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Outline

The Ablowitz-Ramani-Segur conjecture | 1

A nonlinear PDE is solvable by the inverse scattering method |
only if every nonlinear ODE obtained by an exact reduction has the Painlevé property.

(1) Motivating examples:

P> A matrix KdV equation: integrability and symmetries.
[ I ]
P A matrix first Painlevé equation as a reduction of the matrix KdV.

[ ]

» Discrete analogs for the matrix first Painlevé equation. | ]

(2) Non-commutative ODEs:

P Setting and main definitions.

P First integrals and Lax pairs.

(3) Non-commutative OAEs:

P Setting and main definitions.
P First integrals and Lax pairs.

» Continuous limits.

(4) Methods for the derivation & more examples.



Motivating examples



A matrix KdV equation

[ Wt + 6 wwy + 6 wyxw + Wi = 0, w = w(x,t) € Mat,(C), x, teC. KdV ]
» The inverse scattering method. [ ]
» A hierarchy of commuting symmetries. [ 1 [ ]

» The Zakharov-Shabat type pair

AV uwv, vy ; .
v = VW =V(xt):= (Y1 ¥2) 1

with 2 x 2-matrices U = U(u, x, t) and V = V(u, x, t) and the scalar spectral parameter p:

U= 0 %u]l—l—w Vo —2wy 2u2 T4 2wy — 4w? — wix @)
—21 0 ’ —8ul+ 8w 2wy ’

» The zero-curvature condition 9:U — 9xV = [V, U] s equivalent to the

» Symmetries: | ]

shift along x || shift along t || Galilean transformation || self-similar transformation

Vi = Ok H Vo = 0 H V3 = 12t Ox + Ow H V4 = x0x +3t0: — 2w Oy



A matrix P; equation (1)

y"' =6y +zI+ a, y(z), a € Mat,(C), zeC. P1 ]

Reduction of the equation
» Symmetry reduction of the matrix Kd\/ equation:

w(x, t) = —y(z) + I,
z(x,t) = x — 62

the KdV equation the Galilean transformation the P, equation
with the shift along ¢

Wt +6wwy +O6Wsxw + Wx =0 = = y'=6y?>+zI[+a



A matrix P; equation (1)

y"' =6y +zI+ a, y(z), a € Mat,(C), zeC. P1 ]

Reduction of the equation

» Symmetry reduction of the matrix equation:
w(x,t) = —y(z) 4+ tl
Wr + 6wwy + 6wxw + Wiy =0 = (1) (2) ) ’ = Yy =6y2+zI+a
z(x, t) = x — 6t
the equation the Galilean transformation the equation

with the shift along ¢

Reduction of the ZC representation
» Transformation of the spectral parameter:

A(t) = p+ 2t 3)
» The ZC representation 0:U — 0xV = [V, U] becomes
aZA - aXB = [BvA]r (4)
where A(, z) and B(, z) are
0 Ixi—y
= = 2

Bna=una = (5, 7). ®)

1 . y’ )\2H—Ay+y2+%zﬂ+%a
AN z) =35V (N 2)+6tU(N 2) = <—4>\I[—4y 2y . (6)

» The compatibility condition (4) is equivalent to the matrix equation.



A matrix P; equation (2)

y"' =6y +zI+ a, y(z), a € Mat,(C), zeC.

Properties

» P solves the matrix KdV equation.
P1 admits an isomonodromic representation.

>
» P passes a matrix Painlevé-Kovalevskaya test [Balandin and Sokolov, 1998].
» [, is Hamiltonian:

H(u,v,z) =tr (—2u3 + %vz —au—zu), {uij, via} = 8ir 6j;

v o= v,
& Py for y(z) = u(z).
v = 6uP+zI+4 2,

()



A matrix P; equation (2)

y" =6y?+zI1+ 3, y(z), a € Mat,(C), zeC. ]
Properties
> solves the matrix equation.
> admits an isomonodromic representation.
> passes a matrix Painlevé-Kovalevskaya test | ]-
> is Hamiltonian:
H(u,v,z) =tr (—2u3 + %vz —au—zu), {uij, via} = 8ir 6j; (7)
v o= v,
& for y(z) = u(z).
v = 6uP+zI+4 2,
> as well as its Lax pair can be generalized to the case of an associative unital algebra

Ac = (uj, v;,a), i > 0 equipped with a derivation d, : A — A satisfying the Leibniz rule and
dr(a) =0, do(2) =1, dol(w;)=uip1 = o™V, d(v) = vipq = vIH. (8)

» Moreover, making the change Z = zI+ 2 in and its Lax pair, we arrive at the so-called
fully non-abelian version of the equation.



