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Introduction

A Courant algebroid is a vector bundle equipped with a non-degenerate metric, Courant
bracket on the sections of the bundle, and an anchor map to tangent bundle, satisfying a set
of compatibility conditions.

Example (Courant 90)

Dorfman bracket on TM ⊕ T ∗M

〈(v1, α1), (v2, α2)〉 = ιv1α2 + ιv1α2,

[(v1, α1), (v2, α2)] = ([v1, v2], Lv1α2 +
1

2
d(ιv2α1 − ιv1α2)− Lv2α1).

Courant algebroids are in one-to-one correspondence with degree 2 differential-graded (dg for
short) symplectic manifolds.
A Courant-Dorfman algebra is an algebraic generalization of a Courant algebroid.
The relation between Courant-Dorfman algebras and Poisson vertex algebras was found in the
context of current algebras.
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Introduction

Current algebras: Poisson algebras consisting of functions on mapping spaces.

Example (Alekseev-Strobl 04)

Current algebras on C∞(T ∗LM) (LM = Map(S1,M))

J(v,α)(σ) = vi(x(σ))pi(σ) + αi(x(σ))∂σx
i(σ).

{J(v,α)(σ), J(u,β)(σ′)} = J[(v,α),(u,β)](σ)δ(σ − σ′) + 〈(v, α), (u, β)〉(σ)δ′(σ − σ′),

u, v is a vector field on M , α, β is a 1-form on M , [(v, α), (u, β)] = ([v, u], Lvβ − ιudα) is the
Dorfman bracket on the generalized tangent bundle TM ⊕ T ∗M and
〈(v, α), (u, β)〉 = ιuα+ ιvβ.
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Introduction

Ekstrand and Zabzine studied the algebraic structure underlying more general current algebras
on loop spaces, They found that a weak notion of Courant-Dorfman algebras (weak
Courant-Dorfman algebras) appears when we consider the Poisson bracket of currents.
Ekstrand derived weak CD algebras and CD algebras using the language of Lie conformal
algebras (LCA for short) and Poisson vertex algebras (PVA for short).
Ekstrand proved that Poisson vertex algebras that are graded and generated by elements of
degree 0 and 1 are in a one-to-one correspondence with Courant-Dorfman algebras.
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Introduction

Alekseev-Strobl current algebras can be described in the language of dg symplectic geometry.
Poisson algebras on the mapping space
n− 1 dimensional manifolds→degree n dg symplectic manifolds
were constructed. They are called BFV(Batalin-Fradkin-Vilkovisky) current algebras.

BFV current algebras (Ikeda-Koizumi 11, Ikeda-Xu 13, Arvanitakis 21)

Jϵ (α) (ϕ) =

∫
T [1]Σn−1

ϵ · ϕ∗(a)(σ, θ)dn−1σdn−1θ,

{Jϵ1 (α) , Jϵ2 (β)} =

∫
T [1]Σn−1

ϵ1ϵ2{{α,Θ}, β}(σ, θ)dn−1σdn−1θ

+

∫
T [1]Σn−1

(dϵ1)ϵ2{α, β}(σ, θ)dn−1σdn−1θ.

They can be seen as a higher generalization of Alekseev-Strobl current algebras.
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Introduction

We can expect that we can construct higher Poisson vertex algebras and higher
Courant-Dorfman algebras which are generalizations of BFV currents. In this thesis, we give a
higher analog of the relation between Poisson vertex algebras and Courant-Dorfman algebras.

• We define (extended) higher Courant-Dorfman algebras and give examples.

• We make graded Poisson algebras of degree −n from a non-degenerate higher
Courant-Dorfman algebras, generalizing Keller-Waldman Poisson algebras. For higher
Courant-Dorfman algebras from finite-dimensional graded vector bundles, this graded
Poisson algebra is isomorphic to the algebra of functions of degree n dg symplectic
manifolds.

• We define higher analogs of Lie conformal algebras and Poisson vertex algebras. We
derive a weak notion of higher Courant-Dorfman algebras from higher Lie conformal
algebras, and give the correspondence between higher Poisson vertex algebras and higher
Courant-Dorfman algebras. Moreover, we check higher Lie conformal algebras and higher
Poisson vertex algebras have LCA-like and PVA-like properties.
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dg symplectic manifolds

A graded manifold M on a smooth manifold M : a locally ringed space whose structure sheaf
(we denote it by C∞(M)) is locally isomorphic to (U,C∞(U)⊗ SymV ∗). (U ⊂ Rn is open,
V is a finite-dimensional graded vector space)
A graded vector field on a graded manifold M of degree k: a graded linear map

X : C∞(M) → C∞(M)[k],

where W [k]i = W k+i, which satisfies the graded Leibniz rule, i.e.

X(fg) = X(f)g + (−1)k|f |fX(g)

holds for all homogeneous smooth functions f, g ∈ C∞(M). (f : the degree of |f |)
A cohomological vector field Q is a graded vector field of degree 1 which satisfies Q2 = 0.
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dg symplectic manifolds

A graded symplectic form of degree k on a graded manifold M is a two-form ω which has the
following properties;

• ω is homogeneous of degree k,

• ω is closed with respect to the de-Rham differential

d =
∑
i

dzi
∂

∂zi
,

• ω is non-degenerate, i.e. the induced morphism,

ω : TM → T ∗[k]M,

is an isomorphism. There [k] means degree shifting the fibres of the vector bundle.

