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Tesserons

We require all Riemannian four-manifolds below to be complete with L2 Riemann curvature:

[ |Rm|*dVol < oo
M4

¢ Gravitational Instanton (defined by Hawking "77) is any solution of the vacuum Einstein

equations:
Rm = Ag.

e Self-dual Gravitational Instanton has self-dual Riemann curvature tensor

Rm = * Rm.
Locally, these are hyperkahler!

e Main interest: Hyperkahler gravitational instanton:

“Complete hyperkahler manifold of real dimension 4 with L2 Riemann curvature tensor”

Based on the underlying quaternionic structure:
Q: What should we call it?
Quaternion? Quatron? Twiston? Hamilton?

e A Tesseron is a “Complete noncompact hyperkahler manifold of real dimension 4
with L2 Riemann curvature tensor.”



Classification of Tesserons was recently completed:

® ALE: Kronheimer ‘89

® ALF: Minerbe '07,'08

® ALG & ALH: G. Chen and X.-X. Chen ‘15;  G.Chen and Viaclovsky ‘21
® ALG™: G. Chen and Viaclovsky ‘21

® ALH*: Hein, Sun, Viaclovsky, Zhang '21; Collins, Jacob, Lin '21;
Lee, Lin 22

Tesserons are distinguished by their asymptotic Volume Growth:

A ball of geodesic ball of radius R

Space Vol (BR)
. AE R
. AF R
"""""""" AG R



Asymptotic Model

As it happens, all tesseron metrics locally have asymptotic triholomorphic isometry.

According to Gibbons-Hawking, a metric with such an isometry locally has the form

., (dt+ w)?
g = VX2 + (dz Va)) , where *,dV = dw,

Tesserons’ model ends have (locally):

. ALE V= —
2]x|
N
o ALF V=0C+—
2|x]
JALG V=C+ g 1n(x12 + x22) Current literature distinguishes:

ALG* and ALH* are spaces with N # 0, and

ALG and ALH are with N = 0 (locally constant fiber).



Prototypical example: Asymptotic metric:

— Circle fibration
2| x] R* metric in ‘radial coordinates’ (growing circle):

Quotient: R*/T,

. 2
g =—dx“ + 2x(df + w)

2x I c SUQ).
The Taub-NUT: Circle fibration
N > . e
JALF V=¢+— o= (£ 4 i)d;éz L (do+ ) (with stabilizing circle):
2 |.X' | 2X  + QL
JALG V=C+ g In(x? + x2) Elliptic Fibrations: Over cone base @
_|d8, + 1d8,|?
(ALG* IfN Sé O) g = TdedZ _|_ ;
72.

!
T=Tl+iT2=C+N2—ﬂan

e ALH V = C + Nx, t =1 +it, = C+iNz Over cylinder base\ )

<




Classification

ALE: R* Ay, Disyand Egq E; Eg Ag = R*, A} = Eguchi-Hanson
ALF: 3% S Apsg and Disg Ay = Taub-NUT
A, = (k + 1)-centered multi-Taub-NUT
D, = Atiyah-Hitchin,
D, = deformation of double cover of D,
D, = deformation of (R®> x $1)/Z,
ALG:
& ALG* E., E;, Eg
R*x T% Dy, Dy, Dy, Dy, Dy,
>, Wy, Wo
ALH: E, E, .
&ALH* w77 E,, E;,

E,,

E49 E59 E69 E79 E89 EK3



Naive Parameter Count

Mn denotes n real parameters specifying the form of infinity and
m “interior” parameters.

ALE: R* Ay, Dysyoand Ej_g 7. Note: additional isometries
N N reduce this Naive count,
(0o (BKlo  (3K)o (3K)o 09 A ALE — (1),
ALF: R’ xS! A, and Dy and Aj ALF — (1),
O (3K (3K)
ALG: [v* Irs II*
& ALG" I, e Eiers E, E; Eg
R>x T?,  Dig123 ) e v omon
(O)s (BK)3 (3K)3 LWk-0,1,2 L2, W, Wo
(2+3K)1 (?)
ALH: E, E, .
SALH RT3 Ey By, Ey Es Ey Ep Fy —K3

0)7 E,, (3K)a (3x8)7



Discrete Painleve EQs. Noumi et al 1998
Hidetaka Sakai 2001

(Table 2)

The list of ALG() and ALH(®) tesserons

coincides with Discrete Painlevé Equations

Note: As a result all ALG and ALG”* tesserons

(and associated rational surfaces)!