Discrete analogs for the P; equation [Adler, 2020]

Umi1Um + U2 + UmUm—1 + X Um + Ym = 0, dPi
U,Z;+1“m 4+ u,2,, 4+ UmU,-l,;_]_ + X Um +vm =0, dP%
Ym =m—v+(=1)"e, um € Mat,(C), xv,e€C.

» They are results of a reduction of the matrix Volterra lattices for um = um(x):
Um,x = Un+1 Un — Um Um—1, VL!

T T
Umx = Upyq Um — Um Up 7. VL2



Discrete analogs for the P; equation | ]

Umt1Um + U2 + UmUm—1 4 X tm + Ym = 0, dpl
u,z,—+1um+u,2n+umu;,—71 + X Um +vm =0, dp?
Ym =m—v+ (—1)"e, um € Mat,(C), xv,e€C.

» They are results of a reduction of the matrix Volterra lattices for um = um(x):

Um,x = Un+1 Un — Um Um—1, VL!
Umyx = U g Um — tmu]l 4. VL2
» The , is equivalent to the compatibility condition of the given 2 x 2 matrix system
ljlm+1 = Lm(A)wmv
{ Vi = Vn(x) = (¥m wm—l)T- 9)
6><\Um = Mm(A)wma
» The reduction can be extended for the Lax pairs and leads to the system
B>\¢m = Am(A) ¢m7
®p = dp(N) € Mata(C). (10)
Pmi1 = Bm(/\) b,
» E.g., for the , we have

m=

A2 4 AMum + X) — Ym+1 2y, — AMUmUm—1 — Ym) A Aum
_ 5 Bm = . (11)
A —Um— Un_1— X —AUm — Ym



Some observations

» All considered matrix ODEs and OAEs coincide with the well-known scalar analogs.
» All of them are the reductions of the integrable matrix PDEs or PAEs.

» Thanks to the reductions, one can justify the integrability of the reduced matrix ODEs or
OAEs by using the Lax pairs.

» These systems might contain arbitrary matrix constants or even might be generalised to the
fully non-commutative case.



Some observations

» All considered matrix ODEs and OAEs coincide with the well-known scalar analogs.
» All of them are the reductions of the integrable matrix PDEs or PAEs.

» Thanks to the reductions, one can justify the integrability of the reduced matrix ODEs or
OAEs by using the Lax pairs.

» These systems might contain arbitrary matrix constants or even might be generalised to the
fully non-commutative case.

» In the equations P, and their Lax pairs we do not use the matrix setting explicitly.
So, they can be extended to the case of an associative unital algebra A with a derivation.

» In order to deal with the , one needs to introduce an involution on A.



Some observations

» All considered matrix ODEs and OAEs coincide with the well-known scalar analogs.
» All of them are the reductions of the integrable matrix PDEs or PAEs.

» Thanks to the reductions, one can justify the integrability of the reduced matrix ODEs or
OAEs by using the Lax pairs.

» These systems might contain arbitrary matrix constants or even might be generalised to the
fully non-commutative case.

» In the equations P, and their Lax pairs we do not use the matrix setting explicitly.
So, they can be extended to the case of an associative unital algebra A with a derivation.

» In order to deal with the , one needs to introduce an involution on A.

» Regarding the discrete systems, it is natural to study continuous limits. Indeed, one can
consider the change with the commutative parameter ¢

z=¢em (12)
supplemented by the maps
Um > U, Umyk — U+ keu' + %kZ e2u" 4+ 0(e3). (13)

The latter must be chosen in such a way that the limit € — 0 exists.



