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L Introduction

What are Bogomolnyi equations?

» In 1975 Prasad and Sommerfield attempted to find exact solutions of nonlinear
second-order differential equations for 't Hooft monopoles and Julia-Zee dyons in
the SU(2) Yang-Mills-Higgs model.

1
Loymn = =5 Tr (Fu FH7) + Tr (D ®DH @) — V(|@]),

with |®| = 2Trd2, Fu, = OuAL — Ov Ay — ie[Au, AL], Dy =0, — ie[Au,],
Ap = %TaAf“ $ = %Tad)a, with a =1,2,3 and 77 are the Pauli matrices.

» They found in the limit where both mass and quartic-interaction coupling go to
zero the exact solutions exist.

> In 1976 Bogomolnyi showed by rewriting its energy functional (Bogomolnyi's
trick), those exact solutions are solutions to first-order differential equations
known as Bogomolnyi equations.

E= / d3x [Tr(B,- T cosaD;®)? + Tr (E; F sin aD;®)? + Tr(Do®)? + v]

:t2/d3x [cos aTr (B;D;®) + sin aTr (E; D; )],

with E; = Fo;, Bi = _%EUkFﬂ“ and « is an abitrary angle.
> Further he showed that these solutions are stable since their total energies are
proportional to the topological charge.

> In supersymmetric theories the corresponding equations usually called BPS
equations. 3/25



L Introduction

Methods for finding Bogomolnyi equations

>
| 2
>
>

v

Strong Necessary Conditions method [Sokalski 1979]
First-order formalism: pressureless condition [Bazeia et al.2006]
On-Shell method [ANA & Ramadhan 2014]

FOEL (First-Order Euler-Lagrange) formalism [Adam & Santamaria
2016]

BPS Lagrangian method [ANA 2015]
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L—BPS Lagrangian Method

The BPS Lagrangian method [ANA 2017, Phys. Lett. B768 351358 (ArXiv 1511.01620)]

» Static energy of any static configuration involving fields ¢;
(i=1,..,N) in a (d + 1)-dimensional manifold (M, g,..)

Eetatic = — / dx+/det(gmn)L[b1, ..., I, D1, ..., Ddn],

with 0= _%- and 1 =0,1,...,d.
» rewriting the Lagrangian density

v/det(gmn)L = (Squared terms) + Lpps,

where BPS Lagrangian density Lp,s (normally) contains boundary terms

and
N

(Squared terms) o Z (081 — (b1, ..., dn, %))

i=1,j#i
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L—BPS Lagrangian Method

Continue...

» Define a BPS limit,
\/ det(gmn)[r - Ebps =0= 8¢)1 = f(¢17 ceey ¢)N7)?)'

but what is the form of Lyps explicitly?

» The On-Shell method [ANA and Ramadhan 2014, Phys. Rev. D90 105009 (ArXiv
1406.6180)]: the static energy of (spherically symmetric) BPS vortices can
be written as

r—oo

Eupe = Q(r — o0) — Q(r — 0) :/ dQ,

r=0

where Q = Q(¢1,- -, ¢n) is called BPS energy functional (effectively
one-dimensional space which is radial coordinate).

» Lups x dQ is boundary terms — its Euler-Lagrange equations are trivial.
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L—BPS Lagrangian Method

Continue...

» Generalizing this (for d = 3), with N = 3, yields

Lops == > > QU 0niOndjOptr,

m,n,pij,k

With- Q[[I;;’(']m] == Q[[ﬂ'fpl(gbl, -+, ¢3) and m, n, and p are indices for the
spatial coordinates. For more general possible boundary terms see [C. Adam
and F. Santamaria, JHEP 1612, 047 (2016)]

» In general Lp,s may also contain non-boundary terms,and hence we
have additional constraint equations from its Euler-Lagrange equations
[ANA Eur.Phys.J.Plus 135 (2020) 8, 619]

aﬁbps _i 8£bps _
96 Oxm 0(0di/Ox™)
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L—BPS Lagrangian Method
L Example: SU(2) Yang-Mills-Higgs model

