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$1 E:uv\o!xh'on o]c Determinants

Ay Qa - Qi |
A = lau @ - qu ij € Inl={1,2,, 0l

\a:u Qna - a:mJ
Def 1.1 (Dererminant of A)
dt A:= X ‘?"("') Q1,60 Q2,000 - Gn,Gen)

( q 0€Sh
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Thml. 2 (Gomer's formula) : b
Consider AX = —L_) - ) ws (Al%o ,?:t ),T,’-. :
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Relotion 1o exterior a[;ebm Bl
A(V): exterior algebra of V

V;,V‘: V.’AV}‘ = -V"I\V.’ (V;:\V( =-o)
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WiA -~ AWn = JA] VIA - A Vy
(B) n=2) WikWa = (QuVi+Qae)d (Guth 4 dale)
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T={1,~,1p€On] | ty< =~ <ip}
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(Pref) (n=4,r=2) e

WiAW2AW; AW, = IAI VavaaVa AV
Il on the other hend
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Qi Qyl, Qu 0O L‘:Qu
A 0 ViaVay + Ay O VIAV; + a ViaVg
Q. Qi3 dia Qs l:u Ay
‘l‘l Val\V) + du alJVJJ\V4.'l~ » Oy Va Vg
WA W, = Quu'i'2 ( Gleulate 'I‘L\iS)
(WA Wz) A (W3 A W)
={ Qu Qi) A3 Q34 | Qu 43|14 Q4 _ Qu Ay | |31 433
Qu Q]| 043 Gas| [0 O ’au Gs | |Qu Q| |02 O3
Qi Qi3||Qn dn\ A d|+| @ a5 . & Ay |(an a2
+ +
0n Qul{as Gea| W2 Ry llay @s| [ay ap,)m.au,
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RakLT F=lor n~1 3 ordinory expansion ina row
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Thml & (Pliicker relation)
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V41
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§2 Kiv Eﬁua’l‘ion and Whonskian @
2.9 Intvoduction (= Slide) 0

2.1 Definition &'Pm,;emcs tine

GCC
DE2L CKAV ) Wm WEZD defued on (i)
ut"‘uzxx+éuux= 0 - O Sfa(:e'hme

I;"""h@l Jefwa‘hues non-inear term (howd o solve)

Rmk 2.2 Three coeﬁcheni‘s are. arbimry

i, © €= Uyt Aliont Bl = o
o= 44y
'

T
Def 2.3 For Ditx), F(t,0). F(t,x>%0) =0,

Det Fr = 0 is called conseryation law.
D: congerved density . F: flux

'PEP1.4~ I:= f“])dx IS conServeol 5‘ ilz )

. él% = f Dy dx = “S« Fx dx = -Fl“:
Tim2.5  KiV ¢ has oo conserved densities
cg. Dyau, D=, Dys o T e
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2.2 Hivota trf. & Wronskian solutijon (T~f¢n) 8
Def 2.6 (Hivotatvf,) U=2 o fog Tltx) @
Pmp2.7 K4V ef. is ’l‘mnsfomd Ly@ to

T~ Gt 30 ~4TT,,, + Ty =0 0
(Hirota's ) bilinear e e onst.
. : ® X~ intes. & C=0
© Quizl: Prove T'm& ( O (~)=0""9 )
Def 2.8 (Wronskian )
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Ao g f#
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3
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Agymptotic behavior of the N-Saliton selution [
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2.3 lax 'fam & KV hiemrd\y (MTDIID] 3
Prop. 210 (Lax form of KaV) @
Gousider the [rnear gystem :

Py =0 oy P:= 3:+u
\M-"{*B"I' [’&ir(‘R:=-43x3- €U Ox ~ 3 Ux
The Coml:a.h'“e andition [3t~B,Pl1=0 - @
give rige to The K4V ¢ Kk\l us = (B,P1)

® Quiz 1 Show this 7 el Lkt

(alittle bit difficult) CA.B):= AB-~BA
cf Quantum Mechanics

X’:X p:—&d %[x/"]-l‘h

(for ")
@esrewh«lly [ﬁ "]"@A ( ) x(ﬁﬁ") Ly

al'\((
Rk 2.1 U= Ult) U= UGSy

2 Flow g5 U5 = K3 and s = R0 v o

te. sK= at’% ((=> Ust = uts)
= WUcan be conSidered as U=u(t.s)