ALG & ALG*

ALH

ALH*

are moduli spaces of Hitchin systems!

Rational Painlevé:

(1 (1) (1 (1) (1) 1 ‘(D (1
Eq £ E; b, Ay A+A)Y A A

kg = b7 = kg > Dy = Dy > Dy —» Dy = Dy

e

Lo «— W4 «<— Lo

1 1

A g

. o EMD
Trigonometric Painleve: 1
DV A, +ADWY /

Eél) — E7(1) — E6(1) — ES(I) — Ef) — E3(1) — Ez(l) — El(l) — E(()l)

D e A Al
Elliptic Painlevé: ED = ks

8 2



9
Tesserons as
Moduli Spaces of Monopoles

ALE A"? D? E?
Centered 2 monopoles One monopole
ALF One monopole  Centered 2 monopoles with Kk Dirac sing. with K Dirac sing.
R?) XSl, D()aDla Dka Ak
Atiyah-Hitchin ‘88 Ch-Kapustin ‘97
ALG & ALG* Equivariant instantons on (R? x T?)/ Z,  Periodic singular monopoles

Ch-Kapustin

W

ALH Doubly periodic singular monopoles El

Ch-Kapustin ‘01

/ Ec— E, - \E,—>E —>E —> FEy—> E - E — E
Thomas Harris 23 Rebekah Cross 15, 19; Ch-Ward '12; Ch 14

ALH* Two triply periodic monopoles with 2+2 Dirac singularities

1
—K3

2
Cherkis-dardim Charbonneau - Hurtubise ‘10



A monopole on a three-dimensional Riemannian manifold (X, g) is

1) a Hermitian vector bundle E — X and
2) a pair (A, @) of a connection A on E and

an skew-hermitian endomorphism ® of E,
satisfying the Bogomolny Equation

and appropriate asymptotic conditions.

Monopole on Moduli Space type:
X = R3 Monopole ALF
X =R?*x SI% Periodic Monopole ALG
_ ml 2 A _
X=R"X TA,T Doubly Periodic Monopole = Al H

Monopole Wall = Monowall
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Singular Monopoles

41

- =>4

+ 0
Simple Dirac singularities at marked points p;, ..., p, and p1+, ...,pvt: D = i[ 2|% - pE| ] +0(1)
B 0 0

n—1,n—1

Note: More generally the charge is any cocharacter of the gauge group. (Talk by Thomas Harris on Friday.)

Boundary conditions:

Finite energy =>
+ O(r=®) center of mass is a “modulus”

R D) = -

R?%x !

. '
S|
T
o
=
-
QS

Infinite energy =>

b =—d .+ g1 +Re—) + O(1/ a
21 tag(v; + ¢;log | 2| z) (A71z]) center of mass is fixed

Coordinates
Z=x+1y, @

1 H
Af = ——diag((gjarg +(b; + Im—L))d0+adarg 2) + O(|z|2)
T <

9 .
L. + +
R X I D8 = z—ﬂdlag(Qj—x+1\4j—) + O(1/x) Infinite energy =>

Coordinates ] center of mass is fixed
A8 = — —diag(QF0dg + 1,d0 + x;- dp) + O(1/x)
x, 0, 2r
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AP
?0 K Monopoles in R’

A

12

= Moduli Space:
¥ é Pr-1
Pk
3 1
® A single monopole moduli: position in R3 and phase in S I R~ X Sﬁ

| (/1 _ 1 0 \

N l 2| x| )

DE(x) = — + O(r=—)

27l 0 —A4——

\ 212

A ALF = multi-Taub-NUT

® A single monopole with k + 1 simple Dirac singularities | 5 5
with NUTs at pg, ..., Py

Po> .- P € R

® Two monopoles in R3: two positions and two phases
=> 8 dim moduli space with trinolomorphic isometry

Two centered monopoles in R> with center at ¢ € R? Do ALF = Atiyah-Hitchin

Two centered monopoles with k simple Dirac singularities ]_50, ey ﬁk_l e R’ Dk ALF

This picture leads to direct relations between these spaces!



