
Noncommutative surfaces, clusters, and their
symmetries

A. Berenstein, V. Retakh, Noncommutative marked surfaces, Adv.
Math. 328 (2018).

A. Berenstein, M. Huang, V. Retakh, Noncommutative marked
surfaces II: tagged triangulations, clusters, and their symmetries, in
progress.

Noncommutative Integrable Systems

Nagoya, March 13, 2024

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 1 / 23



Noncommutative surfaces, clusters, and their
symmetries

A. Berenstein, V. Retakh, Noncommutative marked surfaces, Adv.
Math. 328 (2018).

A. Berenstein, M. Huang, V. Retakh, Noncommutative marked
surfaces II: tagged triangulations, clusters, and their symmetries, in
progress.

Noncommutative Integrable Systems

Nagoya, March 13, 2024

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 1 / 23



Noncommutative clusters, informal introduction

A noncommutative cluster structure on a graded Q-algebra A consists of a
certain graded group BrA together with a collection of homogeneous
embeddings ι of a given graded group G into the multiplicative monoid
A× (these embeddings are referred to as noncommutative clusters) and a
faithful homogeneous action .ι of BrA on G for any ι such that:

The extensions ι : QG→ A are injective and their images generate A
(and A is a isomorphic to a noncommutative localization of QG).

(monomial mutation) For any ι and ι′ we expect a (unique)
automorphism µι,ι′ of G which intertwines between ι and ι′ as well as
between BrA-actions .ι and .ι′ .

For any cluster homomorphism f : A → A′ we expect a unique (up to
conjugation) group homomorphism f∗ : G→ G′ so that the induced

homomorphism BrfA := {T ∈ BrA : T (Ker f∗) = Ker f∗} → BrA′

is injective.
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Noncommutative clusters, informal introduction

In many cases we expect a (noncommutative) Laurent Phenomenon:

Given a cluster ι : G ↪→ A×, for any cluster ι′ : G ↪→ A× there is a
submonoid Mι′ ⊂ G generating G such that ι′(Mι′) is in the semiring
Z≥0ι(G), moreover,

ι′(m) = ι(µι,ι′(m)) + lower terms in ι(G)

for any m ∈Mι′ .
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Examples: Ordinary and quantum cluster structures

The localization A of a (quantum) cluster algebra A, determined by an
m× n exchange matrix B̃ (and compatible m×m skew-symmetric matrix
Λ), by the set X of all of its cluster variables satisfies all of the above
requirements with G ∼= Zm (or its central extension Gq in quantum case)
so that QG = Q[x±1

1 , . . . , x±1
m ] for a given cluster {x1, . . . , xn} in A. The

well-known commutative/quantum Laurent Phenomenon asserts that the
set of all (quantum) cluster variables belongs to the group algebra QG
which is an instance of its noncommutative counterpart stated above. In
these cases, BrA is essentially the group of symplectic transvections
introduced by B. Shapiro, M. Shapiro, A. Vainshtein, A. Zelevinsky in
2000) and it is always a quotient of an appropriate Artin braid group.
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Examples: Rank 2 noncommutative cluster structure

First, fix r1, r2 > 0 and let Ar1,r2 be the subalgebra of the free skew field
F2 =< y1, y2 > generated by z := y−1

2 y1y2y
−1
1 , y±1

k , k ∈ Z, where yk is

given by yk+1zyk−1 =

{
1 + yr1k if k is odd

1 + yr2k if k is even
. In fact, yk+1zyk = ykyk+1.

G = F2 = 〈y1, y2〉 the free group of rank 2, a cluster ιk : G ↪→ Ar1,r2 is
given by y1 7→ yk, y2 7→ yk+1. The BrAr1,r2 =< T1, T2 >-action .ι1 on G

is given by T1(y1) = y1y
r2
2 , T2(y2) = y−r11 y2 with T1T2T1 · · ·︸ ︷︷ ︸

m

= T2T1T2 · · ·︸ ︷︷ ︸
m

where m =


3 if r1r2 = 1

4 if r1r2 = 2

6 if r1r2 = 3

0 if r1r2 > 3

, which justifies the name.

The noncommutative Laurent Phenomenon is the embeddings
ιk : QG ↪→ Ar1,r2 for all k whose image contains all yn.
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Main example: noncommutative polygon

An is generated by x±1
ij for distinct i, j ∈ [1, n] = {1, . . . , n} subject to

(Triangle relations) xijx
−1
kj xki = xikx

−1
jk xji for i, j, k ∈ [1, n]

(Ptolemy relations) xlj = xlkx
−1
ik xij + xlix

−1
ki xkj for i, j, k, l ∈ [1, n]

in a cyclic order.