Thm2.02 There exist Commu'h'n; ‘]c(ow ejs. ﬁr kv [4

%tu:;l: [B-‘ln-t-l 'P] now U Ul bbb )

s et Dt D~ Bt =0 U
This is called the KaV hremrchy (omding flows)
U, = (BP) 3 Bu)KaY ¢ (tgs‘t,%%k)
@( Ute = [Br,P) = (Bth) ~  (exist)

Ug, = (B7,P] = (h) -~ (- )

: : C» D
BD? 2.13 <on§e.we4 Jmsriy in (w26
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\
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(far:olmf - &had® gk .x+f:l<’ﬁ""tm) St Ty = f*f(



$3 KP exua\’h'on 3 Pliicker relotion (9
3.1 Definition & RvPeVﬁQS

Def 3.1 (Kadonrtsey - Petviashyili (KP) ¢.) U=Ulxy,t)
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Rmk3-4 The Plicker refution is obtained as ')@”ows

q, 4; Qy 44
by by (? b b4

Oo:-e.os

G Cz 0|G 4 L); <{‘ q' al)(f a3 a‘) (*Q’ q.?)(f qz af)
A Ei "(fa: as)(f a2 8y) =
0)o ¢ gt
9 Jxexfeml'to (H]
atMeJ'lv Ex[.9

i, ,fu € previous discussion
Thm3. & (e (MID], Sato's lecture note )

(1) ’ﬂnm evists KP hiero.rc‘\y

= K; (u] mfmufe Commu‘h'na 'HWVS

u 4 =
t K;,EuJ s u=uleh. bt )
(2) l, U= 23:10}'?
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(Noe‘l'l'\ev) S}lmd‘ry > ConSeprv. ‘Hon' (0‘“3‘" 0)( lﬂk}%lll‘l‘y)

- (Liouville) “conserved Sucmh‘hes S \mgmue
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$4 Quag| determinant [E]

4.0 Motivatiow (Slsde)

A Dc‘ﬂ'ni‘h’on 2 PWFQY"HQS
A = (a‘} )\Qc‘.j <n Q.} &€ DIV!SIOVI th (ﬁ‘ﬁ)
@_.1 y as.mme(l.b exist ( es. H ) Y\onCommu'NhV&

Def 41
Let A=(a5) be an nxn Sguave matrix, and B=(bj) be A’

5).( S ALL« ;um&‘bemmani‘ of A and l'e?ses'wfel

L A| o |Qu e Qi Al
= | = | : Y e
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T R (A% ATBSTCAY SAIBSY
(C ’R)ﬂm‘ ( -5 (A s ) L

w/ S:= D~CA'R (Schur erlu'men‘l‘)

\ : - -1 v

D= a.-; 27 SslAl,“J‘= ag-- (| A ‘éﬂ'
17
c.e.ll'h'ﬂ} i<th oW X'J_NTL\ column —~




Ex4.3
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4.2 US'Q'GA‘ I&Qn‘h’f‘ 3

Non('omm
IEML(MC Lc::b%i‘y)
N(] A B C A c
805l ek
1] Eh [ﬂ Lfo
N 17 B (- ‘\'F g (Sclwcamy)

W+2)x (N+2)
O By &f-‘niﬁon (or report ?) a
M (‘\nnvlo}fcal M|adion) “For\n)ow'ng l)OX"

!

(Ne=1) x (Nf 1)

ABC ABCI||ABC
DFf3| = DL F|IDF} -
EIEIJ Eh[D|lof@ 1
ABC ABO||ABC
pf@El = |IDFf@||Df§ @
- Ehid lEntllenD
©)|A B C[Acp (AL AC“LA| ‘-'I
b £ 3 b@lé(EQHD(ﬂ ; ,
:—D_Pa
On the ofher hend el |8 o)
ABC A ¢ [
D+ lg | \ R"VQ@)
o @ 1




Commutative [imit of‘ Thm%.6 -

ABC
Df;lAl I l I]ABAC
E E i E hilD g
Jocobi i (Weak version )
Retumn back o O~ @ : § Report-20)
(a b\". ( '+ a'bstca” -a"'bs") = ﬁ:u"c)” @-dp'a) J
¢ d ~g CQ‘.' [l aé'd)“‘ Q~Cf'b)~|
(1~2) component-:
(C—&L"‘a)“' = la b = 2 b -lq o[
d|l wn @ 1] X
~fb_§”
(I~1) @ 0 et (o]
(a~£&)-€d="ab
9 Jo ¢ &
- 9 a b
% |1 a @ X

