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Inductive nat : Set := 0 : nat | S : nat -> nat.

Fix, Coq DETDT —RIFIFHN T —2A Y L TERIND.!
Inductive prod (A B : Set) : Set := pair : A -> B -> prod A B.
Inductive sum (A B : Set) : Set := inl : A -> sum A B | inr : B -> sum A B.
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Inductive t(aj...ap:Set): Set :=
| ci1:mi1i— ... =Ty —tar...ay

| Cm i Tml = o = Tk, — tai...an.

~vFT

'FM:tb...b,

Uz cmalbi/ar, ... bn/an), o @ik, © Tik -] F M Tleixa..xik, [ ] (1<i<m)
I' - match M as x return 7 with c; x11 ... 215, = My | ... | e Tmi - - - Tk, = M, end : 7[M /2]

as & return I X > T, BDEDOHDOFICANZED LI ENTE, FAICX-oTHIES L5
REABPENS. ZNEFTRE2DIEH L VD, E case T ZDRX -V~ v F U I REEL
TiNns.

IEEOERE RS L, Set TIZ7 < Type 12725 TW3. Type i3 Set & b —fRINZDT, Set & LTS Z &

T%3%. XHIZ, prod A Bl A+B & LTHRRIN, pair a bl (a,b) & LTHRRENS. Coq D Notation &\
SHEREIC X o T, BRI T — S BDOERRFHERLER B LD TES.




IR T — X B2 ER T2 L, IRNED D OMBENEHFNICER I N DD, EFHEIF match
S, EBPHRTRVWE &, X—U<x v F U7 THEY. BRI —XBNzonWT
Fixpoint 2i{Ebh 5.

Definition prod_ind (A B:Set) (P:prod A B -> Prop) :=
fun (f : forall a b, P (pair a b)) =>
fun p => match p as x return P x with pair a b => f a b end.
Check prod_ind.
: VY (AB : Set) (P : A * B -> Prop),
~ (a : 4) (b : B), P (a, b)) >V p : A *B, Pp

Definition sum_ind (A B:Set) (P:sum A B -> Prop) :=
fun (f1 : forall a, P (inl _ a)) (fr : forall b, P (inr _ b)) =>
fun p => match p as x return P x
with inl a => f1 a | inr b => fr b end.
Check sum_ind.
VY (AB : Set) (P : A+ B -> Prop),
~ a : A, P (inl Ba)) -> Wb : B, P (inr A b)) —>
Vp:4+B,Pp

Fixpoint nat_ind (P:nat -> Prop) (£f0:P 0) (fn:forall n, Pn -> P (S n))
(n : nat) {struct n} :
match n as x return P x
with 0 => fO | S m => fn m (nat_ind P fO fn m) end.

Check nat_ind.

:V P : nat -> Prop, PO -> (N n : nat, Pn ->P (S n)) —>

Vn:mnat, Pn

case £ elimlZ X K ITWB A, FIEDBERIZEGET T ZITO DI LT, BEIERI N
EZMHEALTWEDT, R EST2D T 5.

Lemma plusnO n : n + 0 = n.

Proof.
case: n.
- done.

(*Vn:nat, Sn+0=Smn %)

Restart.
move: n.
apply: nat_ind. (* elim DEBR *)
- done.

(xVn:mat, n +0=n->8n+0=S8Smn %)
- move=>n /= -> //.

Qed.
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(x BEODER *)
Inductive even : nat -> Prop :=
| even_0 : even O
| even_SS : forall n, even n -> even (S (S n)).

O+ WRARBIREE 2 AERH 3 2 EH )
Theorem even_double n : even (n + n).
Proof.

elim: n => /= [|In IH].

- apply: even_O.

- rewrite -plus_n_Sm.

by apply: even_SS.

Qed.