-

A AP
Po ® * Relations between ALF Spaces

A
¥ é Pi-1
Pk
A single with k + 1 simple Dirac singularities Py, ..., P, € R’ Ax ALF
Two centered monopoles with k simple Dirac singularities P, ..., p;_; € R’ Dk ALF
> A S A °§’...—>A1 AO S R3xS!
A A A
c> 0 e oo c—> o0 |c—o o c— 00
D= Pr—1—70 Pp—=>>®

—)Dk_l_l_)Dk )...—)Dz Dl—)DO



Very schematically:

* R:’) X Sl AO ALF
A ' -
5 All isometric! | Do |
1 A P1 = Do
| D1 | . "’
A |
- 5 Ay AALF
B = ™S ALF,
<CO
3 A AgALF,
P1 R3 x S | . =
All isometric! | Do



ol

Y D,ALF
A
P
1
c] 1
D,ALF
\)Q
oF
3y §1 % AALF
R~ X § X 0
</ 2 "
O % =
?,g’ '~~.0,f.7.{,3 y N | Pol
..... g
72
AlALF ~~~~~ k
1




ALE

ALF

Relation to ALE

/A

T

<-<

/]

—)A3 =

P
%
¢

P3—Po P
2R D2
A

p3—>00

16

A2 S A SR
/ﬁ / /‘ .
3 2IL—>D1 —>R4JZ2
A A NS A—=0
A AT AT A, B RIS,
SN AT
2D, S D, S D,

Moral: A- and D-ALE spaces are moduli spaces of monopoles of holomorphic charge 1 or
centered monopoles of holomorphic charge 2.



3, )¢ D,ALF,
¢
¥ 1
lc| 4
D,ALE
[R4 / Z2 E
X
Qg ) D,ALF,
R4
R4 _20
> 1
§
A+ 1o
Qb Po
A ALF,
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R? x 5 Periodic Monopoles

L Hi 2
d —2—d1ag(vj+qjloglzl+Re—)+O(I/IZI )
T Z

1 H;
A8 = 2—diag((qj arg +[b; + Im—])d0+adarg z) + O(|z| ™)
T <

Of the six parameters H; e C, Vi, bj, Vet € R three are true parameters of the moduli space
and three determine the center of mass of the periodic monopole.

Two periodic monopoles can have up to 4 singularities.
Moduli space of two periodic monopoles with k singularities = D, ALG space.

This realization makes it clear that as R — o0, a periodic monopole tends to a monopole in R3
and D, ALG space approaches D, ALF space.

Question: What is the place of E- and LLI-ALG spaces?

| do not have a realization of these spaces as moduli spaces of monopoles,
only as limits of such spaces;
Instead, let us realize them as moduli spaces of instantons on R? x T?

equivariant under the action of the cyclic group Z,,n = 3,4,6.
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Equivariant DP Instanton

Consider YM Instantons on R? X T2, where T? = C/(Z + 17)

27 -
This admits cyclic action (z, v) — (wz, W), with @ = e7! € Z,

3 real parameters:

size and shape of T A(wz, wv) = V71A(z,v)V Only 1 real parameter:

fixed shape of T2
Z 5 Z 5 Z, L
27 c 27

any T T=p:=¢es' T=1 T=p.=¢€s

Fixed points —> Asymptotic of spectral curve:

Intersection diagram of the resolution:

D, Ee E; Eg
i i
- ] | |
(|1 'd—'d—tl',—(‘,—(i a—a—a—{t—-—b=—Db—Db a—a—a—a—a—t—b—I

Instanton gauge groups:

U(4) U(3) U4) U(e)



ALE

ALF

ALG

P30
- D, 3——>D3 ——>D2—

/A A A

Ey —» B, — E
A A

A

E; — E, — Eg

,—)D4

p3—>00

.= A —

LA

Az

pS—)OO

/

D3

.= Ay -

/

L, — (1 — Lo

D3 Dz

Including ALG

20

A1 > R
/‘ g
“ T A-=0

Dl

Do

Ry =



. . Ki-Myeong Lee "98
Doubly Periodic Monopoles Fujimor, Nitta, Ohta, Sakai

and Yamazaki ‘08

? § ’je
Monowall = Monopole Wall = Monopole on RxxS1exS™, ¢(

X

- Abelian monowall - da=*dd => d*dd=0
thus ¢ is harmonic on RxS'xS?, (excluding exponential growth) =Qx+M with O € Z, MeR.

