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Inductive nat : Set := 0 : nat | S : nat -> nat.
Fix, Coq DETOT —RIFRMAKT— 2L LTEHRINS.L
Inductive prod (A B : Set) : Set := pair : A -> B -> prod A B.
Inductive sum (A B : Set) : Set := inl : A -> sum A B | inr : B -> sum A B.
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Definition prod_ind (A B:Set) (P:prod A B -> Prop) :=
fun (f : forall a b, P (pair a b)) =>
fun p => match p as x return P x with pair a b => f a b end.
Check prod_ind.
: forall (A B : Set) (P : A * B -> Prop),
(forall (a : A) (b : B), P (a, b)) -> forall p : 4 * B, Pp

Definition sum_ind (A B:Set) (P:sum A B -> Prop) :=
fun (f1 : forall a, P (inl _ a)) (fr : forall b, P (inr
fun p => match p as x return P x
with inl a => f1 a | inr b => fr b end.
Check sum_ind.
forall (A B : Set) (P : A+ B -> Prop),
(forall a : A, P (inl B a)) -> (forall b : B, P (inr A b)) ->
forall p : A+ B, Pp

b)) =>

Fixpoint nat_ind (P:nat -> Prop) (£0:P 0) (fn:forall m, P n -> P (S n))
(n : nat) {struct n} :=
match n as x return P x
with 0 => fO | Sm => fn m (nat_ind P fO fn m) end.
Check nat_ind.
: forall P : nat -> Prop, P 0 -> (forall n : nat, Pn -> P (S n)) ->
forall n : nat, P n
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Lemma plusnOn : n + 0 = n.

Proof.
case: n.
- done.

forall n : nat, Sn + 0 =Sn

Restart.
move: n.
apply: nat_ind. (* elim DEIK *)
- done.

forall n : nat, n + 0 =n ->Sn+0=S8n
- move=>n /= -> //.

Qed.
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(x BEDEE *)
Inductive even : nat -> Prop :=
| even_0 : even O
| even_SS : forall n, even n -> even (S (S n)).

(¢ U IR G 2 GERT S 2 B *)
Theorem even_double n : even (n + n).
Proof.

elim: n => /= [|n IH].

- apply: even_O.

- rewrite -plus_n_Sm.

by apply: even_SS.

Qed.

¢ JEtAR R EE (XS D IRANE D TE 5 *)
Theorem even_plus mn : even m -> even n -> even (m + n).
Proof.
elim: m => //=.
Restart.
move=> Hm Hn.
elim: Hm => //= m m IH.
apply: even_SS.
Qed.

(x FHEEZHEEHT *)
Theorem one_not_even : ~ even 1.
Proof.
case.
Restart.
move H: 1 => one He. (* move H: exp => pat & H: exp = pat Z/E5d *)
case: He H => //.
Restart.
move=> He.
inversion He.
Show Proof. (x FFHHMHEME T, SSReflect TlIfk4 BH THEIT 5 *)
Qed.

(x FAZEZHT %)
Theorem eq_ pred mn : Sm=Sn ->m = n.
Proof.

case. (x FRZDMET B %)

done.
Qed.
F1Z Coq DAL & T DIZ & A EDPIRMIREEL UL TEEIN TV S,

Inductive and (A B : Prop) : Prop := conj : A ->B -> A /\ B.

Inductive or (A B : Prop) : Prop :=
or_introl : A -> A \/ B | or_intror : B -> A \/ B.

Inductive ex (A : Type) (P : A -> Prop) : Prop :=
ex_intro : forall x : A, P x -> exists x, P x.

Inductive False : Prop := .



and, or ¥ ex {ZDWT case WMHEX MW I DEE HIETH 5.
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Print False_ind.
fun (P : Prop) (f : False) => match f return P with end
: forall P : Prop, False -> P

HEDE, FHEOBRANZKIGLTWS. {Eifk  elim TENMREZ 5.

Theorem contradict (P Q : Prop) : P -> "P -> Q.
Proof. move=> p. elim. exact: p. Qed.

HEREE 3.1 UTOEHZIFIHL 2 XV,

Module 0dd.
Inductive odd : nat -> Prop :=
| odd_1 : odd 1
| odd_SS : forall n, odd n -> odd (S (S n)).

Theorem even_odd n : even n -> odd (S n). Abort.
Theorem odd_even n : odd n -> even (S n). Abort.
Theorem even_not_odd n : even n -> “odd n. Abort.
End 0dd.

4 System F

CoQ D Prop 1% Girard "FZE U7z System F L WO BUKRZFEIEL THD, VEEHADAT
“PEREERRM R RBITE 5.

Section SystemF.