Example: SU(2) Yang-Mills-Higgs model

L =Tr(E)? = Tr(B;)? + Tr(Dy®)? — Tr(D;®)? — V
Lgps = 20 Tr (E;Di®) — 23 Tr(B;D;®) — vTr (D;®)?,
with «, 3, and  are arbitrary constants.
L—Lgps = Tr(E—aDj®)? —Tr(B; — BD;®)? + Tr (Dyd)?
—(1—v+a?— ) Tr(Di®)? — V.
In BPS limit, £ — Lgps = 0, we obtain Bogomolnyi equations:
E; = aD;®, B; = 8D;®, Dy =0,

while V =0 and v =1+ o? — 82. There are additional constraint equations:

(1-6%)DiDi® = 0,
(1-ao®—-p%) [D®,0] = 0,
a DiDid = 0.

» BPS monopoles: « =0,8 = +1
» BPS dyons: a # 0 = D;D;® = D;B; = 0 (Bianchi Identity)
o? + %2 =1.
e Bogomolnyi equations for monopoles and dyons in generalized SU(2)

Yang-Mills-Higgs model : [ANA Eur. Phys. J. C 82, no.7, 602 (2022)].
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L Four-dimensional Gravity Theories
LSchwarzschi\d black holes

Einstein-Hilbert Action

S =Sen + Sehy
_ 1 d*xv/—g (R —2A) + 1/ d*yeVhK — 1/ d*yevhKo,
2k J m K Jam K Joam

Einstein equations: R, — %gm,R + Agu = 0.
ansatz for spherically symmetric static metric

ds® = —A(r)dt* + B(r)dr* + C(r)d$3,

with A, B, C > 0.
Einstein equations can be simplified to, with ' = %,

2CA'C'+A(C?~4BC(1-A 0)) =0,

2CB'C' + B (c’2 - 4CC”) +4B2C(1—AC) =0,

B (~AC (A'C'+2AC") + C* (A - 244" + A°C?)
+ACB' (CA + AC') — 4N A’B*C* = 0.
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L Four-dimensional Gravity Theories
LSchwarzschi\d black holes

The Reduced Action (effective Lagrangian density)

Seesen x| G 2EA()C (1) + Ar) (4B()C(r) (1= A C() + C'(r)?)
e A(r)B(r)C(r)2
= /drﬁeff.

= The simplified Einstein equations = Euler-Lagrange equations of L.
where fundamental fields are A, B, and C.

Define BPS Lagrangian density (linear in first-order derivative of fields):
EBPS = XO(A7 Ba C)+X3(Av 87 C)A/(r)—’_xb(A? Ba C)B/(r)—'_XC(Av 87 C)C/(I’),

where Xo, X5, Xb, and X are auxilliary functions of A, B, and C, but not
explicitly of r.
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L Four-dimensional Gravity Theories
LSchwarzschi\d black holes

BPS Limit

Rewrite Lef — Lgps:

*ﬁ (A'(r) - \/2AC78(XCCX3A)>24r \/g(C’ér) +% (A’(r) B %\/E))Q

VAB
—Xo — B'(NXy + i (X2A = 2C(XaXc —8(1 = A C)))
In BPS limit, Lef — Lgps = 0, we obtain Bogomolnyi-like equations for A and C
VvVAB

A = —— (XcC—X,A),

(r) >c )
C X
c'(r) = -2 (A’(r) - 75\/AB>

requires X, = 0 hence remaining terms

. AB (X2A+16C(1— A C)) —4XCVAB
T 2X,ABC '
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L Four-dimensional Gravity Theories
LSchwarzschi\d black holes

Constraint Equations

Additional terms in Lgps imply additional constraint equations:
» Constraint equation for B implies Xy = 0.