著者略称 Higher Courant-Dorfman algebras and associated higher Poisson vertex algebrasApril 27, 2023 11 / 58



dg symplectic manifolds

Let ω be a graded symplectic form on a graded manifold M. A vector field X is Hamiltonian
if there is a smooth function H such that ιXω = dH.
For a degree k graded symplectic manifold (M, ω), we can define a degree −n Poisson
bracket {−,−} on C∞(M) via

{f, g} := (−1)|f |+1Xf (g)

where Xf is the unique graded vector field that satisfies ιXf
ω = df(a Hamiltonian vector field

of f). If the vector field Q is Hamiltonian, one can find a Hamiltonian function S such that

Q = {S,−}.

Q2 = 0(i.e. Q is cohomological) is equivalent to

{S, S} = 0.

This equation is known as the classical master equation.
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dg symplectic manifolds

A cohomological vector field with a Hamiltonian function S such that Q = {S,−} is called a
symplectic cohomological vector field.
A graded manifold endowed with a graded symplectic form and a symplectic cohomological
vector field is called a differential graded symplectic manifold, or dg symplectic manifold for
short.
There is a one-to-one correspondence between the isomorphism class of dg symplectic
manifolds of degree 2 and isomorphism class of Courant algebroids.
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dg symplectic manifolds

Definition (Liu-Weinstein-Xu 95)

A Courant algebroid is a vector bundle E over a smooth manifold M , with a non-degenerate
symmetric bilinear form 〈, 〉, and a bilinear bracket ∗ on Γ(E). The form and the bracket must
be compatiable, in the meaning defined below, with the vector fields on M . We must have a
smooth bundle map, the anchor

π : E → TM.

These structure satisfy the following five axioms, for all A,B,C ∈ Γ(E) and f ∈ C∞(M).

Axiom.1 : π(A ∗B) = [π(A), π(B)] (The bracket of the right hand side is the Lie bracket
of vector fields).

Axiom.2 : A ∗ (B ∗ C) = (A ∗B) ∗ C +B ∗ (A ∗ C).

Axiom.3 : A ∗ (fB) = (π(A)f)B + f(A ∗B).

Axiom.4 : 〈A,B ∗ C + C ∗B〉 = π(A)〈B,C〉.
Axiom.5 : π(A)〈B,C〉 = 〈A ∗B,C〉+ 〈B,A ∗ C〉.
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dg symplectic manifolds

(M, ω, S): degree 2 dg symplectic manifold
Denote Ci(C

∞(M)) = {f ∈ C∞(M) : |f | = i}. Then

C0(C
∞(M)) ' C∞(M), C1(C

∞(M)) ' Γ(E).

For f ∈ C0(C
∞(M)) and A,B ∈ C1(C

∞(M)), we define

{{A,S}, B} = A ∗B
{{A,S}, f} = π(A)f = ∂(f)A = {{S, f}, A}.

This computation gives a dg symplectic manifold of degree 2 the structure of a Courant
algebroid.

Theorem (Roytenberg 02)

Dg symplectic manifolds of degree 2 are in 1-1 correspondence with Courant algebroids.
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Courant-Dorfman algebras and Poisson vertex algebras

Definition (Roytenberg 09)

A Courant-Dorfman algebra consists of the following data:

• a commutative algebra R,

• an R-module E,

• a symmetric bilinear form 〈, 〉 : E ⊗ E → R,

• a derivation ∂ : R → E,

• a Dorfman bracket [, ] : E ⊗ E → E,

which satisfies the following conditions;

[e1, fe2] = f [e1, e2] + 〈e1, ∂f〉e2, 〈e1, ∂〈e2, e3〉〉 = 〈[e1, e2], e3〉+ 〈e2, [e1, e3]〉,

[e1, e2] + [e2, e1] = ∂〈e1, e2〉, [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]],

[∂f, e] = 0, 〈∂f, ∂g〉 = 0,

where f, g ∈ R and e1, e2, e3 ∈ E.
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Courant-Dorfman algebras and Poisson vertex algebras

If 〈, 〉 is non-degenarate, we can make a graded Poisson algebra of degree -2
When R = C∞(M), E = Γ(F ) for a vector bundle F → M , this algebra is isomorphic to the
algebra of functions of the associated dg symplectic manifold.

Definition (Zabzine-Ekstrand 09)

A weak Courant-Dorfman algebra (E,R, ∂, 〈, 〉, [, ]) is defined by the following data:

• a vector space R,

• a vector space E,

• a symmetric bilinear form 〈, 〉 : E ⊗ E → R,

• a map ∂ : R → E,

• a Dorfman bracket [, ] : E ⊗ E → E,

which satisfy the following conditions:

[A, [B,C]] = [[A,B], C] + [B, [A,C]], [A,B] + [B,A] = ∂〈A,B〉, [∂f,A] = 0.
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Courant-Dorfman algebras and Poisson vertex algebras

Definition

A Lie conformal algebra is a C[∂]-module W (i.e.∂ acts on elements of W ) with a λ-bracket
{λ} : W ⊗W → W [λ], {aλb} =

∑
j∈Z+

λja(j)b which satisfies the conditions.