Non-Abelian ODEs



Setting (1)
» Let G, i =0,1,2,... be a free group generated by the set X; = {x1,j,X2,i,...,Xn,i}:
Gj = (X1,i, X2,is - -+ s XN,i)- (14)
We set xi o0 =: X-

» Let A be a unital associative group algebra over the field C (or any other field of char = 0):

A=pca,. (15)

i>0
Definition 1. An involution 7 : A — A defining by
T(Xk) = Xk, 7(P Q) =7(Q) 7(P), P,Qe A (16)
is called a transposition. lts action on M = (m; ;) € Mat,(A) is extended as follows
m(mi ;) = (r(mj.i))- 17
P Let z be a central element of A and all parameters «; belong to the field.

Remark 1. One can extend A in order to include z, ;.

Example 1. Let N=3 and P = x1 x22 x3. Then

7(P) =71 (xa x3 x3) = 7(x3) T(x2)? 7(x1) = X3 X3 x1. (18)



Setting (2)
Remark 2. We identify the unit of A with the unit of the field C.
Definition 2. A C-linear map d; : A — A satisfying the properties
dz(aj) =0, d-(z) =1, dz(Xk,i) = Xk,i+15 (19)
d:(PQ)=d(P)Q+Pd:(Q) P,QeA (20)

is called a derivation of A. We denote d;(xx) = x;, d2(xx) = x;’, and so on.

Remark 3. 7 and d, commute with each other.



Setting (2)
Remark 2. We identify the unit of A with the unit of the field C.
Definition 2. A C-linear map d; : A — A satisfying the properties
dz(ai) =0, d-(z) =1, dz(Xk,i) = Xk,i+15
d(PQ)=d:(P)Q+Pd:(Q) P,QeA

is called a derivation of A. We denote d;(xx) = x;, d2(xx) = x;’, and so on.

Remark 3. 7 and d, commute with each other.
Example 1. Consider N =2 and P = X1X22X1. Then d.(P) is

2

/2 / / /
d,(P) =d. (xl X22 xl) = X1 X5 X1 + X1 Xp X2 X1 + X1 X2 X5 X1 + X1 X5 X

(19)
(20)

(21)



Setting (2)
Remark 2. We identify the unit of A with the unit of the field C.
Definition 2. A C-linear map d; : A — A satisfying the properties

dz(ai) =0, dz(z) =1, dz(Xk,i) = Xk,i+15

d(PQ)=d:(P)Q+Pd:(Q) P,QeA

is called a derivation of A. We denote d;(xx) = x;, d2(xx) = x;’, and so on.
Remark 3. 7 and d, commute with each other.
Example 1. Consider N =2 and P = x1x22x1. Then d.(P) is

2

/2 / / /
d,(P) = d; (xl x22 xl) = X1 X5 X1 + X1 Xp X2 X1 + X1 X2 X5 X1 + X1 X5 X

Example 2. Let N = 1. Find d, (xl_l). Since x1 xl_1 = X1_1 x1 = 1, we have

d; <X]_ X;:l) =d, () x; ' +xds (X;1> =d;(1)=0.
Therefore,

-1\ _ _ -1 -1
dz (Xl )—fxl Xy X

(19)
(20)

(21)

(22)

(23)



Main definition

Definition 3. A set of relations of the form
dz(Xk)ZFk, Fr € A, k=1,...,N (24)

we call a system of non-abelian ODEs. If for some k the element Fy depends on z
explicitly, the system is non-autonomous, otherwise — autonomous.

Remark 4. The system (24) is a non-abelian generalization of a system of first order ODEs. It is
also easy to introduce a non-abelian analog for a system of the higher order ODEs.

Remark 5. Note that we can introduce a set of derivations dz;, dz,, .... Then, the system it is
easy to define a system of non-abelian PDEs just by considering different d;, in (24).



Main definition

Definition 3. A set of relations of the form
dz(Xk)ZFk, Fr € A, k=1,...,N (24)

we call a system of non-abelian ODEs. If for some k the element Fy depends on z
explicitly, the system is non-autonomous, otherwise — autonomous.