The algebra admits an anti-involution given by xij = xji.

Clusters are labeled by triangulations ∆ of the n-gon.

G ∼= F3n−4 is free, we identify a noncommutative cluster ι∆ for any ∆
with its isomorphic image T∆ =< tij , (ij) ∈ ∆ > subject to

tijt
−1
kj tki = tikt

−1
jk tji

for i, j, k ∈ [1, n].

BrAn is the ordinary braid group Brn−2 on n− 2 strands which acts on
each T∆ by ·-equivariant automorphisms via
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Main example: noncommutative polygon

Tik(tγ) =


tijt
−1
kj tklt

−1
il tγ if γ = (ik)

tγt
−1
li tlkt

−1
jk tji if γ = (ki)

tγ otherwise

for any internal edge (ik) of ∆ where (ijkl) is a cyclic quadrilateral
containing (ik) as a diagonal.

Theorem

The group BrAn = Brn−2 has a presentation for each triangulation ∆ of
the n-gon: generators Tik = Tki for all internal edges (ik) ∈ ∆, relations:

TijTk`Tij = Tk`TijTk` if (ij) and (k`) are sides of a triangle

TijTjkTkiTij = TjkTkiTijTjk if (ijk) is an internal triangle

TijTk` = Tk`Tij otherwise
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Main example: noncommutative polygon

If ∆ is a triangulation of the hexagon as in the picture

1 2

3

45

6

then BrA6 = Br4 is generated by T13, T15, and T35 subject to
T13T35T13 = T35T13T35, T35T15T35 = T15T35T15, T35T15T35 = T15T35T15

and T13T15T35T13 = T15T35T13T15 = T35T13T15T35.
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Main example: noncommutative polygon

A noncommutative angle T jki ∈ An in a triangle (ijk) at the vertex

i ∈ [1, n] is defined by T jki = x−1
ji xjkx

−1
ik

This gives a new presentation of An:

(Triangle relations) T jki = T kji for distinct i, j, k.

(Ptolemy relations) T jli = T jki + T kli for i, j, k, l in a cyclic order.

ij

k l  

ij

k

Thus, the total noncommutative angle Ti ∈ An is well-defined at any
vertex i and is equal T i−1,i+1

i .

All Ti are in the image Qι∆(T∆) for any triangulation ∆ of the n-gon,
where ι∆ : T∆ → A×n is given by tγ 7→ xγ , γ ∈ ∆.
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Main example: noncommutative polygon

Theorem (Noncommutative Laurent Phenomenon)

ι∆ : QT∆ → An is injective for any triangulation ∆ of the n-gon and
xij ∈ Qι∆(T∆) for any distinct i, j ∈ [1, n]. More precisely,

xij =
∑

i=(i1,...,i2m)

xi .

where the summation is over all (ij)−admissible sequences i in ∆, i.e.,

i1 = i, i2m = j and (is, is+1) ∈ ∆ for s = 1, . . . , 2m− 1;

an edge (is, is+1) intersects (i, j) iff s is even;

If p := (ik, ik+1) ∩ (i, j) 6= ∅ and q := (i`, i`+1) ∩ (ij) 6= ∅ for some
k < `, then the point p of (ij) is closer to i than q.

and xi := xi1,i2x
−1
i3,i2

xi3,i4 · · ·x−1
i2m−1,i2m−2

xi2m−1,i2m ∈ ι∆(T∆)
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Main example: noncommutative polygon
Example

(a) If n = 5 and ∆ = {(1, 3), (3, 1), (1, 4), (4, 1); (i, i± 1)|i ∈ [1, 5]}, then

x−1
21 x25x

−1
15 = x−1

21 x23x
−1
13 + x−1

31 x34x
−1
14 + x−1

41 x45x
−1
15 .

x25 = x23x
−1
13 x15 + x21x

−1
31 x34x

−1
14 x15 + x21x

−1
41 x45.

(b) If n = 6 and ∆ is as in picture, then

x25 = x23x
−1
63 x65 + x21x

−1
31 x36x

−1
46 x45 + x21x

−1
31 x34x

−1
64 x65

+x23x
−1
13 x16x

−1
46 x45 + x23x

−1
13 x16x

−1
36 x34x

−1
64 x65.