Sesquilinearity :{∂aλb} − λ{aλb}, {aλ∂b} = (∂ + λ){aλb}
Skew-symmetry :{aλb} = −{b−λ−∂a}
Jacobi-identity :{aλ{bµc}} = {{aλb}µ+λc}+ {bµ{aλc}}
A Poisson vertex algebra is a commutative algebra W with a derivation
∂(i.e.∂(ab) = (∂a)b+ a(∂b)) and λ-bracket {λ} : W ⊗W → W [λ] such that W is a Lie
conformal algebra and satisfies the Leibniz rule.

Leibniz rule :{aλb · c} = {aλb} · c+ b · {aλc}
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Courant-Dorfman algebras and Poisson vertex algebras

The relation between current algebras on loop spaces and Lie conformal and Poisson vertex
algebras
Denote the coordinates on T ∗LM by uα(σ) = {Xα(σ), Pα−d(σ)}α, where α = 1, ..., 2d and
let uα(n) = ∂nuα. Fix N < ∞ and assume the local functions can be written as polynomials

a(uα, ..., uα(N)).

We have a total derivative operator by

∂ = uα(1)
∂

∂uα
+ · · ·+ uα(N+1) ∂

∂uα(N)
.

The algebra of these polynomials with the total derivative is called an algebra of differential
equation V. When we integrate functions over S1, the function of the form ∂σ(· · · ) doesn’t
contribute. We can take the quotient V/∂V.
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Courant-Dorfman algebras and Poisson vertex algebras

A local Poisson bracket on the phase space can be described by

{uα(σ), uβ(σ′)} = Hαβ
0 (σ′)δ(σ − σ′) +Hαβ

1 (σ′)∂σ′δ(σ − σ′) + · · ·+Hαβ
N (σ′)∂N

σ′δ(σ − σ′).

For a, b ∈ V , we have

{a(σ), b(σ′)} =
∑
m,n

∂a(σ)

∂uα(m)

∂b(σ′)

∂uβ(n)
∂m
σ ∂n

σ′{uα(σ), uβ(σ′)}.

Using a Fourier transformation of this Poisson bracket, we get a Poisson vertex algebra. Define
the Fourier transformed bracket by

{aλb} =

∫
S1

eλ(σ−σ′){a(σ), b(σ′)}dσ.

This bracket (called a λ-bracket) with V, ∂ is a Lie conformal algebra. Considering the
multiplication of polynomials on V, it is a Poisson vertex algebra. So we can translate the
relation between (weak) Courant-Dorfman algebras and currents on the phase space into that
between (weak) Courant-Dorfman algebras and Lie conformal algebras and Poisson vertex
algebras.
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Courant-Dorfman algebras and Poisson vertex algebras

From Lie conformal algebras and Poisson vertex algebras, we can make Lie algebras and
Poisson algebras using formal power series. For a Lie conformal algebra W ,
W ⊗ C[[t, t−1]]/Im(∂ + ∂t) is a Lie algebra with the Lie bracket

[α⊗ tm, β ⊗ tn] =
∑
j∈Z+

(
m

j

)
(α(j)β)t

m+n−j .

Moreover, for a Poisson vertex algebra W , W ⊗ C[[t, t−1]]/Im(∂ + ∂t) ·W ⊗ C[[t, t−1]] is a
Poisson algebra with the same Lie bracket.
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Courant-Dorfman algebras and Poisson vertex algebras

We can derive the properties of a weak Courant-Dorfman algebra from a Lie conformal algebra
by comparing the 0th-order terms of λ, of these axioms.

[aλb] =
∑
j≥0

a(j)bλ
j , a(0)b = [a, b], [aλb]− [a, b] = 〈aλb〉,

〈a, b〉 = 1

2
(〈a−∂b〉+ 〈b−∂a〉).

[∂a, b] + o(λ) = {∂aλb} = λ{aλb} ⇒ [∂a, b] = 0,

[a, b] + o(λ) = {aλb} = −{b−λ−∂a} = −[b, a] + ∂〈b−∂a〉+ o(λ) ⇒ [a, b] + [b, a] = ∂〈a, b〉,

[a, [b, c]] + o(λ) = [[a, b], c] + [b, [a, c]] + o(λ) ⇒ [a, [b, c]] = [[a, b], c] + [b, [a, c]].

The right formulas are the conditions of a weak Courant-Dorfman algebra.
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Courant-Dorfman algebras and Poisson vertex algebras

Moreover, a one-to-one correspondence between graded Poisson vertex algebras generated by
elements of degree 0 and 1 and Courant-Dorfman algebras is established. In this case, the
λ-bracket is of the form

{aλb} = [a, b] + λ〈a, b〉.
Substituting this for the axioms of Poisson vertex algebras, we can get the axioms of
Courant-Dorfman algebraic structure.