Remark 4. The system (24) is a non-abelian generalization of a system of first order ODEs. It is
also easy to introduce a non-abelian analog for a system of the higher order ODEs.

Remark 5. Note that we can introduce a set of derivations dz;, dz,, .... Then, the system it is
easy to define a system of non-abelian PDEs just by considering different d;, in (24).

Example 3. Let N =1 in (24). Then the following equations
x| = x1, x| =zx1 (25)

are autonomous and non-autonomous, respectively. These equations are invariant under the
T-action, since, for instance,

(1)) = (7(x1)) =x{ =7(zx1) =7(x1)T(2) = x1z = zx1. (26)



First integrals (1)

[ dz(x) = F, Frx € A, k=1,...,N.

o |

Definition 4. An element | € A is a first integral for system (24) if
d.(I)=0.

Example 4. Consider N = 2 and set | = x3 x2 — x2 x1. For the system
X = X1 X2 X1,
{ X) = —Xax1X2
the element / is a first integral:
do (1) = x{ x2 + x1 X} — X4 X1 — X2 X1

= X1 X2 X1 X2 — X1 X2 X1 X2 + X2 X1 X2 X1 — X2 X1 X2 x1 = 0,

(27)

(28)

(29)



First integrals (1)

[ dz(x) = F, Frx € A, k=1,...,N.

o |

Definition 4. An element | € A is a first integral for system (24) if
d.(I)=0.

Example 4. Consider N = 2 and set | = x3 x2 — x2 x1. For the system
X = X1 X2 X1,
{ X) = —Xax1X2
the element / is a first integral:
do (1) = x{ x2 + x1 X} — X4 X1 — X2 X1

= X1 X2 X1 X2 — X1 X2 X1 X2 + X2 X1 X2 X1 — X2 X1 X2 x1 = 0,

/ — 2
{ x| = Xxa,
;o 2
Xy = —x1x3

/ / / / 2 2 2 2 2 2
dz(1) = xyx2 + X1 X0 — Xp X1 — X2 X = X{ X5 — X X5 + X1 X5 X1 — X2 X{ X2

while for the system

we have

:X1X22X1 —xlezxz # 0.

(27)

(28)

(29)

(30)



First integrals (1)

[ dz(x) = F, Frx € A, k=1,...,N.

o |

Definition 4. An element | € A is a first integral for system (24) if
d.(I)=0.

Example 4. Consider N = 2 and set | = x3 x2 — x2 x1. For the system
X = X1 X2 X1,
{ X) = —Xax1X2
the element / is a first integral:
do (1) = x{ x2 + x1 X} — X4 X1 — X2 X1

= X1 X2 X1 X2 — X1 X2 X1 X2 + X2 X1 X2 X1 — X2 X1 X2 x1 = 0,

/ — 2
{ x| = Xxa,
. 2
Xy = —x1x3

/ / / / 2 .2 2 .2 2 2
d (1) = xy X2+ X1 X3 — X5 X1 — X2 X] = Xi X5 — X X5 + X1 X5 X1 — X2 X{ X2

while for the system

we have

:X1X22X1 —szlzxz # 0.

(27)

(28)

(29)

(30)

(31)



First integrals (2)

[ dz(xk) = Fi, Fi € A, k=1,...,N.

o |

Definition 5. If P — Q € [A, A] for P, Q € A, then we write P ~ Q.

Example 5. x; x22 X1 ~ X2 x12 X2.

Definition 6. A class of P € A in the space A/[.A,A] is denoted by Tr P.

Definition 7. An element | € A is a first trace-integral for system (24) if

d, (Tr1) =0.

(32)

Example 6. Under Example 4, the element | = x3 x2 — x2 x1 is a trivial trace-integral for both

systems (moreover, for any non-abelian system), since / ~ 0.

Remark 6. The trace-integrals are necessary for introducing a non-abelian Hamiltonian

formalism. We will not consider such a formalism in this series of lectures. For more details, see
the original paper [ ] where this formalism was introduced for the first time.