Definition Fand P Q := forall X : Prop, (P -> Q -> X) -> X.

Definition For P Q := forall X : Prop, (P -> X) -> (Q -> X) -> X.

Definition Ffalse := forall X : Prop, X.

Definition Ftrue := forall X : Prop, (X -> X).

Definition Feq T (x y : T) := forall P, Fand (P x > P y) (Py -> P x).
Definition Fex T (P : T -> Prop) := forall X : Prop, (forall x, P x -> X) -> X.

Theorem Fand_ok (P Q : Prop) : Fand P Q <-> P /\ Q.
Proof.

split => [pq | [p ql XI.

- split; by apply: pq.

- by apply.
Qed.

Theorem For_ok (P Q : Prop) : For P Q <-> P \/ Q. Abort.

Theorem Ffalse_ok : Ffalse <-> False. Abort.

Theorem Ftrue_ok : Ftrue <-> True. Abort.

Theorem Feq_ ok T (x y : T) : Feq x y <> x = y. Abort.

Theorem Fex_ok T (P : T -> Prop) : Fex P <-> exists x, P x. Abort.

KEMFRESL T D System F TOERBMZ OBREMA 2 HHIL TV 5.
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Definition Nat := forall X : Prop, (X -> X) -> X -> X.

Definition Zero : Nat := fun X f x => x.

Definition Succ (N : Nat) : Nat := fun X f x => f (N X f x).
Definition Plus (M N : Nat) : Nat := fun X f x => M X f (N X f x).
Definition Mult (M N : Nat) : Nat fun X f x=>MX (N X f) x.
(x ZHLHDERITE DEKY *)
Definition Plus’ (M N : Nat) : Nat :
Definition Mult’ (M N : Nat) : Nat :

M Nat Succ N. (x 1ZMERET *)
M Nat (Plus’ N) Zero. (x NZMI[A[ET =)

Fixpoint Nat_of_nat n : Nat := (x HREE Nat [T£HH *)
match n with 0 => Zero | S m => Succ (Nat_of_nat m) end.

(* Nat DuDEFAMMEIEA SN 2 LT 5 RE %)
Definition eq_Nat (M N : Nat) := forall X f x, MX f x = N X f x.
Definition eq_Nat_fun F f := forall n,
eq_Nat (F (Nat_of_nat n)) (Nat_of_nat (f n)).
Definition eq_Nat_op Op op := forall m n,
eq_Nat (Op (Nat_of_nat m) (Nat_of_nat n)) (Nat_of_nat (op m n)).

Theorem Succ_ok : eq_Nat_fun Succ S. Proof. by elim. Qed. (x EIXHA *)

Theorem Plus_ok : eq_Nat_op Plus plus.
Proof.

move=> m n X f x.

elim: m x => //= m IH x.

by rewrite Succ_ok /= [in RHS]/Succ -IH.
Qed.

Theorem Mult_ok : eq_Nat_op Mult mult. Abort.

Definition Pow (M N : Nat) := fun X => N _ (M X). (x MO NF *)
Fixpoint pow m n := match n with 0 => 1 | Sn =>m * pow m n end.

Lemma Nat_of_nat_eq : forall n X f1 f2 x,
(forall y, f1 y = f2 y) —->
Nat_of _nat n X f1 x = Nat_of_nat n X £f2 x.
Abort.
Theorem Pow_ok : eq_Nat_op Pow pow. Abort.

Section ProdSum. (x DXL EMEEETEET *)
Variables X Y : Prop.
Definition Prod := forall Z : Prop, (X -> Y -> Z) -> Z.
Definition Pair (x : X) (y : Y) : Prod := fun Z £ => f x y.
Definition Fst (p : Prod) p - (fun x y => x).
Definition Snd (p : Prod) p - (fun x y => y).
Definition Sum := forall Z : Prop, (X -> Z) -> (Y -> Z) -> Z.
Definition InL x : Sum := fun Z £ g => f x.
Definition InR x : Sum := fun Z f g => g x.
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End ProdSum.
Arguments Pair [X Y]. Arguments Fst [X Y]. Arguments Snd [X Y].

Arguments InL [X] Y. Arguments InR X [Y]. (x BB Z2 AR TEEL512T% *)
Definition Pred (N : Nat) := G+ ATEBEDERIZ TRV BE *)

Fst (N _ (fun p : Prod Nat Nat => Pair (Snd p) (Succ (Snd p)))
(Pair Zero Zero)).

Theorem Pred_ok : eq_Nat_fun Pred pred. Abort.
(* Nat #% Set TEHRINTWVD L ELIFIEHIATEE *)

Lemma Nat_of_nat_ok : forall n, Nat_of _nat n _ S 0 = n. Abort.
End SystemF.
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