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'y MIANDEEREDT 72 A% EHTH-012, ZDDHAK
AR R ot b 5. IR T AT RE.

e rank(i) =i ¥y FHETD 1D

n=>58

bitstring 1001 0100 1110 0100 1101 0000 1111 0100 1001 1001 0100 0100 0101 0101 10

indices 0\ 4 8 12 16\ 20 24 28 36 40 44 48 52 n2=56
rank(4) = 2 rank(36) = 17 rank(58) = 26
o select(i) = i HHD 1 DALE: rank(select(i)) =i
n=>58
Y aPal 10010100 1110 0100 11010000 1111 0100 1001 1001 0100 0100 0101 0101 10
indices 0\ 4 8 12 16\ 20 24 28 36 40 44 48 52 n-2=56
select(2) = 4 select(17) = 36 select(26) = 57

[Tanaka A., Affeldt, Garrigue 2016] T5%% CoqQ Tl
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rank IZfHIZERTE 5. select 1FF DWEHEL

Variables (T : eqType) (b : T) (n : nat).
Definition rank i s := count_mem b (take i s).
Definition Rank (i : nat) (B : n.-tuple T) :=

#|[set k : [1,n] | (k <= i) && (tacc B k == b)]]|.
Lemma select_spec (i : nat) (B : n.-tuple T) :

exists k, ((k <= n) & (Rank b k B == 1)) ||

(k == n.+1) && (count_mem b B < i).

Definition Select i (B : n.-tuple T) :=

ex_minn (select_spec i B).

pred s y & y AETOERED b. succ s y &y AEDERAID b.
Definition pred s y := select (rank y s) s.
Definition succ s y := select (rank y.-1 s).+1 s.
AT ZEELLADELDNRKRE.
ZITRHRTZ1IDPOBAZDMN, RIZk-oTHRES.
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Depth 0
Depth 1
Depth 2

Depth 3

Depth 0 Depth 1 Depth2 Depth 3

1 234

L.O.U.D.S.

Level-Order Unary Degree Sequence

[Navarro 2016, Chapter 8]
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Variable B : seq bool.
Definition LOUDS_child v i :=
select false (rank true (v + i) B).+1 B.
Definition LOUDS_parent v :=
pred false B (select true (rank false v B) B).
Definition LOUDS_children v := succ false B v.+1 - v.+1.
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RKOHFD/NNZA L LOUDS FIDOHDALEDRIC AR 2 EHRT 5.
MBI BRI
o ROALE (BELV— M DEBINT 2, MLEIZ0NSHMAD)
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Variable B : seq bool.
Definition LOUDS_child v i :=
select false (rank true (v + i) B).+1 B.
Definition LOUDS_parent v :=
pred false B (select true (rank false v B) B).
Definition LOUDS_children v := succ false B v.+1 - v.+1.

RIRE: FHE 22 278 > TV AR W
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IEEEEEIZB W T R Ap X DHTIZEIND / — N %
count_smaller t p& 9 %

Definition LOUDS_position (t : tree) (p : seq nat) :=
(count_smaller t p + (count_smaller t (rcons p 0)).-1).+2.
(* 0 D 1 D BRIV — b %)

Definition LOUDS_subtree B (p : seq nat) :=
foldl (LOUDS_child B) 2 p.

Theorem LOUDS_positionE t (p : seq nat)
let B := LOUDS t in valid_position t p ->
LOUDS_position t p = LOUDS_subtree B p.

Theorem LOUDS_parentE t (p : seq nat) x :
let B := LOUDS t in valid_position t (rcons p x) ->
LOUDS_parent B (LOUDS_position t (rcons p x)) = LOUDS_position t p.

Theorem LOUDS_childrenE t (p : seq nat)
let B := LOUDS t in valid_position t p —>
children t p = LOUDS_children B (LOUDS_position t p).
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|10000010]  [00000100]

B = 10000010 00000100 00001010 00001011 10000001
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Introduction Inductive color := Red | Black.
Rank&Select Inductive btree (D A : Type) : Type :=
Sf_t | Bnode of color & btree D A & D & btree D A
| Bleaf of A.
LOUDS
rﬁ;memam" Definition dtree := btree (nat * nat) (seq bool).
Dynamic data dflattenfﬁ@gu)ﬁ%i_ﬁaj—é
Principle
Simply typed Fixpoint dflatten (B : dtree) :=
Richly typed .
Conclusion matCh B Wlth

| Bnode _ 1 _ r => dflatten 1 ++ dflatten r
| Bleaf s => s
end.
W T — R DIF B N EREH
Fixpoint wf_dtree (B : dtree) :=
match B with
| Bnode _ 1 (num, ones) r =>
[&& num == size (dflatten 1), ones == count_mem true (dflatten 1),
wf_dtree 1 & wf_dtree r]
| Bleaf arr => (w " 2)./2 <= size arr < (w " 2).%2
end.
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Fixpoint drank (B : dtree) (i : nat) :=
match B with
| Bnode _ 1 (num, ones) r =>
if 1 < num then drank 1 i
else ones + drank r (i - num)

| Bleaf s =>
rank true i s
end.