» The remaining constraint equations, for A and C, can be simplified to

4C 0Xo o v s X, s » o\ X,
manaB(r)_Xa 2052 X (16C(1 A C) XaA) s

which can be considered as Bogomolnyi-like equation for B.

The Bogomolnyi-like equations for A and C can simplified to

A(r) = VAB (% - %XE(A, B, C)) ,
c'(r) = @Xa(A,B,C),

The constraint equation can be rewritten as

dX, VAB._, X,dC B
dr = TXQ = 2CW:>X3—CX3\/E

12/25



L Four-dimensional Gravity Theories
LSchwarzschi\d black holes

General Solutions

From Bogomolnyi-like equations for A and C
Ca

16
B-rO+ %

3cx?

dA 16
20 e = e (1-NO) - A= A=

From Bogomolnyi-like equation for C

4 iC/(r)2 = B« %

T ex2AC
e Schwarzschild black holes: C = r?, cx, =4, and ¢, = —2M
2 2M
A= 1-a-22
3 r
1
B = 5 ,
r 2M
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L Four-dimensional Gravity Theories
LStatic Electrovac

Effective and BPS Lagrangian Densities

2 1 1 U)
= V=g (= (R—=2A) — ZF,F),
5 /dX g(2){( ) 4 "

with F,, = DA, — D,A,. Taking K = 1 and using ansatz for electromagnetic
field A, = (A¢(r),0,0, Ay cos ).

2C (A'(r)C'(r) + CAL(r)?) + A (c'(r)2 —28B (A§5 +2C(AC — 1)))

Le =
d VABC
‘CBPS = XO(A757 CzAf) +X3(A7B7 C7At)A/(r) +Xb(A7B7 CiAt)B/(r)

+Xc(A, B, C, A)C'(r) + Xi(A, B, C, Ar)Ay(r).
® Leff — Lgps =0,

2C , VAB_\? 1 /A , 1 B [ 2A/(r) 2
VAB <Af“) 4Cxt> * c\/;<c (f”ac\/;(ﬁ@ X))

c L ARYB/C 2
_A3/2\/§<A(r)_ 2C (AXC_X3>>

A3/2,\/B
- 7*{;? (4C(XaXc +BAC —8) + X2 + 1643 ) — Xo + fof - B'(NX,=0.
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L Four-dimensional Gravity Theories
LStatic Electrovac

Bogomolnyi-like and Constraint Equations

Similarly X, = 0 and thus

X VAB (—2A X7 + X? +16 (A} +2C(C A—1))) +8C Xo

° 4V/AVBC X, ’

VAB,

4c 7"

c'(r) = %\/ABXQ,

VA B(2A X2 + X7 +16 (A +2C(CA—1))) X,
8CX, X

>
S
iy
-
s

I

Alry = -

Constraint equations:

» constraint equation for B =— Xy = 0.
aXe __

» constraint equation for A: o= 0, or X; = cx; is constant.

» constraint equations for A and C:
dXa VA BX2 _ X, dC

g = ac X T ot g —Xe=eeVC
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L Four-dimensional Gravity Theories
LStatic Electrovac

Solutions

Bogomolnyi-like equations for A; and C:

CXt ~—1/2
At:Ct——C /,
CXa

Bogomolnyi-like equations for A and C:
1

- - 2 _ _ 2 _Ca
= 6oC (48A4J 32C(A C - 3) —|—3cxt) + e
Bogomolnyi-like equation for C: B = 2, L. C'(r)?
e Reissner-Nordstrém black hole solutions: C(r) = r?, cx, = 4, cx: = 4@, and
= —2M
r? 2M QP+ A
2 2
= LA A S A
ds (1 3 22 dt

2 2 A2
+ 1ff/\fw+o; dr2+r2dQ§.
3 2r2
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L Four-dimensional Gravity Theories

L V-scalar-vacuum

Effective and BPS Lagrangian Densities

1 1
S :/ dx*/—g (ﬂ (R—2A) — EDuQSD“(ﬁ - V(¢)) )
Ansatz for scalar field ¢ = ¢(r).

