spin particle Lie algebra admits a Cli�ord algebra and a spin group structure.

Proof.

Consider any spin(j) with j = 0, 12 , 1, . . . , satisfying the spin particle commutator
and anticommutator relations (3.1), (3.2), (3.3) as well as the spin Lie algebra
commutation bracket rule. It is obvious that the Lie algebra spin(j) is a Cli�ord
algebra. Thus, the spin(j) exponential is just

exp : spin(j)→ Spin(J)

where Spin(J) is the spin group. Hence, any spin particle admits a spin group.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION14 / 35
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Lemma II

Any spin group of a spin particle admits an almost complex spin manifold
(Riemannian manifold) and a spin Lie group structure.

Proof.

From Lemma 14, any spin particle admits a spin group. Also, from De�nition 10,
the spin group, say Spin(J), has a group structure with an almost complex
manifold. Thus, from De�nition 3.3, the spin particle, say Spin(J) with
J = 0, 12 , . . . , admits a spin manifold. Next, we see that any spin particle has a
spin group, say Spin(J). Since any spin particle has a spin manifold, we observe
that Spin(J) is a spin group and, hence, a spin Lie group.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION15 / 35
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Proposition I

Any spin half odd integer (resp. integer spin) Lie group is a fourfold cover of the
compact Lie group SO(2n) (resp. a double cover of SO(2n + 1)).

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION16 / 35
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Theorem I

Any spin Lie group Spin(J) of a spin particle is:

(i) connected;

(ii) semi-simple if and only if its simple roots are one of the Dynkin's root
systems Π(Bn) or Π(Dn) associated with the classical groups SO(2n + 1) and
SO(2n), respectively.

Proof

We let Spin(J) be a spin Lie group with J = 0, 12 , 1, . . . . For Spin(0), Spin(
1
2 ), and

Spin(1), we have, respectively, the diagram:

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION17 / 35
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SL(1,C) //

%%

Spin(0)

�� ''
SO(1) // boson (Higgs),

SL(2,C) //

%%

Spin( 12 )

�� %%
SO(2) // fermion,

SL(3,C) //

%%

Spin(1)

�� $$
SO(3) // boson.

these Lie groups SO(1), SO(2) and SO(3) are connected [Helgason, 1962].Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION18 / 35
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The sl(2,C) Lie algebra can be decomposed into the compact real su(2) and
imaginary isu(2) forms, or sl(2,R) and isl(2,R). It is only natural to seek the real
form of the spin half particle Lie algebra in terms of Pauli matrices [Pauli Jr,
1927], which are sl(2,C) matrix basis elements.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION19 / 35
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Real Lie algebra of Spin particle 20

Proposition II

The real Lie algebra spin
(
1
2

)
of spin half particles (Spin ( 12 )) is given by

spin
(
1
2

)
= {S ∈ M2(R)|TrS = 0}.

1 The elements Sk =ℏ
2

(
0 1
−1 0

)
, Sz =

ℏ
2

(
1 0
0 −1

)
, S+ = ℏ

(
0 1
0 0

)
form a basis of the spin ( 12 ).

2 The commutation relations are given by :

[Sk ,Sz ] = −ℏSx , [Sk ,S+] = ℏSz , [Sz ,S+] = ℏS+.

Take an arbitrary angular momentum spin( 12 ) with spinors

χ =

(
a
b

)
= aχ 1

2

+ bχ− 1

2

, χ 1

2

=

(
1
0

)
and χ− 1

2

=

(
0
1

)
.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION20 / 35
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Let

Sx =
S+ + S−

2
and Sy =

S+ − S−
2i

.

From the above equations (??) and (??), we can write S2 and Sz in terms of
spinors. Indeed,

S2χ 1

2

= ℏ2
1

2

(
1

2
+ 1

)∣∣∣∣χ 1

2

〉
=

3

4
ℏ2χ 1

2

, S2χ− 1

2

= ℏ2
3

4
χ− 1

2

. (5.1)

From equations (5.1), we can deduce

S2 =
3

4
ℏ2

(
1 0
0 1

)
=

3

4
ℏ2I ,

where I =

(
1 0
0 1

)
is the identity matrix. Similarly,

Szχ 1

2

=
ℏ
2
χ 1

2

and Szχ− 1

2

= −ℏ
2
χ− 1

2

.
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Therefore,

Sz =
ℏ
2

(
1 0
0 −1

)
=

ℏ
2
σz .

By analogous computations, we get:

S+ = ℏ
(

0 1
0 0

)
= ℏσ+ (5.2)

and

S− = ℏ
(

0 0
1 0

)
= ℏσ−. (5.3)
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Lemma III

For a spin( 12 ) there exists an orthogonal (skew symmetric) matrix element Sk
(with ℏ = 1), which can be transformed into an SO(2) compact Lie group. For

g =

(
a b
c d

)
∈ SL(2,R) = G, the stabilizer of i ∈ C under the action of g is the

subgroup K = SO(2).