5

1

23

4
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Main example: noncommutative polygon
Monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆ given by

tij 7→ tileft

for γ ∈ ∆′ where ileft is the leftmost (ij)-admissible sequence in ∆.

In particular, if ∆′ is obtained from ∆ by flipping (ik) to (jl) in a

clockwise quadrilateral (ijkl), then µ∆,∆′(tγ) =


tjkt
−1
ik til if γ = (jl)

tlit
−1
ki tkj if γ = (lj)

tγ otherwise

l

ij

k

Theorem

In this case, µ∆,∆′ ◦ µ∆′,∆ is an automorphism of T∆ equal Tik ∈ Brn−2.
Otherwise, µ∆,∆′′ = µ∆,∆′ ◦ µ∆′,∆′′ if
dist(∆,∆′′) = dist(∆,∆′) + dist(∆′,∆′′)
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Noncommutative marked surfaces
To any such surface Σ (each boundary component must have at least one
marked point, some orbifold points are allowed) we assign, in a functorial
way, an algebra AΣ generated by xγ , where γ runs over isotopy classes of
directed curves between marked points, subject to

Triangle relations in any cyclic triangle (γ1, γ2, γ3)

Ptolemy relations in any cyclic quadrilateral (γ1, γ2, γ3, γ4)

γ1

i γ2

γ3

γ4

γ1

i γ2

γ3γγ′

Similarly to An (assigned to the unpunctured disk with n marked
boundary points), define a noncommutative angle T γ1,γ2

i := x−1
γ1
xγ3

x−1
γ2

formed by two sides of a cyclic triangle (γ1, γ2, γ3) where γ1 is incoming to
i and γ2 is outgoing from i (here γ is the oppositely directed γ).
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Noncommutative marked surfaces
An equivalent presentation of AΣ:

Angle at a vertex of any triangle is well-defined.

Angles at any marked point are additive.

This, in particular, allows to define the total angle Ti at any marked point.
If i is a puncture, then Ti can be seen in any self-folded triangle around i:
Ti = x−1

γ xγ′x
−1
γ (in fact, xγ′ = xγ′ due to the triangle relations).

γ i

γ'

Theorem

For any puncture i the assignments xγ 7→ T
δi,s(γ)

i xγT
δi,t(γ)

i define an
involutive automorphism ϕi of AΣ, where s(γ) and t(γ) are respectively
the starting and terminating point of γ.
Moreover, these automorphisms commute so that for any subset P of
punctures the composition ϕP of all ϕi, i ∈ P is well-defined.
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Noncommutative marked surfaces

Using this, we can describe all noncommutative clusters in AΣ. First, for
any triangulation ∆ of Σ, we define the triangle group T∆ generated by
tγ , γ ∈ ∆ subject to the triangle relations, define a natural embedding
ι∆ : T∆ → A×Σ , and establish the following

Theorem (Noncommutative Laurent Phenomenon)

The extension ι∆ : QT∆ → AΣ is injective for any triangulation ∆ of Σ
and all xγ belong to its image. More precisely, each xγ can be uniquely
expressed as a sum of elements of ι∆(T∆).

In fact, the total angles Ti are in the image of all ι∆.

If Σ is punctured, twisting ι∆ with with automorphisms ϕP gives rise to
tagged noncommutative clusters ι∆./ which are labeled by tagged
triangulations ∆./ of Σ together with the corresponding tagged
noncommutative Laurent Phenomenon.
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Noncommutative marked surfaces
Denote by Σn,k the k times punctured disk with n boundary points. The
following is the list of all tagged and untagged clusters for Σ3,1.
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Noncommutative marked surfaces
If Σ is oriented, monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆

defined similarly to An = AΣn,0 , i.e., by assigning to any tγ , γ ∈ ∆′, the
leftmost γ-admissible sequence in ∆. Thus, all these groups are
isomorphic to a canonical group TΣ (it is either free or 1-relator).

In particular, if ∆′ is obtained from ∆ by flipping a single edge γ to γ′ in a
clockwise quadrilateral, then µ∆,∆′ ◦ µ∆′,∆ is an automorphism Tγ of T∆.

The automorphisms Tγ for internal (i.e., non-boundary) curves γ ∈ ∆
define an action .ι∆ of the group BrΣ := BrAΣ

on TΣ.

Theorem

BrΣn,1 is (a quotient of) the Artin braid group BrDn of type Dn.