Gk JRANAARRE IS T 2 ImREE S TE B )
Theorem even_plus mn : even m -> even n -> even (m + n).
Proof.
elim: m => //=.
Restart.
move=> Hm Hn.
elim: Hm => //= m m IH.
apply: even_SS.
Qed.

(x FEZEZHT *)
Theorem one_not_even : ~ even 1.
Proof.
case.
Restart.
move=> He.
inversion He.
Show Proof. (x FEHHDMEMET. SSReflect TlIhkA RHH THET 2 *)
Restart.
move H: 1 => one He. (* move H: exp => pat X H: exp = pat {3 *)
by case: He H.
Qed.



(x FAZEZHT »
Theorem eq_ pred mn : Sm =S n ->m = n.
Proof.

case. (x FREDMRT S *)

done.
Qed.

F1& Coq DiFmBEAGE AT DIZ L A EDIRRIREE e L TERSN TV 2.

Inductive and (A B : Prop) : Prop := conj : A ->B -> A /\ B.

Inductive or (A B : Prop) : Prop :=
or_introl : A -> A \/ B | or_intror : B -> A \/ B.

Inductive ex (A : Type) (P : A -> Prop) : Prop :=
ex_intro : forall x : A, P x -> exists x, P x.

Inductive False : Prop := .

and, or X ex IZDWT case BEALHHN ZDERSTETDH 5.
L2, False 3BHDPHH 5 DDTIIRL, BKTORVWARGEL LTERINTWS. EK
SN BIFNEDMEZ A5 L HIEW.

Print False_ind.
fun (P : Prop) (f : False) => match f return P with end
: VY P : Prop, False -> P

HxoY, FEOHANIHIGL TV, {Fik elim TZNDMEZR 5.

Theorem contradict (P Q : Prop) : P -> "P -> Q.
Proof. move=> p. elim. exact: p. Qed.

FEBRE 3.1 UTOEMZAEH LRI W,

Module 0dd.
Inductive odd : nat -> Prop :=
| odd_1 : odd 1
| odd_SS : forall n, odd n -> odd (S (S n)).

Theorem even_odd n : even n —-> odd (S n). Abort.
Theorem odd_even n : odd n -> even (S n). Abort.
Theorem even_not_odd n : even n —> “odd n. Abort.
End 0dd.

4 System F

CoQ D Prop B Girard 3EZR L7z System F & WHAURKRZHIEL TED, VEeEHDAT
ISR 2 R TE 2.

Section SystemF.

Definition Fand P Q := forall X : Prop, (P -> Q -> X) -> X.

Definition For P Q := forall X : Prop, (P -> X) -> (@ -> X) -> X.

Definition Ffalse := forall X : Prop, X.

Definition Ftrue := forall X : Prop, (X -> X).



Definition Feq T (x y : T) := forall P, Fand (P x -=> P y) (Py -> P x).
Definition Fex T (P : T -> Prop) := forall X : Prop, (forall x, P x -> X) -> X.

Theorem Fand_ok (P Q : Prop) : Fand P Q <-> P /\ Q.
Proof.

split => [pq | [p ql X].

- split; by apply: pq.

- by apply.
Qed.

Theorem For_ok (P Q : Prop) : For P Q <-> P \/ Q. Abort.

Theorem Ffalse_ok : Ffalse <-> False. Abort.

Theorem Ftrue_ok : Ftrue <-> True. Abort.

Theorem Feq_ ok T (x y : T) : Feq x y <-> x = y. Abort.

Theorem Fex_ok T (P : T -> Prop) : Fex P <-> exists x, P x. Abort.

FamEREE T D System F TORIRED Z DREHRAZHEMBL TV 5.
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Coq DR DHEFRIHAIZ L DFEL { A B &, Set & Prop DEWVWHRRZTRS.
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725703, Set {0 UL THIRILT 2 LR A Type 12725 X % #1572\, -impredicative-set Zfifi
5 &, Set 23 Prop & [FBRICIERIINAYICAR 5. Set D OPEHH (forall A:Prop, {A}+{"A}) &
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Definition Nat := forall X : Prop, (X -> X) -> X -> X.