Lemma dtree_ind (P : dtree -> Prop) :

(forall ¢ 1 r num ones,

num = size (dflatten 1) ->

ones = count_mem true (dflatten 1) ->

wf_dtree 1 /\ wf_dtree r —>

P1l->Pr ->P (Bnode ¢ 1 (num, ones) r)) ->

(forall s, (w " 2)./2 <= size s < (w " 2).*2 -> P (Bleaf _ s)) —>
forall B, wf_dtree B -> P B.

Lemma drankE (B : dtree) i :
wf_dtree B -> drank B i = rank true i (dflatten B).

EH 5 HAAIBATTINE 5
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Fixpoint dselect_1 (B : dtree) (i : nat) :=
match B with
| Bnode _ 1 (num, ones) r =>
if i <= ones then dselect_1 1 i
else num + dselect_1 r (i - ones)
| Bleaf s => select true i s
end.

Fixpoint dselect_@ (B : dtree) (i : nat) :=
match B with
| Bnode _ 1 (num, ones) r =>
let zeroes := num - ones in
if i <= zeroes then dselect_ @ 1 i

else num + dselect_@ r (i - zeroes)
| Bleaf s => select false i s
end.

Lemma dselect_1E B i
wf_dtree B -> dselect_1 B i = select true i (dflatten B).

Lemma dselect_QE B i
wf_dtree B -> dselect_@ B i = select false i (dflatten B).

15/20
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Definition dinsert (B : dtree) b i w : dtree :=

WERTORA

Fixpoint dins (B : dtree) b i w : dtree :=

match B with

| Bleaf s =>
let s' := insertl s b i in
if size s+ 1 ==2% (w " 2)
then let n := (size s') %/ 2 in
let sl := take n s' in
let sr :=drop n s' in

Bnode Red (Bleaf _ sl)
(size sl, rank true (size sl) sl)
(Bleaf _ sr)
else Bleaf _ s'
Bnode ¢ 1 (num, ones) r =>
if 1 < num then balancelL ¢ (dins 1 b i w) r
else balanceR ¢ 1 (dins r b (i - num) w)

end.

match dins B b i w with

| Bleaf s => Bleaf _ s

| Bhnode _ 1 d r => Bnode Black 1 d r
end.

16 /20
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Ltac decompose_rewrite :=
let H := fresh "H" in
case/andP || (move=>H; rewrite ?H ?(egP H)).

Lemma balanceL_wf c¢ (1 r : dtree) :
wf_dtree 1 -> wf_dtree r -> wf_dtree (balanceL c 1 r).
Proof.
case: ¢ => /= wfl wfr. by rewrite wfl wfr ?(dsizeE,donesE,eqxx).
case: 1 wfl =>
CCCCT 111 [11n 1lo] 11r|11A] [1n lo] [[1 1rl [1lrn 1lrol lrr|lrA]
|11 [1n lo] 1rl|1A] /=;
rewrite wfr; repeat decompose_rewrite;
by rewrite ?(dsizeE,donesE,size_cat,count_cat,eqxx).
Qed.
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Definition is_black ¢ := if ¢ is Black then true else false.

Definition color_ok parent child :=
is_black parent || is_black child.

Inductive tree : nat -> nat -> nat -> color -> Type :=
| Leaf : forall (arr : seq bool),
(w " 2)./ 2 <=size arr < (w " 2).*x2 —>
tree (size arr) (count_one arr) @ Black
| Node : forall {s1 ol s2 02 d cl cr c},
color_ok ¢ cl -> color_ok ¢ cr ->
tree s1 ol d cl -> tree s2 02 d cr ->
tree (s1 + s2) (ol + 02) (d + is_black c) c.

18 /20
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Plan

Definitions e dinsi Program BREECREZETE /-

- Program Fixpoint dinsert' {nmd c} (B : tree nmd c) (b : bool) i

QE;W”““@" {measure (size_of_tree B)} : { B' : near_tree n.+1 (m + b) d ¢
| dflattenn B' = insert1 (dflatten B) b i } := ...

princple 20 D Obligation 2MERK X 1, £ TOMEDIEH I 90 17

imply type

S B e balancel ¥ balanceRDE %

o [T EWNZIZ XD Program BREEDH X 22 b o 72
o 1747 Ctactic IZ LB EHE BRI
Definition balanceL {nl ml d ¢l cr nr mr} (p : color)
(1 : near_tree nl ml d cl) (r : tree nr mr d cr) :
color_ok p (fix_color 1) -> color_ok p cr ->
{tr : near_tree (nl + nr) (ml + mr) (inc_black d p) p
| dflattenn tr = dflattenn 1 ++ dflatten r7}.
destruct r as [s1 o1 s2 02 s303d' xyz | sod c'"ccr'].
+ case: p => //= cpl cpr.
(x THIT 1T TEHZIHNTER *)
Defined.
19/20
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https://github.com/affeldt-aist/succinct
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