BrΣn,2 is (a quotient of) the affine Artin braid group BrD̂n+1
.

Let Σq
p
∼= Σp

q be the unpunctured cylinder with p points on one
boundary and q points on another. Then BrΣqp

is (a quotient of) the

affine braid group B̂rp+q.

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 17 / 23



Noncommutative marked surfaces
If Σ is oriented, monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆

defined similarly to An = AΣn,0 , i.e., by assigning to any tγ , γ ∈ ∆′, the
leftmost γ-admissible sequence in ∆. Thus, all these groups are
isomorphic to a canonical group TΣ (it is either free or 1-relator).

In particular, if ∆′ is obtained from ∆ by flipping a single edge γ to γ′ in a
clockwise quadrilateral, then µ∆,∆′ ◦ µ∆′,∆ is an automorphism Tγ of T∆.

The automorphisms Tγ for internal (i.e., non-boundary) curves γ ∈ ∆
define an action .ι∆ of the group BrΣ := BrAΣ

on TΣ.

Theorem

BrΣn,1 is (a quotient of) the Artin braid group BrDn of type Dn.

BrΣn,2 is (a quotient of) the affine Artin braid group BrD̂n+1
.

Let Σq
p
∼= Σp

q be the unpunctured cylinder with p points on one
boundary and q points on another. Then BrΣqp

is (a quotient of) the

affine braid group B̂rp+q.

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 17 / 23



Noncommutative marked surfaces
If Σ is oriented, monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆

defined similarly to An = AΣn,0 , i.e., by assigning to any tγ , γ ∈ ∆′, the
leftmost γ-admissible sequence in ∆. Thus, all these groups are
isomorphic to a canonical group TΣ (it is either free or 1-relator).

In particular, if ∆′ is obtained from ∆ by flipping a single edge γ to γ′ in a
clockwise quadrilateral, then µ∆,∆′ ◦ µ∆′,∆ is an automorphism Tγ of T∆.

The automorphisms Tγ for internal (i.e., non-boundary) curves γ ∈ ∆
define an action .ι∆ of the group BrΣ := BrAΣ

on TΣ.

Theorem

BrΣn,1 is (a quotient of) the Artin braid group BrDn of type Dn.

BrΣn,2 is (a quotient of) the affine Artin braid group BrD̂n+1
.

Let Σq
p
∼= Σp

q be the unpunctured cylinder with p points on one
boundary and q points on another. Then BrΣqp

is (a quotient of) the

affine braid group B̂rp+q.

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 17 / 23



Noncommutative marked surfaces
If Σ is oriented, monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆

defined similarly to An = AΣn,0 , i.e., by assigning to any tγ , γ ∈ ∆′, the
leftmost γ-admissible sequence in ∆. Thus, all these groups are
isomorphic to a canonical group TΣ (it is either free or 1-relator).

In particular, if ∆′ is obtained from ∆ by flipping a single edge γ to γ′ in a
clockwise quadrilateral, then µ∆,∆′ ◦ µ∆′,∆ is an automorphism Tγ of T∆.

The automorphisms Tγ for internal (i.e., non-boundary) curves γ ∈ ∆
define an action .ι∆ of the group BrΣ := BrAΣ

on TΣ.

Theorem

BrΣn,1 is (a quotient of) the Artin braid group BrDn of type Dn.

BrΣn,2 is (a quotient of) the affine Artin braid group BrD̂n+1
.

Let Σq
p
∼= Σp

q be the unpunctured cylinder with p points on one
boundary and q points on another. Then BrΣqp

is (a quotient of) the

affine braid group B̂rp+q.

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 17 / 23



Noncommutative marked surfaces
If Σ is oriented, monomial mutation µ∆,∆′ is an isomorphism T∆′ → T∆

defined similarly to An = AΣn,0 , i.e., by assigning to any tγ , γ ∈ ∆′, the
leftmost γ-admissible sequence in ∆. Thus, all these groups are
isomorphic to a canonical group TΣ (it is either free or 1-relator).

In particular, if ∆′ is obtained from ∆ by flipping a single edge γ to γ′ in a
clockwise quadrilateral, then µ∆,∆′ ◦ µ∆′,∆ is an automorphism Tγ of T∆.

The automorphisms Tγ for internal (i.e., non-boundary) curves γ ∈ ∆
define an action .ι∆ of the group BrΣ := BrAΣ

on TΣ.