Theorem (Ekstrand 11)

The Poisson vertex algebras that are graded and generated by elements of degree 0 and 1 are
in a one-to-one correspondence with the Courant-Dorfman algebras via

W 0 = R, W 1 = E, ∂ = ∂

[eλe
′] = [e, e′] + λ〈e, e′〉, [eλf ] = 〈e, ∂f〉

In the case of E = TM ⊕ T ∗M , the associated Poisson vertex algebra can be seen as the
algebraic description of Alekseev-Strobl currents.
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Definitions and examples

R = E0:a commutative algebra
E = ⊕n−1

i=0 E
i:a graded R-module

〈, 〉 : E ⊗ E → R a pairing such that 〈a, b〉 = 0 unless |a|+ |b| = n
Consider the graded-commutative algebra freely generated by E and denote it by Ẽ = (Ek)k∈Z.
We restrict this graded-commutative algebra to the elements of degree n− 1 ≥ k ≥ 0 and
denote it by E = (Ek)n−1≥k≥0. The pairing 〈, 〉 can be extended to E by the Leibniz rule

〈a, b · c〉 = 〈a, b〉 · c+ (−1)(|a|−n)|b|b · 〈a, c〉.

Definition (Definition 4.1)

E = (Ek) is a higher Courant-Dorfman algebra if E has a differential d : Ek → Ek+1 which
satisfies d2 = 0 and d(a · b) = (da) · b+ (−1)|a|a · (db) and a bracket [, ] : E ⊗ E → E of degree
1− n which satisfies the following condition:
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Definitions and examples

sesquilinearity :
〈da, b〉 = −(−1)|a|−n[a, b], [da, b] = 0.

skew-symmetry :
[a, b] + (−1)(|a|+1−n)(|b|+1−n)[b, a] = −(−1)|a|d〈a, b〉,

〈a, b〉 = −(−1)(|a|−n)(|b|−n)〈b, a〉.

Jacobi identity :
[a, [b, c]] = [[a, b], c] + (−1)(|a|+1−n)(|b|+1−n)[b, [a, c]],

[a, 〈b, c〉] = 〈[a, b], c〉+ (−1)(|a|+1−n)(|b|+1−n)〈b, [a, c]〉,

〈a, 〈b, c〉〉 = 〈〈a, b〉, c〉+ (−1)(|a|−n)(|b|−n)〈b, 〈a, c〉〉.

Leibniz rule :
[a · b, c] = [a, b] · c+ (−1)(|a|+1−n)|b|b · [a, c].
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Definitions and examples

We can define a Dirac submodule, like an ordinary Couarnt-Dorfman algebra.

Definition

Suppose E is a higher Courant-Dorfman algebra. An R-submodule D ⊂ E is said to be a Dirac
submodule if D is isotropic with respect to 〈, 〉 and closed under [−,−].
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Definitions and examples

Example

·n=2: These algebras are Courant-Dorfman algebras
·Given R, let E1 = Ω1, En−1 = X = Der(R) (En−1 = X⊕ Ωn−1)
It becomes a higher Courant-Dorfman algebra with respect to

〈v, α〉 = ιvα, [v, α] = Lvα, [α, v] = −ιvdα, [v1, v2] = ιv1ιv2ω(ω ∈ Ωn+1,cl).

When R = C∞(M), En−1 = TM ⊕ ∧n−1T ∗M (higher Dorfman bracket).
In this case, a Dirac submodule is called a higher Dirac structure. [Bursztyn-Alba-Rubio,16]
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Definitions and examples

Example

We can replace X by a Lie-Rinehart algebra (R,L) and let En−1 = L

〈v, α〉 = ιρ(v)α, [v, α] = Lρ(v)α, [α, v] = −ιρ(v)dα, [v1, v2] = ιρ(v1)ιρ(v2)ω(ω ∈ Ωn+1,cl).

·(M, ω,Θ): a dg symplectic manifold of degree n
Then, Cn−1(C∞(M)) = {a ∈ C∞(M) : |a| ≤ n− 1} is a higher Courant-Dorfman algebra via

[a, b] = {{a,Θ}, b}, 〈a, b〉 = {a, b}.
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Definitions and examples

In order to focus on the relation with higher Poisson vertex algebras, we should define
extended higher Courant-Dorfman algebras, relaxing the condition of 〈, 〉.

Definition (Definition4.6)

Let R = E0 be a commutative algebra, and E = Ei(1 ≤ i ≤ n− 1) be a graded R-module.
Consider the graded-commutative algebra freely generated by E and denote it by
Ẽ = (Ek)k∈Z. We restrict this graded-commutative algebra to the elements of degree
n− 1 ≥ k ≥ 0 and denote it by E = (Ek)n−1≥k≥0.
E = (Ek)n−1≥k≥0 is an extended higher Courant-Dorfman algebra of degree n if E has a
differential d : Ek → Ek+1 which satisfies d2 = 0 and d(a · b) = (da) · b+ (−1)|a|a · (db), a
pairing 〈, 〉 : E ⊗ E → E of degree −n and a bracket [, ] : E ⊗ E → E of degree 1− n which
satisfies the sesquilinearity, skew-symmetry, Jacobi identity, and Leibniz rule.