Lo = FADCUTAIEC A LA S{GN-o (%qﬁ'(r)z 4 4v(¢))
Lps = XO(A7 B, C, ¢) + Xa(A7 B, C, ¢)A’(r) + Xb(A, B, C, ¢)B'(r)

+XC(A7 B7 C7 ¢)C/(r) + X¢(A7 Bu Cv d))d)/(r)
® Leff — Lpps =0,

2VAC VB _\° c , A3/2131/2
2 <¢()+4fcx¢> - e (A(r) ark il ))
Al/2 , BY2C (2
+BU?CT<C()+_2AV2( )>
VB

—B/(r) X, — Xo + ( BAC(XoXc +8C(A+ V) — 8) + 2A2X2 + x¢)

8VAC
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L Four-dimensional Gravity Theories

L V-scalar-vacuum

Bogomolnyi-like and Constraint Equations

Similarly X, = 0 and thus

1 VA
X, = 2A2X2 — 8vAC
4ACX, VB

Xo + X3 — 32AC*V — 32AC(AC — 1)) ,

1 [B
/

= ———4/=X
(") acV A

c'(r)y = gBXa,
—2A?VBXZ — 8VACXo + VBX3 — 32AVBC(C(A + V) — 1)

8VACX,

Al(r)y =

Constraint equations:

» constraint equation for B = Xy = 0.

> constraint equation for A: X,'(r) = Ag/ZC (X5 —2A°X2)
> constraint equations for ¢: X,'(r) = —4VABC V'(¢)
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L Four-dimensional Gravity Theories

L V-scalar-vacuum

Solution: C(r) =r? < X, =4,/ 5

/ _ 1 2 _
A = e (BX¢ 32AC(B(CA — 1) + BCV + 1)) ;
B
/ _ 2 _
B'(r) = 32AC2 (BX¢ + 32AC(B(CA—1)+ BCV + 1)) .
Using these equations we can write

dlog(AB) ,
T = \/Ed) (I’)z.

e Coulomb-like form: ¢ = % = Xy =4\ /AC

2
dlog(AB) & 1 e 5
o e EmTATe
B(6) = —po5 QQB(N+V)~2(B -1 +4").
B —1)¢?
Vi(g) = ¢( ( Q2B)¢ +A+V).

19/25



L Einstein-Maxwell-Scalar gravity in n—dimensions

Effective and BPS Lagrangian Densities

1
S= / dx"/—g (i (R—2A) - %FWF”” — 5 DuéD" 6 - V(¢)) A

-2 /i—1
ds®> = —A(r)dt® + B(r)dr’ + C(r)dQ}_,, dQ5_,=>_ (H sin 6, d9,-2> ,
i=1 I=1

A, = (A(r),0,...,0), ¢=e(r).

2(n—2)C A'(r)C'(r) + 4ABC ((n — 3)(n —2) — 2AC) + (n — 3)(n — 2)A C'(r)?

L = 7
o 8kV/A B C3 3
Ar? @ (r)?
VABCr—2(t -~ T’ _ vy
+ 2AB 2B @)
ACBPS - XO(A,B)CyAt’d))'i'XB(A)B’ C’Atvd))A/(r)""Xb(A:B’ CfAt’¢)B/(r)

+Xc(A, B, C,Ar, 9)C'(r) + Xe(A, B, C, At, §)AL(r) + Xy (A, B, C, Ae, 9)¢/(r).