See also | ] and [ I



Lax pairs (1)

[ dz (%K) = Fr, Fi € A, k=1,...,N. (24) ]

» In addition to d,, consider a derivation d) and A € Z(A) such that
d>\(>\) = 17 d)\(Z) = 0, d>\(a,-) = 0, d)\(Xk) =0. (33)
The parameter \ is a spectral parameter.
> Let A=A(\ z), B=B(\ z)and L =L(A,z), M = M(A, z) be n X n matrices over A.

Definition 8. If the non-autonomous system (24) is equivalent to the equation
d,A —dyB=BA—-AB, (34)

then the matrices A, B and condition (34) are called an isomonodromic Lax pair and an
isomonodromic representation for system (24).

Definition 9. If the autonomous system (24) is equivalent to the equation
dL=ML—-LM, (35)
then the matrices L, M and condition (35) are called an isospectral Lax pair and a Lax equation
for system (24).
Remark 7. The existence of a Lax pair is invariant under the 7-action. Note that the matrices
change as follows
A —A, B — —B; L—L, M~ —M. (36)



Lax pairs (2)
Example 7. Let N = 2. The system

{ X = X1 X2 X1,

X) = —Xax1X2

(37

has the following isospectral Lax pair

0 — -1 —
L= < Xl) Al (Xz ) A2, M=l ( xaxe X > . (38)
—X2 X1 X2 0 X5  —x2 —X2 X1 X2 = —X2 X1



Lax pairs (2)
Example 7. Let N = 2. The system

{ X = X1 X2 X1,

X) = —Xax1X2

(37

has the following isospectral Lax pair
0 —Xx X -1 X1 X —Xx
L:( 1>,\—1+<§ )A—Z, M=§< e 1>. (38)
—X2 X1 X2 0 X5  —x2 —X2 X1 X2 = —X2 X1

Definition 10. A non-autonomous system turns to be autonomous by replacing z with t € Z(A)
in all right-hand sides Fy and assuming d;(t) = 0. We call this procedure an autonomization.

Proposition 1. [ ] If a non-autonomous system has an isomonodromic Lax pair,
then the corresponding autonomous system has an isospectral Lax pair.

Example 8. An autonomous version of the Py system

v = v,
o ' =604z (39)
v = 6u?+z,

has the following isospectral Lax pair
(0 2\ > 0 —2u v o 20?4t (0 1 0 —2u
"_(0 0)’\+(—2 0))\+(—2u —v )’M_(o 0)’\+(—1 o)'(4o)

Remark 8. An autonomous version of the Py equation is solved in terms of the g-function.



Non-Abelian OAEs



Setting and definitions (1)
» Let A be as before a unital associative group algebra over C:

A=EPcg;, i=0,1,2,...,

i>0
where Gj = (x1,j, X2, .-, XN,i)-
» Instead of a derivation of A, we introduce a translation operator on A.
Definition 1. A homomorphism T : A — A satisfying the properties
T(z) = z, T(ai) = f(ay), T (Xk,i) = Xk,i+1

where f(a;) is a certain function, is called a shift operator on A.

Definition 2. A set of relations of the form

T (x«,i) = Fk, Fr €A, k=1,...,N

we call a discrete non-abelian system. It can be classified into three types:

» if f(ai) = «j for any i, then (43) is autonomous;

» if f(a;) = aj £ 1 for some i, then (43) is non-autonomous and of additive type (d);

(41)

(42)

(43)

» if f(oy) = g*! o for some i, then (43) is non-autonomous and of multiplicative type (q).

Remark 1. In abelian case, there exist discrete elliptic systems. We do not consider this case,

since we are not aware of examples of such systems (yet).



Setting and definitions (2)

[ T (ki) = Fi Fi € A, k=1,...,N (43) ]

Remark 2. Considering the notation
T"(x) = T(T... T(T(xk))---) = Xk, m; (44)
(43) can be rewritten in a difference form that we will call a system of non-abelian OAEs.
Example 1. Let N =1 in (43). Then the following equations
Xm+1 = Q Xm, Xmt+1 = (@ + m) Xm, Xm+1 = @ q" Xm (45)

are autonomous and non-autonomous of additive and multiplicative type respectively.