The difference with a higher Courant-Dorfman algebra is that an extended Courant-Dorfman
algebra allows the pairing 〈, 〉 : Ei ⊗ Ej → Ei+j−n with i+ j ≥ n+ 1.
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Graded Poisson algebras of degree −n

We consider the case that 〈, 〉 is non-degenerate, and study the relationship between the
algebras and functions of degree n dg symplectic manifolds. We construct a graded Poisson
algebra of degree −n, generalizing the Keller-Waldman Poisson algebras.

Definition (Definition4.3)

The bilinear form 〈, 〉 gives rise to a map

(−)♭ : Ei → (En−i)∨ = HomR(E
n−i, R)

defined by
e♭(e′) = 〈e, e′〉.

〈, 〉 is non-degenerate if (−)♭ is an isomorphism, and a higher Courant-Dorfman algebra is
non-degenerate if 〈, 〉 is non-degenerate.

著者略称 Higher Courant-Dorfman algebras and associated higher Poisson vertex algebrasApril 27, 2023 33 / 58



Graded Poisson algebras of degree −n

r ≥ n. Cr(E) ⊂ ⊕1≤j≤n−1 ⊕1≤k≤r−j ⊕∑k
t=1 it=r−jHomK(En−i1 ⊗ · · · ⊗ En−ik , Ej) consists

of elements C for which there exists a K-multilinear map

σC ∈ ⊕1≤k≤r−j ⊕∑k−1
t′=1

it′=r−n HomK(En−i1 ⊗ · · · ⊗ En−ik−1 ,X),

satisfying the following conditions:
(1)For all x1, ..., xk−1, u, w ∈ E, we have

σC(x1, ..., xk−1)〈u,w〉 = 〈C(x1, ..., xk−1, u), w〉+ 〈u,C(x1, ..., xk−1, w)〉.

(2)For all x1, ..., xk, u ∈ E, we have

〈C(x1, ...xi, xi+1, ..., xk)− (−1)(|xi|−n)(|xi+1|−n)C(x1, ...., xi+1, xi, ..., xk), u〉
= σC(x1, ..., xi−1, xi+2, ...., xk, u)〈xi, xi+1〉.

Furthermore, C0(E) = R, Ci(E) = E i for 1 ≤ i ≤ n− 1 and define

C•(E) = ⊕r≥0Cr(E).

We call σC the symbol of C.
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Graded Poisson algebras of degree −n

[, ] : Cr(E)⊗ Cs(E) → Cr+s−n(E)
is defined by

[a, b] = 0, [a, x] = 0 = [x, a], [x, y] = 〈x, y〉, [D, a] = σDa = −[a,D],

[C, x] = ιxC = −(−1)(r+n)(|x|+n)[x,C]

for elements a, b ∈ R, x, y ∈ E,D ∈ Cn(E), C ∈ Cr(E) for r ≥ n, and by the recursion

ιx[C1, C2] = [[C1, C2], x] = [C1, [C2, x]]− (−1)(|C1|+n)(|C2+n|)[C2, [C1, x]]

A product is defined by

a ∧ b = ab = b ∧ a, a ∧ x = ax = x ∧ a

for a, b ∈ R and x ∈ E and by the recursion rule

[C1 ∧ C2, x] = [C1, C2] ∧ x+ (−1)(|C1|−n)|C2|C2 ∧ [C1, x]

(C•(E), [, ],∧) is a graded Poisson algebra of degree −n.
著者略称 Higher Courant-Dorfman algebras and associated higher Poisson vertex algebrasApril 27, 2023 35 / 58



Graded Poisson algebras of degree −n

For r ≥ 1 the subspace Ωr
C(E) ⊂ ⊕1≤k≤r ⊕∑k

t=1 it=r HomK(En−i1 ⊗ · · · ⊗ En−ik , R) consists

of elements ω satisfying the following conditions;
(1)

ω(x1, ..., axk) = aω(x1, ..., xk),

for all a ∈ R.
(2)For r ≥ n, there exists a multilinear map,

σω ∈ ⊕1≤k≤r ⊕∑k−1
t′=1

it′=r−n HomK(En−i1 ⊗ · · · ⊗ En−ik−1 ,X),

such that

ω(x1, ...xi, xi+1, ..., xk)− (−1)(|xi|−n)(|xi+1|−n)ω(x1, ...., xi+1, xi, ..., xk)

= σω(x1, ...
∧i
...∧

i+1
, xk)〈xi, xi+1〉.
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Graded Poisson algebras of degree −n

By the non-degeneracy of 〈, 〉, there is an isomorphism of graded R-modules

C•(E) → Ω•
C(E),

given by
ω(x1, ..., xt) = 〈C(x1, ..., xt−1), xt〉.

