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‘Motivation | Lens MProving properties }
We want to formalize quantum circuits Lens, curry-uncurry, focus Proof strategy
- Shor's 9-qubit code (correcting both flips) 1 Input @ Prove basic properties of lenses.
) 7 Nl O [0) ] L . irale indieat Some of them are hard.
® ® ® ¢ ® ® — i i
v L L Y P— ¥ ° thens ] .mJec];clor] e1(:weden rinite otrhlna_s:c " )lcatmg @ Use them to prove properties of tensor powers and endomorphisms.
0) NP N C © ¢ c/ncbe O WITES A€ ereslln © p.lc urle @ Need also lemmas to connect with matrix representations.
@ Curry / Uncurry = currying along a given lens _
N (N
0) = e which quotients away the unused (black) wires Proots Of properties _
0) — I o PR S g e o o Focusing = composing curry, gate and uncurry to o Equn{alenf:e of par.ametrluty and naturality. (We assume them below.)
0) B | build the diagram @ If GG is unitary, so is focusy GG.
~ ~ ‘ S @ For / : lens n mand ¢ : lens m p, focusy,yr = focusy O focusy
0) D D—s L onc T @ For / : lens n m and ¢ : 1lens n p disjoint,
()> D H /L ® /L o P I D—e [ ({1 } {1 }) } focusy (G’ o focusy G = focusy G o focusy G’
lens n m = NN (1) e d T S )
O> N N ¢ G _ G
1 1 - curry and uncurry N / /
0) N2 T ___ For 1" a vector space and £ : 1lens n m, G— —G
(©) Self / Wikimedia Commons / CC-BY-SA-3.0 |
— . . / o o A ®m @ and many more!
Basic differences: bits and qubits (T2)O" =~ 772 T (T = ((T2 ) ) Aoolicat
Classical Quantum » { pplications }
it € {0.1) qubit € C° \ ancurry, = curry; fohor's code
functions in Set unitary transformations in FdHilb ~ focus | Definition bit_flip_enc : endo 3 :=
direct product: tensor product And for G unitary, . ;Sapls [le?toél?] zmt \ dtsgpp lens 0; 1] cnot.
. ) N ) efinition bit_flip_dec : endo 3 :=
Set(X X Y, Z) — Set()(7 ZY) FdHllb(X @ }/7 Z) — :I:_ﬂ(:l]:_:[ll.b()(7 ZY) ] fOCUS€ G — uncurr}Ig @) G O CUI‘I‘YE J tsapp I:lens ]_, 2, O] toffolil \V bj_t_flj_p_enc.

@ Each gate (= unitary transformation) is fairly simple:
1000

L _ CNOT — 0100

P0|ym0rPhIC operator _ _ Definition sign_flip_dec := bit_flip_dec \v hadamard3.
For focus to typecheck, the unitary operator G must actually be polymorphic:  Definition sign_flip_enc := hadamard3 \v bit_flip_enc.

G : VT : vector sp., (T%)®" mitary (TH®" (= endo n)

Definition shor _enc : endo 9 :

D 0001 focusy G = \T. (uncurryg O GTQn—m O curryg) focus [lens 0; 1; 2] bit_flip_enc \v
0010 E o focus [lens 3; 4; 5] bit_flip_enc \v
_ S - - xdmple. PN focus [lens 6; 7; 8] bit_flip_enc \v

@ but when put in a circuit, it becomes a monster: = focus{j,1 23}, CNOT focus [lens 0; 3; 6] sign_flip_enc.

ra b ya yb D Definition shor_dec : endo 9 :=

o y' a b ve xd ye yd — : focus [lens 0; 3; 6] sign_flip_dec \v
Q| = : : {Parametrluty and naturality } focus [lens 0; 1; 2] bit_flip_dec \v
R [© @ <4 <0 waw : : focus [lens 3; 4; 5] bit_flip_dec \v

zc zd we wd Polymorphism is not enough focus [lens 6. 7: 8 bit flip. dec.

_ @ We know from its type that G is polymorphically linear / unitary

[State‘as‘fu nction } @ But it could be unitary / linear differently for each T Definition shor_code (chan : endo 9) :=

shor_dec \v chan \v shor_enc.

Tensor power @ |l.e., the matrix representing the linearity might differ between different T s

Tensor power o And focus does change T Kindergarten Quantum Mechanics (wip)
on = [Coecke & Kissinger 2017| Picturing Quantum Processes.
@ lensor power V Parametricity .
. _ — Definition cap : mor n (n-2) := ...
— iterated tensor product V @ --- @V We want GG to be represented by a single matrix: Definition cup : mor (n-2) n := ...

eV =FK" V= K™ ) M : matrix, V1 : vector sp., Vv : (T2)®”, Gr(v) = M.
~ Array of qubits . Naturality straigthen : m — transpose_cup . —

@ Qubit € C | . We can rephrase parametricity without reference to a matrix, using naturality: ;.. . straighten : cap [lens 1: 2] \v cup [lens 0; 1] =e ddmor 1.
@ Array of qubits &€ ((C ) 0 T®[k fr . T®]k Lemma transpose_cup (M : tsquare 1) :
) Functional vie ’ ’ focus [lens 0] (tsmor M) \v cup (n:=2) [lens 0; 1] =e
- Functi view N
. . . f [1 1] (t (t t M)) \ [lens 0; 17.
The state of n qubits can be seen as a function from a classical state to C: v ok ok OEHE ens_ Smor_ ranspose_ SHEaES v b _ _ _
I ) < . 7 1 1 Problem: proving properties of focusing on non-endomorphic transformations is
qustate, = (C ) =C" =({0,1}" = C) 3 + + much harder.
_ . : / IQI" . TIRIF
\Gates are unitary transformations on these state functions. ) T T — T [The code is available at: https://github.com/t6s/qecc/ J
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