Setting and definitions (2)

[ T (ki) = Fi Fi € A, k=1,...,N (43) ]

Remark 2. Considering the notation
T"(x) = T(T... T(T(xk))---) = Xk, m; (44)
(43) can be rewritten in a difference form that we will call a system of non-abelian OAEs.
Example 1. Let N =1 in (43). Then the following equations
Xm+1 = Q Xm, Xmt+1 = (@ + m) Xm, Xm+1 = @ q" Xm (45)
are autonomous and non-autonomous of additive and multiplicative type respectively.
Remark 3. A discrete dynamic might be considered as a map
o AN AN, (46)
In particular, considering the precious example, we have for the autonomous system the map
p: A=A, X = ax, (47)

where x 1= x3.



First integrals

[ T (xk,i) = Fi; Fi € A, k=1,...,N (43) ]

Definition 3. An element | € A is a first integral for system (43) if
e(h)=1.
Example 4. Let N = 4. Consider the discrete map
Ymt4 = Ymi1 + Ymi2 (y,; 1o y,;ig,) Ymi2-
The map ¢ : A% — A4
(vis v2, y3, ya) = (yz, ya, ya y2 +ys(yg ' - y[l)yz)
preserves the function
I=yoys +ysy; P tyays
Remark 4. (49) is a non-abelian analog [ ] for the Somos-4 equation:

2
Xm+4 Xm = Xm+3 Xm+1 + Xmi2-

In this case, | = x2(x1x3) 71 4+ x2(x2xa) ™1 + x1xa(x2x3) 71 + xox3(x1xa) "L

(48)

(49)

(50)

(51)

(52)



Lax pairs (1)

[ T (ki) = Fic, Fi € A, k=1,...,N (43) ]

» )\, g are central elements of A.
Definition 4. If the autonomous system (43) is equivalent to the equation
Lm+1()‘) Mm(/\) = Mm(>‘) Lm(/\)v (53)

then the matrices Ly, = Lin(A), Mm = Mp(A) and condition (53) are called a discrete Lax pair
and a discrete Lax equation for system (43).

Definition 5. If the non-autonomous d-system (43) is equivalent to the equation
d\Bm(A) = Am11(A) Bm(A) — Bm(A) Am(A), (54)

then the matrices Ay = Am(A), Bm = Bm(\) and condition (54) are called an isomonodromic
d-pair and an isomonodromic d-representation for system (43).

Definition 6. If the non-autonomous g-system (43) is equivalent to the equation
Brn(q )\) Am()\) = Am+1()‘) Bm()‘)z (55)

then the matrices Ay, = Am(A), Bm = Bm(\) and condition (55) are called an isomonodromic
g-pair and an isomonodromic q-representation for system (43).



Lax pairs (2)

[ L 1(A) Min(A) = Min(3) Lin(A), (53) ]

Example 5. Let N =4 and am = ym+2 y,gl, bm = ym y,;il. Consider the matrices

A (A2 + b, m 22+ by A
L, — ( + : +1+a +1) ( + +1) am 7 M, — am . (56)
A° + by Aam 1 0

Then, the compatibility condition (53) is equivalent to the non-abelian Somos-4 equations:
_ -1 -1
Ymt4 = Ymi1 + Ym2 <ym - ym+3> Ym+2- (57)

Example 6. Let N =5, am = ym+3 y,;1 and by = ym y,;_il. The matrices | ]

>\2 A (bm+2 + am+1) bm+2 am 0 A am
Lm = | bmt1 A2 Xam |, Mm=|[1 0 0 (58)
A bm 0 0O 1 0

leads to a non-abelian version of the Somos-5 equation:

- -1
Ym+5 = Ym+1 + Ym+3 (yml - y,,,+4> Ymt2- (59)



Continuous limits

Commutative case
» Set z =em and xm = x(2).
» Then, xmikx = x(z + € k) and one can consider the formal Taylor series near ¢ = 0.
» Under the limit ¢ — 0 (if it exists), the discrete equation becomes a continuous one.