Theorem

BrΣn,1 is (a quotient of) the Artin braid group BrDn of type Dn.

BrΣn,2 is (a quotient of) the affine Artin braid group BrD̂n+1
.

Let Σq
p
∼= Σp

q be the unpunctured cylinder with p points on one
boundary and q points on another. Then BrΣqp

is (a quotient of) the

affine braid group B̂rp+q.

Arkady Berenstein (University of Oregon) Noncommutative surfaces, clusters, and their symmetries March 13, 2024 17 / 23



Noncommutative marked surfaces
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Noncommutative marked surfaces

In fact, TΣ is free iff Σ has a boundary or is a sphere with three punctures.

Example

If Σ is the torus, the Klein bottle, the real projective plane respectively
with one, one, two punctures, then TΣ is generated by a, b, c, d, e subject
to, respectively, the following relations:

for the torus with one puncture: abcde = cbeda;

for the Klein bottle with one puncture: abcdc = ebeda;

for the real projective plane with two punctures: abcbc = ededa.

We expect that BrΣ is a free group on 3 generators in these three cases.
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Noncommutative integrable systems
Consider a noncommutative recursion (studied by Di Francesco and
Kedem and independently by Kontsevich in 2011) for a given odd k > 0:

{
Un−kDUn = Cn + Un−1DUn+1−k if n is even

UnDUn−k = Cn + Un+1−kDUn−1 if n is odd

for all n ≥ k + 1, where D,D, and Ci, i ∈ Z>0 are free parameters with
Cn+k−1 = Ck−1 for n ∈ Z>0.

Theorem

This recursion has a unique solution in the group algebra QF2k+1 of the
free group F2k+1 freely generated by D,D,C1, . . . , Ck−1, U1, . . . , Uk,
more precisely, each Un is a sum of elements of F2k+1.
Moreover, the elements Hn given by

Hn :=

{
DUn+1−kU

−1
n +DUn+k−1U

−1
n if n is even

U−1
n Un+1−kD + U−1

n Un+k−1D if n is odd
(1)

belong to ZF2k+1 and do not depend on n (hence it is a discrete integral)
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Noncommutative discrete integrable systems
The first assertion is a noncommutative Laurent Phenomenon for
triangulations ∆n of a cylinder Σ1

k−1 obtained by “Dehn twists” one from
another.

The second assertion is that Hn is the total angle Tp ∈ AΣ1
r

at the point
p, it is additive and does not depend on ∆n.
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Noncommutative integrable systems

Consider another recursion (studied by Di Francesco in 2015)

Ui+1,jAjVj+1,i = B−1
i+1 + Ui+1,j+1AjVji ,

Vi+1,jBjUj+1,i = A−1
i+1 + Vi+1,j+1BjUji ,

i, j ∈ Z with UijAjVj+1,i = Ui,j+1AjVij , VijBjUj+1,i = Vi,j+1BjUij .

Theorem

This recursion has a (unique) solution in the group algebra QT∞ of the
free group T∞ freely generated by Ai, Ai, Bi, Bi, Uii, Vii, Ui,i+1, i ∈ Z,
more precisely, each Uij and Vij is a sum of elements of the group.
Moreover, the elements H±ij ∈ Frac(ZT∞) given by

H+
ij := U−1

ji (Uj,i−1Ai−1 +Uj,i+1Ai), H
−
ij := V −1

ji (Vj,i−1Bi−1 +Vj,i+1B
−1
i )

belong to ZT∞ and do not depend on j (i.e., are discrete integrals).
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Noncommutative discrete integrable systems

The first assertion is a noncommutative Laurent Phenomenon for
translation-invariant triangulations of an infinite strip Σ∞.

The second assertion is that H±ij are the total angles Ti+, Ti− ∈ AΣ∞ on
the upper and lover boundaries, they are additive and do not depend on
the triangulations.
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Noncommutative discrete integrable systems

These examples suggest the following general approach to constructing
noncommutative discrete integrable systems. That is, such a system
consists of a marked surface Σ, its automorphism τ : Σ :→ Σ permuting
marked points, and a triangulation ∆ so that the collection
T = {xγ ∈ AΣ, γ ∈

⋃
k∈Z

τk(∆)} evolves in “discrete time” k ∈ Z and for

each marked point p of Σ, the total noncommutative angle Tp is a discrete
integral. The noncommutative Laurent Phenomenon then guarantees that
T belongs to the algebra isomorphic to the group algebra of T∆.
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