20/25



L Einstein-Maxwell-Scalar gravity in n—dimensions

BPS limit Lef — Lpps =0

37t VAE 2 fcg’l , VB 2
(A()* Xt ¢(r)+ﬂcﬂ71 »

2VAEB c3-1 2VB 3
(n—2c3t 4<n—3A3/231/2< C Xc x) 2
" 8(n — 3)A3/2p1/2 - 3t \m-3a 7
2
R R )n — 2)al/2 4B/28373 ("_2)6%72/\’0)—)(
aBl/2 375 (n — 3)(n — 2)Al/2 4VAB i
—1-2

—B'(NXp — Xo + (c3 (A (atn — 3)Ax2 — (n — 2)x? — 8CXaXc ) + (0 — 2)x39>

2(n — z)x/Z
+(n — 2)AC" (=2C(A + V) + (n = 3)(n — 2))) = 0.
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L Einstein-Maxwell-Scalar gravity in n—dimensions

Bogomolnyi-like Equations

Xc

_ 1 23 2 3042 2
= T (\/E (4A = 3)X2 +(n—2) (c (x¢ - AXt) +AC"((n — 3)(n — 2) — 20\)))
—2V/A(n — 2)c3 2 (xo + VABC2 T2 v)) ,
- VABcT2x
B 1_n
- /2 ax
et
4AB ,_n
-
(n—2)
VEB ((n AT S (n— 3 —2) —2c(V + A) — c1 T2 (40 — 9A2x2 4 (0 — 2) (Ax2 — xé))) X
- 2VA(n — 2)Xa T

constraint equations for B: Xy = 0.

constraint equation for Az: % =0, or X¢ = cx¢.

1_n
. . oyl _ VBC 2 _ 2 oy a2y2
constraint equation for A: X3’ (r) = 72(n—2)A3/2 ((n 2)X¢ 4(n — 3)AX3 )

— n
constraint equation for ¢: X' (r) = —vVABC T2 v/(¢).

constraint equation for C is trivial using above results.
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L Einstein-Maxwell-Scalar gravity in n—dimensions
LTangher\ini Black Holes

Tangherlini Black Holes: ¢ = v =X, =0

dXa _ 2(n-3) -2y _ (h=3)X, dC n=3
= VABC =TT X, = o C
dr ~ (n—2) 2C  dr 2T et 2
B (n—2) oxt _n3
Ar=ct 2(n—3) cxa ’
(n—2) ( €x; (n 3) ) Ca
= —2)(n—1)—2CA) ) + —2,
a(n—3ez \crs " (nop) (A=) )+ s
(”72) 1 1032
B=+_—""_~ C'(r)2
16cx2 A C (r)
e C(r)=r*cx, = ("f),cxt =-Q, and ¢, = —2M
Q _n=3
A = CcC™ 7,
‘ (n—3)
2M Q? 2CA
2 - _(1- - de?
% < 2 T n-a)n-2)cs (nz)(n1)>
—1
2M Q? 2CA 5
1-— - dr? dQ?_,,
+< = T n-3m-2c (n—2>(n—1)> e
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L Einstein-Maxwell-Scalar gravity in n—dimensions
L Three dimensional V-scalar vacuum

Three Dimensional V-scalar Vacuum: n=3 and A; = X; =0

o'(r)y = —/ix¢, c’'(r) =4VAB C Xa, A’(r):,/il
AC

(xi — 2AC(V + /\)) ,

AC 2X;
’ 1 B 2 ’ VABC ’
Xa'(r) = by Exd,, Xp'(r) = =VABCV/(¢).
eC=r¢="2L A=0asi X,= —L and X, = ¢4/ 4
=rt¢="F,A=0asin <= X; = = and X; = ¢,/ 3
B'(r) % (2Bc(v + A + ¢?) = 7‘“%:/4 5 _ —2¢dd—¢ — A= %";4’2

one of solutions [Karakasis’23]

2 2 2 2
% 2 _ % ‘o o 2
Re 2 |, & Cécae 2r cé cyer e2? [, I8
Al = ——5— | cpever® +¢ |, B(r) = 5 s V(r) 5 C¢CV52r2 +cp
c c anr2 ¢4 ca
@ % @
r2 cﬁ) cve2rs +¢p
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Thank You
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