Example 7. Consider the so-called equation
Um+1 u,2n Un—1=aq” um+ B. q-P1
After the change
um=1-¢2y(z2), z=em, a =4, B8 =-3, Clzl—%és, (60)
we can take the limit € — 0 and, thus, it becomes the first Painlevé equation:

y"'=6y?+z. (61)



Continuous limits

Commutative case
» Set z =em and xm = x(2).
» Then, X,k = x(z + € k) and one can consider the formal Taylor series near ¢ = 0.
» Under the limit ¢ — 0 (if it exists), the discrete equation becomes a continuous one.

Example 7. Consider the so-called equation
Um+1 u,2n Un—1=aq” um+ B.
After the change
um:l—ezy(z)7 z=¢egm, a=4, B = -3, q:1—%€5,
we can take the limit € — 0 and, thus, it becomes the first Painlevé equation:
y" = 6y2 + z.

Non-commutative case
» Similar to the commutative case, we set z = e m and x, = x.

» Instead of the Taylor series, we use the change x,1x = x + kex' + %kz e2x" 4 0(e3).

Example 9. Consider a non-abelian analog for the [ ]

-1 —1 m
Umt1Um — Um—1Um—2 = O&mU "~y — Uy~ Om—1, am = aq

and a straightforward generalisation of change (60). Taking the limit € — 0, it turns to
y"=6yy +6y'y+1,

or, after the integration, to the

q-P1

(60)

(61)

(62)



Methods & Examples



Statement of the problem

The matrix P; equation

[ y' =6y?+zI+a, y(z), a € Mat,(C), zeC. Py ]

How to detect non-abelian integrable analogs for the Painlevé equations?

Classification steps

(i) Construct a criterion allowing to select a finite list of non-abelian analogs such that
under the commutative reduction the generalizations coincide with a given Painlevé equation.

(ii) For the obtained analogs find their zero-curvature representation.

Definition 1. A matrix or a non-abelian generalization of a Painlevé equation is integrable, if
it satisfies a criterion from item (i) and admits the zero-curvature representation.



Some methods

» Matrix Painlevé-Kovalevskaya test = matP1, matP2 [ I:
matPa iy =23 +zy +al,
matP1 sy =6y% + zI1+ 3; y(z), a € Mat,(C), z, a€C.
» Quantization of Poisson brackets = ¢P2, qPa, oP5 [ I:
qPa: ¥y = %y’yfly' + %y3 —2zy% + (%22—1—1—2&0 —a1)y— % (a2 — 1)y
y € Ac, 2z, a;j €C.

» An infinite ncToda system = ncP2 [ I:
nePoi Yy =23+ 1zy+1yz+o, y, zERy, a€F.
» Matrix Schlesinger deformation = matPH | ]

Also matP5 ) matP4 , matP3 (Dﬁ), matP3 (D7), matP3 (Dg), matP2 ) matP1 systems.

Recent results

» Matrix P type systems with matrix coefficients | B
Matrix P4 type systems with matrix coefficients [ ]
A fully non-commutative P4 system [ ]-
Hamiltonian non-abelian Painlevé type systems [ 1.
Non-abelian Painlevé systems with Okamoto integral | ]
A symmetry approach to non-abelian Painlevé systems [ ]-

>
>
>
>
>
» Reductions of a non-abelian Hirota equation | ]-



Non-Abelian Okamoto integrals | ]

Description of the method
» Construct non-abelian ansatz for the auxiliary system and the Okamoto integral J.
» Require that the generalized Okamoto integral J € A should be a first integral of the system.
This leads to the restrictions on the unknown coefficients.
» For a given (finite) list of non-abelian systems reconstruct non-abelian Painlevé systems:
(a) replace t by z,
(b) reconstruct f(z) in the system.