We can construct ωϕ ∈ Ωr
C(E) ' Cr(E) from the map

ϕ : E i1 ⊗ E i2 ⊗ · · · ⊗ E im → E i1+···+im−mn+r by

ωϕ(e1, e2, ..., ek) = 〈· · · 〈ϕ(e1, ..., em), em+1〉 · · · 〉, ek〉.

Let ϕ be the bracket of the higher Courant-Dorfman algebra. Then, ωϕ satisfies |ωϕ| = n+ 1
and [ωϕ, ωϕ] = 0 and the map [ωϕ,−] is degree 1 and squares to 0, so it defines a differential
on C•(E).
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Graded Poisson algebras of degree −n

Higher Rothstein algebra
A connection ∇ for the graded module E = (Ei): ∇ : X× E → E of degree 0 such that

∇rDx = r∇Dx

∇D(rx) = r∇Dx+D(r)x

for all x, y ∈ E and D ∈ X. ∇ is called metric if in addition

D〈x.y〉 = 〈∇Dx, y〉+ 〈x,∇Dy〉

for all x, y ∈ E and D ∈ X.
Curvature of ∇

R(D1, D2)ξ = ∇D1∇D2ξ −∇D2∇D1ξ −∇[D1,D2]ξ

for Di ∈ X and ξ ∈ Sym(E)
Define r(D1, D2) ∈ Sym2E|deg=n by

R(D1, D2)x = 〈r(D1, D2), x〉.
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Graded Poisson algebras of degree −n

R•(E) = Sym(⊕1≤i≤n−1E
i[−i]⊕ X[−n]).

Let ∇ be a metric connection on E. Then there exists a unique graded Poisson structure
{−,−}R on R•(E) of degree −n such that

{a, b}R = 0 = {a, x}R
{x, y}R = 〈x, y〉
{D, a}R = −D(a)

{D,x}R = −∇Dx

{D1, D2}R = −[D1, D2]− r(D1, D2).

for a, b ∈ R, x, y ∈ E and D1, D2 ∈ X.
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Graded Poisson algebras of degree −n

the relation between R•(E) and C•(E)
Let the R-linear map J : R•(E) → C•(E) be defined on generators by

J (a) = a,J (x) = x,J (D) = −∇D

for a ∈ R, x ∈ E and D ∈ X and extend to all degrees as homomorphism.
(1) The map J is a homomorphism of Poisson algebras.
(2) Let ϕ ∈ R•(E) with r ≥ n, then

J (ϕ)(x1, ..., xk) = {{...{ϕ, x1}R, ...}R, xk}R

Let Ĉ•(E) be the subalgebra of C•(E) generated by R,E and Cn(E). Then Ĉ•(E) is closed
under the bracket [, ] and J is an isomorphism of Poisson algebras

J : R•(E) → Ĉ•(E).
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Graded Poisson algebras of degree −n

R = C∞(M), Ei = Γ(F i) for a graded vector bundle F → M
Then we can construct a graded symplectic manifold (M, ω) of degree n. (The Poisson
bracket {−,−} is an extension of 〈−,−〉.)
C∞(M) is isomorphic to R•(E).
ωϕ corresponds to the Hamiltonian Θ of the graded symplectic manifold.
Locally,

Θ =
∑

∑
it=n+1

ϕ(q)ξa1(i1) · · · ξamim

ϕ(q) = 〈· · · 〈[ea1(n−i1), ea2(n−i2)], ea3(n−i3)〉, · · · , eam(n−im)〉.

(Darboux chart (ξa(k)) = (qa(l), pa(n−l))(1 ≤ k ≤ n, 1 ≤ l ≤ bn2 c), corresponding to a chart

(xi) on M and a local basis ea(k) of sections of Ek such that 〈ea(k), eb(n−k)〉 = δab
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Graded Poisson algebras of degree −n

Theorem (Theorem5.3)

Let (R,Ei(1 ≤ i ≤ n− 1), 〈, 〉, d, [−,−]) be a higher Courant-Dorfman algebra. Suppose
R = C∞(M) for a smooth manifold M , and each Ei = Γ(F i) for a graded vector bundle F i

over M. Degree n dg symplectic manifolds are in one-to-one correspondence with higher
Courant-Dorfman algebras of these types.
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Higher PVAs
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Higher PVAs

Definition (Definition6.1)

A higher Lie conformal algebra is a graded C[d]-module W = Wm(i.e. d acts on elements of
W ) with |d| = 1. It has a degree 1− n map which we call Λ-bracket [Λ] : W ⊗W → W [Λ]
with |Λ| = 1 which satisfy the conditions.

Sesquilinearity
[daΛb] = −(−1)−nΛ[aΛb], [aΛdb] = −(−1)|a|−n(d+ Λ)[aΛb]

Skewsymmetry
[aΛb] = −(−1)(|a|+1−n)(|b|+1−n)[b−Λ−da]

Jacobi identity
[aΛ[bΓc]] = [[aΛb]Λ+Γc] + (−1)(|a|+1−n)(|b|+1−n)[bΓ[aΛc]].
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Higher PVAs

The Λ-bracket is of the form
[aΛb] =

∑
j≥0

Λja(j)b.