- In general - Fa="da ®
L
a) with boundary conditions ® = 2—d1ag(jSx + Mji) + O(1/x)
T

A = — ——diag(Q*0dg + y5d6 + y£ dp) + O(1/x)
271- Js J-P

and
b) simple Dirac singularities at marked points py’, ..., p,_ and p{", ..., p;’ .
1 0
D= 2|x-p5| + O(1)
0 On—l,n—l

The charges jS are rational, with the denominator equal to the multiplicity of (jS, ]\4;—“)

21
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Ch-Ward '12
. "y h’14
Monopole charges + singularities —> Newton polygon N 8h_CrOSS 19
Number of moduli = 4 x Internal integer points of N \ Qu
Number of parameters = 3 x [(Perimeter integer points of N) -3] \ / Qi2
@ \ | /— —
SL(2,z) moduli space isometry generated by /< / } O\Q
N
S = Nahm transform and

T= Adding constant magnetic field (A, ®) — (A — Odgp, D + x1).
All integer Newton polygons with a single internal point up to SL(2,2):

E6 {\
p=29 .-. -

Es { a N\
p=8 b - e N e
N\ Ve p v
E4 l .\*
p=7 e ] - e
Ve N\ N\ v p
! !
= 0 |
3 7 6 -../ - t ........ [ ....... I [ .........
p | N v
= | (> (\
‘ v p v N\
E1 I | ‘\//. - E1 I. Lo LN
4

Eo



Gelfand, Kapranov,

Secondary Polyhedron Zelevinsky ~circa '90

Organizes the phase space into sectors.

Given a Newton polygon, label its vertices:

Each regular subdivision gives a [N|-dimensional vector:

> & &

(a) (5,1,4,4,1,0) b) (3,4,2,5,1,0) ¢) (1,5,2,4,3,0) d) (1,3.4,2,5,0) e) (3,1,5,2,4,0)
(f) (1,3,2,2,3,4) g) (4,1,3,3,1,3) h) (3,1,3,2,2,4) i) (2,2,2,2,2,5) i) (3,2,2,3,1,4)

Vector from triangulations are the vertices of the minimal convex hull of all these vectors.

23



Secondary polyhedron | SCh‘l4 24
of

4
|

Normals to its faces,
-------- - ¥ joined by wedges

) perpendicular

to its edges form
the Secondary Fan.

Associahedral face

No internal points involved in 1/
subdivisions on the associahedral =
face = = == | =
<= = .

= | => Projection of

the Secondary Fan
== = == ives the hry
SR g pnhase spgce
= |== of monowall moduli
e ==

= = = spaces.



Space of all ALH metrics

The parameter space of ALH metrics is fibered over the “universal ALH associahedron”.

For example:

25



...—>A3—>42—>A1—>R4
ALE o _>D4 >D3 __>D2 __)Dl __)‘ﬂ%‘él'/Zz

/ ! t A‘\/l—>0

Ey — B, — E
A A

! ,,,—>A3——>A2——>A1——>AO——>R3XSL
Nz
ALF AN NS
)l Dy —— Dy —— Dy —— D —— D,
L, =L+ — Lo Koo
ALG /
D4—>D3—>D2—>121—>D0

T

IO Y A O

20



® T[esserons (non-compact 4 real-dim. hyperkahler manifolds with finite
Pontrjagin number) are classified.

® This classification matches the classification of (discrete) Painlevé equations.
® All of tesserons are moduli spaces of monopoles (or their limits).

® The foremothers of all of these spaces are
1. Ak ALF = . (one monopole with k+1 simple Dirac singularities),
2. Dk ALF =  (two centered monopoles with k simple Dirac singularities),
3. Es ALG = (certain doubly periodic monopole), Thomas Harris'’s talk
4.1/2K3 = (2 monopoles on T3 with 2+2 simple Dirac singularities).

® This monopole picture leads to the cell structure of the parameter space of all
tesserons.

27