Definition Zero : Nat := fun X f x => x.

Definition Succ (N : Nat) : Nat := fun X f x => f (N X f x).
Definition Plus (M N : Nat) : Nat := fun X f x => M X f (N X f x).

2P RER R TB L E, Prop &Y Set S HBVWA, Nat & Nat ISHEHHA L72W0WDT, ZOHEI
X Coq DEHIRFIZIX-impredicative-set €W H A F>a Y EIEE LRI R 572V, Coglde TlE, 774
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Definition Mult (M N : Nat) : Nat := fun X f x => M X (N X f) x.
(x THELHLDEFRITEDEKL *)

Definition Plus’ (M N : Nat) : Nat :
Definition Mult’ (M N : Nat) : Nat :

M Nat Succ N. (x 1 ZMERZET %)
M Nat (Plus’ N) Zero. (x NZM[EIET %)

Fixpoint Nat_of_nat n : Nat := (x BARBUZ Nat ITEH# *)
match n with 0 => Zero | S m => Succ (Nat_of_nat m) end.

(* Nat OJTLOFMMITEH XN ZHET 2 XE *)
Definition eq_Nat (M N : Nat) := forall X f x, MX f x = N X f x.
Definition eq_Nat_fun F f := forall n,
eq_Nat (F (Nat_of_nat n)) (Nat_of_nat (f n)).
Definition eq_Nat_op Op op := forall m n,
eq_Nat (Op (Nat_of_nat m) (Nat_of_nat n)) (Nat_of_nat (op m n)).

Theorem Succ_ok : eq_Nat_fun Succ S. Proof. by elim. Qed. (x EIZHA *)

Theorem Plus_ok : eq_Nat_op Plus plus.
Proof.

move=>m n X f x.

elim: m x => //=m IH x.

by rewrite Succ_ok /= [in RHS]/Succ -IH.
Qed.

Theorem Mult_ok : eq_Nat_op Mult mult. Abort.

Definition Pow (M N : Nat) := fun X => N _ (M X). (x MDNIFE *)
match n with 0 => 1 | Sn =>m * pow m n end.

Fixpoint pow m n :

Lemma Nat_of_nat_eq : forall n X f1 2 x,
(forall y, f1 y = f2 y) ->
Nat_of_nat n X f1 x = Nat_of_nat n X f2 x.
Abort.
Theorem Pow_ok : eq_Nat_op Pow pow. Abort.

Section ProdSum. + [HORTE EFMSERTEET *)
Variables X Y : Prop.
Definition Prod := forall Z : Prop, (X -> Y -> Z) -> Z.
Definition Pair (x : X) (y : Y) : Prod := fun Z f => f x y.
Definition Fst (p : Prod) p - (fun x y => x).
Definition Snd (p : Prod) p_ (fun x y => y).
Definition Sum := forall Z : Prop, (X -> Z) -> (Y -> Z) -> Z.
Definition InL x : Sum := fun Z £ g => f x.
fun Z £ g => g x.

Definition InR x : Sum :
End ProdSum.
Arguments Pair [X Y]. Arguments Fst [X Y]. Arguments Snd [X Y].

Arguments InL [X] Y. Arguments InR X [Y]. (x BGIEZAEBTES L5125 *)
Definition Pred (N : Nat) := O+ ATEBIRDERIZ L RIBE *)

Fst (N _ (fun p : Prod Nat Nat => Pair (Snd p) (Succ (Snd p)))
(Pair Zero Zero)).



Theorem Pred_ok : eq_Nat_fun Pred pred. Abort.

(* Nat 2% Set TERINTWVS & ZIFEEHMTEE *)
Lemma Nat_of_nat_ok : forall n, Nat_of_nat n _ S 0 = n. Abort.
End SystemF.
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