Let
[a, b] = a(0)b, 〈aΛb〉 =

∑
j≥1

Λja(j)b.

〈a, b〉 = 〈a−db〉.

著者略称 Higher Courant-Dorfman algebras and associated higher Poisson vertex algebrasApril 27, 2023 45 / 58



Higher PVAs

We derive the properties of a higher weak Courant-Dorfman algebra via
sesquilinearity:

[da, b] + o(Λ) = {daΛb} = (−1)−nΛ{aΛb} ⇒ [da, b] = 0.

skew-symmetry:

[a, b] + o(Λ) = {aΛb} = −(−1)(|a|+1−n)(|b|+1−n){b−Λ−da}

= −(−1)(|a|+1−n)(|b|+1−n)([b, a] + d〈b−da〉) + o(Λ)

⇒ [a, b] + (−1)(|a|+1−n)(|b|+1−n)[b, a] = (−1)(|a|+1−n)(|b|+1−n)d〈b, a〉.

Jacobi-identity:

[a, [b, c]] + o(Λ) = [[a, b], c] + (−1)(|a|+1−n)(|b|+1−n)[b, [a, c]] + o(Λ)

⇒ [a, [b, c]] = [[a, b], c] + (−1)(|a|+1−n)(|b|+1−n)[b, [a, c]].

These are properties of a higher weak Courant-Dorfman algebras.
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Higher PVAs

Definition (Definition6.2)

A higher weak Courant-Dorfman algebra consists of the following data:

• a graded vector space E = (E i),

• a graded symmetric bilinear form of degree −n 〈, 〉 : E ⊗ E → E ,
• a map of degree 1 d : E → E ,
• a Dorfman bracket of degree 1− n [, ] : E ⊗ E → E ,

which satisfies the following conditions.

[e1, [e2, e3]] = [[e1, e2], e3] + (−1)(|e1|+1−n)(|e2|+1−n)[e2, [e1, e3]],

[e1, e2] + (−1)(|e1|+1−n)(e2+1−n)[e2, e1] = (−1)(|e1|+1−n)(|e2|+1−n)d〈e2, e1〉,

[de1, e2] = 0.
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Higher PVAs

Definition (Definition6.3)

Let C = (Cn, d) a cochain complex. C is a higher Lie conformal algebra of degree n if it
endows with a Λ-bracket [Λ] : C ⊗ C → C[Λ] defined by

a⊗ b 7→ [aΛb] = a(0)b+ Λa(1)b

satisfying the axioms of higher Lie conformal algebras. C is a higher Poisson vertex algebra if
it is a higher LCA and a differential graded-commutative algebra which satisfies

the Leibniz rule
[aΛbc] = [aΛb]c+ (−1)(|a|+1−n)|b|b[aΛc].
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Higher PVAs

{aΛb} = [a, b] + (−1)|a|Λ〈a, b〉.

Substituting this for the axioms of higher Poisson vertex algebras, we can get the axioms of
extended higher Courant-Dorfman algebraic structure.

Theorem (Theorem6.1)

The above higher Poisson vertex algebras generated by elements of degree 0 ≤ i ≤ n− 1 are
in one-to-one correspondence with the extended higher Courant-Dorfman algebras.
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Higher PVAs

LCA-like properties:

Lemma (Lemma6.1)

Let C = (Cn, d1) be a higher LCA and (E, d2) be a dgca. Then, a tensor product C ⊗ E of
cochain complexes is also a higher LCA by defining a bracket as
[a⊗ fΛb⊗ g] = (−1)(|b|+1−n)|f |[aΛ+d2b]⊗ fg, d(a⊗ f) = d1a⊗ f + (−1)|a|a⊗ d2f .

Definition (Definition6.4)

A graded Lie algebra C of degree n ∈ Z is a cochain complex of vector spaces with a bilinear
operation [, ] : C ⊗ C → C of degree n satisfying:
(1)skew-symmetry:[a, b] = −(−1)(|a|+n)(|b|+n)[b, a],
(2)Jacobi identity:[a, [b, c]] = [[a, b], c] + (−1)(|a|+n)(|b|+n)[b, [a, c]].
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Higher PVAs

Lemma (Lemma6.2)

Let C = (Ck, d) be a cochain complex which is a higher Lie conformal algebra of degree n.
Then C/Imd is a naturally a graded Lie algebra of degree (1− n) with bracket

[a+ dC, b+ dC] = [aΛb]Λ=0 + dC

Lemma (Lemma6.3)

Let L be a graded Lie algebra of degree n. Then, L[−n] is a graded Lie algebra with the same
bracket.

For any higher LCA C and dgca E, we put L(C,E) = C ⊗ E/Imd and
Lie(C,E) = L(C,E)[n− 1]. By the above lemmas, Lie(C,E) is a graded-Lie algebra via

{a⊗ f, b⊗ g} = (−1)(|b|+1−n)|f |(a(0)b⊗ fg + (−1)|a|a(1)b⊗ (df)g).
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Higher PVAs

Poisson algebraic structure
Next, we discuss the Poisson algebraic structure. Let C = (Cn, d) be a higher PVA. Then,
C ⊗ E[n− 1] is a dgca with products a⊗ f · b⊗ g = (−1)|b||f |a · b⊗ f · g, and Lie(C,E) is a
graded Lie algebra. We put P (C,E) = C ⊗ E[n− 1]/(Imd) · (C ⊗ E[n− 1]).