Example 1.
» The commutative Hamiltonian P, system:
H:fu2v+%v27nuf 1zv, v o= —u?tv-— %z, u(z), v(z),
{u,v} =1, {u,u}={v,v}=0; v = 2uv+k, z, k €C.
» Non-abelian Okamoto integral:
J(u,v) = a10Pv + apuvu + (=1 — a1 — ax)vu® + %vz — KU — %t v. (63)
» Non-abelian autonomous system:
v = —uP+4v-—1t,
2 B ecC. (64)
v = 2w+ Blv,u]l + &,

» d,(J(u,v))=0 <= pB=0,a1=0,a2=-1 or [B=-2a=-1 a =0.



2d dToda — Somos-N — g-Painlevé

Commutative case

. . H t al., 2017 .
discrete Toda equations [Fone N ! Somos-N equations

[Hone and Inoue, 2014] . . . .
— discrete Painlevé equations.



2d dToda — Somos-N — g-Painlevé

Commutative case

discrete Toda equations — Somos-N equations
. — ] discrete Painlevé equations.
Non-commutative case [ ]
» Consider the non-abelian 2ddTL:
-1 -1
9/+1,m+1,n = 9/,m,n+1 + 9/+1,m,n (el,m,n - 9/+1,m+1,n—1) 9/,m+1,n~ 2ddTL
» One may introduce a non-autonomous constant into the by a scaling:
-1 -1
9/+1,m+1,n = (1/‘n1.n01,m,n+1 + 9/,m+1,n (0/,,"’” - 9[+1,m+1,n,1“1.m.nfl> 9/+1,m,n: (65)
kil+kam+kszn
b

X mn=0aq
where « is a non-abelian constant parameter and k;, g are commutative ones.
> By a plane-wave reduction, (65) reduces to a non-abelian Somos-N like equation:

-1

-1 M
YM+N = OV YM+r + YM+s (yM YMIN—r <1M7r> YM+N—s; QM =0q,

(66)

NENss, 1<r<s< [g]

» Let r =1 and s = 2. Then, for even N > 4 and odd N > 5 consider the changes
UM = YM+3 Yo UM = YM44 Yo (67)

They lead to g-P1[n] and g-Pz[n] hierarchies, respectively.



A non-abelian g-P;

» Recall the non-abelian Somos-4 equation:

-1 1
YM+4 = QM YM41 + YM42 (yM — Y aMfl) YM2- (68)
» It can be rewritten as
—1 -1 1 ~1
YM+aYiio — YM12Yy = OMYM+1Ypyo — YM+2Yp43 OM—1- (69)

» Consider the change uy = ym43 y,\;iz. Then, the latter becomes

1 1
[ UM+1UM — UM—1UM—2 = QM Uy~ q — Upy” Oy—1- q-P1[1] ]

» The second member of the hierarchy:

-1 -1 -1 -1 -1 -1
UM13 UM+2 — UM—1 UM—2 = QM Uy~ g Uy Uppy — Upy Upg Uiy ay—1. g-P1[2]



A non-abelian g-P;

» Recall the non-abelian Somos-4 equation:

-1 -1
YM+4 = QM YM41 + YM42 (yM — Y al\/lfl) YM2- (68)
» It can be rewritten as
-1 -1 _ -1 -1 69
YM+4Y 12 = YM+2Yy = OM YM+1Ypp0 — YM+2Y 43 EM—1- ( )

» Consider the change uy = yuy 3y71 . Then, the latter becomes
g +3YMm2

1 1
[ UpM1UNM — UM—1UM—2 = Qp Up~ g — Uy, Q1. g-P1[1] ]

» The second member of the hierarchy:

-1 -1 -1 -1, -1 -1
Um+43 Um42 — UpM—1 Upm—2 = Oy UM,]_ UM UM+1 - UM UM+1 UM+2 QM —1- q‘Pl[Q]
Remark 1. In the abelian case, the can be derived as follows. Let us take two
2 2
Up41 Upg Up—1 = B+ aym um, up Upy_q Upm—2 = B+ apm—1upm—1, (70)

or, equivalently,
-1, -1 -1 -1 -1 -1
upmprum = Buy, Uy Fapuy, g, Upm—1Um—2 = B Uy Uy +ay_1uy, . (71)

Then their difference leads to



Many thanks!
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