Remark

The spin
(
1
2

)
∈ sl(2,C). Thus, it is complex, and for good notation, we write

spin
(
1
2 ,C

)
⊂ sl(2,C). For the real form, we write spinR

(
1
2

)
⊂ sl(2,R). Finally,

spin

(
1

2
,C

)
= spinR

(
1

2

)
⊕ ispinR

(
1

2

)
.

For simplicity, in the next section, we use the usual notation spinR(
1
2 ) to be the

real form spin
(
1
2 ,R

)
of the spin half particle. Note, when ℏ = 1,

spinR(
1
2 ) = su(2) and spin

(
1
2 ,C

)
⊂ sl(2,C).
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Theorem II

(i) Let θ, t, ξ be arbitrary real numbers, and put ℏkθ = exp(θSk),

ℏd
1

2

t = exp(tSz), and ℏnξ = exp(ξS+). Then, the subgroups ℏ3KDN of Spin(
1
2

)
are de�ned by: ℏKθ = {ℏkθ|θ ∈ R}, ℏD = {ℏd

1

2

t |t ∈ R} and
ℏN = {ℏnξ|ξ ∈ R}. We have:

ℏkθ =

(
ℏ cos θ

2 ℏ sin θ
2

−ℏ sin θ
2 ℏ cos θ

2

)
, ℏd

1

2

t =

(
ℏe t

2 0

0 ℏe− t
2

)
'

ℏnξ =

(
ℏ ℏξ
0 ℏ

)
,

ℏK ∼= R
4πZ
∼= T , ℏD ∼= R, ℏN ∼= R.

(ii) Any spin
(
1
2

)
particle is uniquely decomposable in the form:

spin

(
1

2

)
= ℏ3 kθd

1

2

t nξ = exp (θ⟨sm|Sk |sm⟩) · exp (t⟨sm|Sz |sm⟩) · exp (ξ⟨sm|S+|sm⟩) .

(6.1)Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION24 / 35
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25

Theorem II: Iwasawa Decomposition of Spin (1
2
) particle

If spin ( 1
2
) =

(
a b
c d

)
∈ SL(2,R), then, θ, t, ξ in Theorem II (i) are given by the

relations:

exp

(
i
θ

2

)
=

a− ic

ℏ3
√
a2 + c2

, (6.2)

exp(t) =
a2 + c2

ℏ6
, (6.3)

and

ξ =
ℏ6(ab + cd)

a2 + c2
. (6.4)
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Now we know that Spin
(
1
2

)
is spanned by two states: {| 12

1
2 ⟩, |

1
2 ,− 1

2 ⟩}. From
equations (??), (??) and (??), we can calculate the angular momentum for spin
half integers such as 1

2 ,
3
2 ,

5
2 and so on· · · [Thankappan, 1972].

A question arises: What can the general term (last term) of a spin half integer
be? From a theoretical point of view, this can be useful in the study of particle
rotational forms. We have the following results:
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Theorem III

For any spin( 2n−1
2 ) (fermions) quantum state, where n = 1, 2, 3, . . . , we have:

(i) S2 |S ,M⟩n =
(
4n2−1

4

)
ℏ2 |S ,M⟩ .

(ii) Sz |S ,M⟩n = ±
(
2n−k
2

)
ℏ |S ,M⟩ where k ≤ 2n, and n = 1, 2, . . ., with

k = 1, 3, 5, . . ..

(iii) The nth possible state of a spin half particle is given by:

Msn = 2Sn + 1 = 2n,

where n = 1, 2, 3, . . .. The quantum state of the fermion is spanned by 2n
states: ∣∣∣∣(2n − 1

2

)
,±

(
2n − 1

2

)〉
, . . . ,

∣∣∣∣(2n − 1

2

)
,±

(
2n − k

2

)〉
,

where k = 1, 3, 5, . . . , with k ≤ 2n.
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(iv) The ladder operators act as follows:

S+n

∣∣∣∣(2n − 1

2

) (
2n − k

2

)〉
= ℏ

√
(k − 1)n −

(
(k − 1)(k − 1)

4

)∣∣∣∣S ,M + 1⟩,

(6.5)

S+n

∣∣∣∣(2n − 1

2

)
, −

(
2n − k

2

)〉
= ℏ

√
(k + 1)n −

(
(k + 1)(k + 1)

4

)∣∣∣∣S ,M+1⟩,

(6.6)
Note

Syn =
S+n − S−n

2i
=

ℏσkn

2i
= −iSkn . (6.7)
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Theorem IV

For any spin( 2n−1
2 ), the quantum state of the particle is spanned by 2n states and

there exists orthogonal matrix element Skn in the Syn matrix which can be
transformed into the classical group SO(2n) with natural numbers n = 1, 2, 3, . . ..
This compact Lie group SO(2n) corresponds to the Dynkin's root Π(Dn).