Theorem (Theorem6.2)

P (C,E) is a graded Poisson algebra with

[a⊗ f ] · [b⊗ g] = (−1)|b||f |[a · b⊗ fg],

{[a⊗ f ], [b⊗ g]} = (−1)(|b|+1−n)|f |(a(0)b⊗ fg + (−1)|a|a(1)b⊗ (df)g).

By the above theorem, we get a graded Poisson algebra from a higher PVA and a dgca.
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Higher PVAs

Example: formal power series
Define the algebra of formal power series

C[[t1, t−1
1 , ...tn, t

−1
n ]][θ1, ..., θn]

where ti are even coordinates in degree 0, θi are odd coordinates in degree 1.
Define the ”de-Rham differential” as

df :=
∑
i

∂f

∂ti
θi.
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Higher PVAs

Let C = (Cn, Q) be a higher LCA of degree n+ 1.
For V := C ⊗ C

[
[t1, t

−1
1 , ...tn, t

−1
n ]][θ1, ..., θn

]
[n]/((Qα)⊗ f + α⊗ df), the bracket

[α⊗ tp11 · · · tpnn θJ , β ⊗ tq11 · · · tqnn θK ]

= (α(0)β)t
p1+q1
1 · · · tpn+qn

n θJ ·K +

n∑
k=1

(α(1)β)pkt
p1+q1
1 · · · tpk+qk−1

k tpn+qn
n θJ ·{k}·K

J,K ⊂ {1, ..., n}, J ·K =
ϕ (J ∩K 6= ϕ)
J ∪K (J ∩K = ϕ)

makes the graded Lie algeraic structure.
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Higher PVAs

C = (Cn, Q):a higher PVA of degree 2
Then P (C,C[[t, t−1]][θ]) is a graded Poisson algebra via

{αtm, βtn} = (α(0)β)t
m+n + (α(1)β)mtm+n−1θ, {αtmθ, βtn} = (α(0)β)t

m+nθ.

If we restrict this algebra to degree 0 part, this subalgebra is isomorphic to the Poisson algebra
arising from the associated Poisson vertex algebra C ⊗ C[[t, t−1]]/Im(d+ ∂t) · C ⊗ C[[t, t−1]].

α ∈ C1 =⇒ αtm → αtm, β ∈ C0 =⇒ βtmθ → βtm
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Higher PVAs

Example (Example6.2)

Let (M, ω,Q = {Θ,−}) be a degree n dg symplectic manifold and
C = Cn−1(C∞(M)) = {a ∈ C∞(M) : |a| ≤ n− 1} and consider a higher Courant-Dorfman
algebra on C. Let Σn−1 be a n− 1 dimensional manifold and E = (Ω•(Σn−1), D) be their
de-Rham complex. Then, P (C,E) is equipped with degree 0 Poisson bracket with

[a⊗ ϵ1, b⊗ ϵ2] = {{a,Θ}, b} ⊗ ϵ1ϵ2 + {a, b} ⊗ (Dϵ1)ϵ2,

where a, b ∈ C and ϵ1, ϵ2 ∈ E. This is an algebraic description of BFV current algebras from
dg symplectic manifolds.
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Higher PVAs

BFV current algebras on C∞(Map(T [1]Σn−1,M))/ID̃+Q̃ (T [1]Σn−1 is the shifted tangent
space of Σn−1.)

Jϵ (a) (ϕ) =

∫
T [1]Σn−1

ϵ · ϕ∗(a)(σ, θ)dn−1σdn−1θ,

{Jϵ1 (a) , Jϵ2 (b)}(ϕ)

=

∫
T [1]Σn−1

ϵ1ϵ2 · ϕ∗({{a,Θ}, b})(σ, θ)dn−1σdn−1θ

+

∫
T [1]Σn−1

(Dϵ1)ϵ2 · ϕ∗({a, b})(σ, θ)dn−1σdn−1θ,

where ϵ1, ϵ2 ∈ C∞(T [1]Σn−1) are test functions on T [1]Σn−1, σ, θ are coordinates on
T [1]Σn−1 of degree 0 and 1,
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Higher PVAs

We gave higher analogs of Lie conformal algebras and Poisson vertex algebras. It is natural to
ask whether they have same applications as ordinary Lie conformal algebras and Poisson vertex
algebras. For example, our higher PVAs may be used to analyze multi-variable Hamiltonian
PDEs. Considering the algebraic description of more general currents would be important.
Another interesting problem is the non-commutative analog. Non-commutative version of
Courant-Dorfman algebras and Poisson vertex algebras, which are called double
Courant-Dorfman algebras and double Poisson vertex algebras, are considered. Their higher
generalization would be given using our algebras. Another way taking the non-commutative
version is the quantization, in analogy with vertex algebras.
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