-0 ~"'b YTl



§& Non- Gmmaadive (N C) In‘he;mble E;uaﬁons
S R!.liminary

(O\nq 51

AB|De
cal

n (

=

J o(r. ViVeh ve

A B
¢ [
A B’

v
+ 2
ks

A &
cl'oJ

A (A:J
o]

(@(AA) Oﬁ) (A’)"’ A—lAA"‘I

&

+ E(Ch'a)(t, KAB)-F Che (Y

Def £.2 (Quast Wronskian)

£ o
ARRRE
maz [t

Q-Whanskion

@

dll

¢

///

kth row
A,/ B ’

A<) (B

AR

t
‘o [ .
TR (o 1-«1))

sen @

A B ~(d—~CA“'B) = d-CH'B +CANA'B ~CkB’
= d-¢K'B

kZ lek uait mmmx

Quiz L. Pove @

co.mg

l\

SRM( ~ —~

Yo

7

> Ouly k=n survives in RHS 4 @



5.2 NC KV ¢
W= U(E,X) : I-valued fen.
Def .4 (NC KqV 55)

Ut + Uxxx +3(UxU+UU) =0 - @
M G is devived ﬁvm compm‘ibi[?'y condition of
the [inear system : escentilly the same as Def 2.(0
L$=o0 (L = U+ u“ﬂ.ffcdmlfqmqey
we vot O M=l 43l ludes e

Def 5.6 (Davboux trf: ) PP
8 : Srecinﬁ so| of @ Le. i MG; . @)

Goi= 038" = &~ 6" - @ . 26 -ghp
(Q‘) GB‘;( < 63:: (G"f) S 3:7[“010“'30)

The ‘fo“oWl'n; Trf is called the Darboux T'J(

L F=GLG' (’" R+U~A: )(mn invarignt )
D) 1M e M=GMg'

| $ $""‘€\6 ¢ 2 B ~ 0. 674

_Bo!; 8.7 (D) induces T = U+ 2 (6 0“1)x - @

© M) & LG=GlL, =M 2@ 7




SMB%X [Gilson —Nimwo, 2”07.)

v (D
(#10.60) = (b, ) = -
w/ Uey

4 w/i=0 b
(triviad fvl)

I\
Bm ‘ \ ‘

= (3-8 0 frepare
®{ :;z ~.-.(2:+4)36£)9 - }; ivdep ok of O
D) Poyy = 690, 4’0\) T m 6"“’0':'“%3
How to make Ocny:= ‘bcm ’<b->6..
Thet.8 ®:= (6, - g") ce’t o-f sols of
o 4 & 4
e A I L
@Sm) @ \ ! @cn) J@ |
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n=1) § = Sy m__ 9;;’ Gs f’m

= Gﬂm 4’::3 O

i I~ dayivetive

& R



N+l > n+2)
&
(1 9 ‘ 4>
) d”..,) é‘m) +
e 1@4
® O
9&(0-?!] T : +
& G
@‘"ﬂ) G(Ml)
® ¢
(1) (l) . :
i [ om 9[.\..43 0»0 d.,.-., 4),,,.,)
™ |[¢"]
On the othey hand
& 9.».
40\.,.2] = (=) ('h) cb(n«) —
®‘“’ { ?»3 0] ol

M ucmu‘ 2 (EE( B:;:) Gﬂtl) ==2

(Etingof- Gelfosdk~ Retakh, 1797)
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G(n-u) ':05:‘«) i|

on[)'[t N surlive [

R
) | Cn4t)
g !
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:®H) ;.) 60'-1-:1
@(V\)
® O
- ~l
(2 Qm]ﬁm
| ™

5
© o Quz2
e | Povethis
gwu f (induchion)
@0\) @ 1 B
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Rmk 5. IO

—\ O 9, [ ?
J;co ' ] / ,”
umm -.—_!' .1.23)(4 /// : // : \

}awed""* ) //: o:* L w
g ... g‘“{@ g, . 3:)@ J

U Commudadive [imit

.

= % { Wi (.., 8.y Wr(B:, - .a.f)‘}
= 2 3:‘ Qo}Wr(&."'.On) Hildl“a'hf.x Whns',:hn |

Quiz 3 White your opihions, impessian e‘tc.ﬁk Pt I lecture
(Constructive ond Critical comments are welcome. )

ﬁf/wk Jou ‘/é/’ Much !