Proof.

From Lemma III, From Lemma 23 we observe that the theorem is true for n = 1.
For spin( 2n−1

2 ) particle quantum state spanned by 2n states, we consider similar
arguments for Theorem II, replacing the Sk matrix by the nth matrix Skn and
deducing in the same manner as in Lemma III to obtain the above Theorem III.
Speci�cally, from Theorem II, there exists Skn matrix in the Syn matrix from
equation 6.10. One can check that these matrices are orthogonal and generate
SO(2n) with n = 1, 2, 3 . . .. For n = 1 we have the compact Lie group SO(2) as in
Lemma III. Finally, the correspondence to the Dynkin's roots Π(Dn).Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION28 / 35
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Proposition III [Sugiura, 1977]

For an element g ∈ SpinR
(
1
2

)
and θ ∈ R, let

gkθ = kg ·θd
1

2

t(g ,θ)nξ(g ,θ)

be the Iwasawa decomposition of gkθ. If ℏ = 1, then, the following cocycle
conditions hold, for g , g ′ which are projections in SL(2,R) ⊃ SpinR

(
1
2

)
:

1 (i) (gg ′) · θ ≡ g · (g ′ · θ) (mod 4π);
(ii) t (gg ′, θ) = t (g , g ′ · θ) + t (g ′, θ) ;
(iii) g · (θ + 2π) = g · θ + 2π (mod 4π), t (g , θ + 2π) = t (g , θ) .
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Proposition III [Sugiura, 1977]

1 If g =

(
a b
c d

)
, then, we have:

(i) exp
(

i(g·θ)
2

)
=

(a− ic) cos θ
2
+ (−b + id) sin θ

2

| (a− ic) cos θ
2
+ (−b + id) sin θ

2
|
;

(ii) exp (t (g , θ)) = | (a− ic) cos θ
2
+ (−b + id) sin θ

2
|2;

(iii) ξ (g , θ) = exp (−t (g , θ))×[
(ab + cd) cos θ + 1

2

(
a2 − b2 + c2 − d2

)
sin θ

]
;

(iv) d (g·θ)
dθ

= exp (−t (g , θ)) .
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Theorem V[Main Result: Particle Decomposition]

Any spin Lie group G can be uniquely decomposed in the form:

G = ÆKDsN

where K is compact, Ds is a rotational function (d-function), and N is nilpotent
(Ladder operators). We denote by �(α−1) the �ne structure constant and all
other translational energy of elementary spin particles.

Fine structure constant

α2 =
(kc) (q)

2

(h/π) (c)
, α−1 = 137.036...

α =
1

137
= Æ.
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Is Spin(n) in Mathematics the same as the Spin(J) in
particle Physics? 33
In mathematics the spin group spin (n) is a double cover of the special orthogonal
group SO (n).

Spin (3)

��
SO(3)

however, in particle Physics

SL(3,C) //

%%

Spin (1)

�� $$
SO(3) // boson,

and similarly,In MathematicsFrancis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION32 / 35
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Spin (2)

��
SO(2)

while in Physics;

SL(2,C) //

%%

Spin ( 12 )

�� %%
SO(2) // fermion.
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Concluding remarks

In this work,

we provided an extension of semi-simplicity of spin particle Lie algebra to the
Lie group level,

we showed that a spin particle Lie algebra admits a Cli�ord algebra, an
almost complex manifold and a spin Lie group structure,

we demonstrated that any spin half particle, (resp. integer spin), spin Lie
group is a fourfold, (resp. double), cover of the SO(2n), (resp. SO(2n + 1)),
we also proved that any spin Lie group of a spin particle is connected and
semi-simple,

we constructed the real Lie algebra of the Spin
(
1
2

)
particle,

we also performed the Iwasawa decomposition of the spin half into KDN,

�nally, we applied the angular momentum coupling to the Spin
(
2n−1
2

)
particle and demonstrated that the orthogonal basis transforms into the
SO(2n) one, which is nothing but the Dynkin's root Dn.

Francis Atta Howard GROUP-ALGEBRAIC CHARACTERIZATION OF SPIN PARTICLES: SEMI-SIMPLICITY, SO(2N) STRUCTURE AND IWASAWA DECOMPOSITION34 / 35



Motivation
Preliminaries

Spin Semi-simplicity
Real Lie algebra of Spin particle

Iwasawa Decomposition of Spin ( 1
2
) particle

Spin Particle Decomposition
Is spin in Mathematics the same as the spin in particle Physics?

Concluding remarks

QUESTIONS?

THANKS FOR YOUR ATTENTION!
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