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From mathcomp Require Import all_ssreflect.

Lemma mem_tail {A:eqType} x a {1 : seq A} : x \in 1 -> x \in a::1.
Proof. rewrite inE => ->; exact/orbT. Qed.
Hint Resolve mem_head mem_tail : core.

(x ... %)

(* subs_list & Fork AR %)
Lemma subs_list_Fork s t1 t2 :

subs_list s (Fork tl1 t2) = Fork (subs_list s t1) (subs_list s t2).
Proof. by elim: s t1 t2 => /=. Qed.

(* unifies_pairs DMWHE =)
Lemma unifies_pairs_same s t 1 : unifies_pairs s 1 -> unifies_pairs s ((t,t) :: 1).
Proof.
move=> H t1 t2; rewrite inE => /orP[].
- by case/eqP => -> ->.
- exact/H.
Qed.

Lemma unifies_pairs_swap s t1 t2 1 :

unifies_pairs s ((t1, t2) :: 1) -> unifies_pairs s ((t2, t1) :: 1).
Proof.

move=> H x y.

rewrite inE => /orP[/eqP[-> ->] | H1].

- exact/esym/H.

- exact/H/mem_tail.
Qed.

(+ FAHE *)
Lemma unify_subs_sound h v t 1 s :
(forall s 1, unify2 h 1 = Some s -> unifies_pairs s 1) ->
unify_subs (unify2 h) v t 1 = Some s ->
unifies_pairs s ((Var v, t) :: 1).
Proof.
rewrite /unify_subs.
case Hocc: (v \in _) => // IH.
case Hun: (unify2 _ _) => [s’1]1 //= [1 <-.
move=> tl1 t2.
rewrite /unifies inE => /orP[/eqP[-> ->] | Hin] /=.
by rewrite eqxx subs_same // Hocc.

apply (IH _ _ Hun).
exact: (map_f (subs_pair v t) Hin).
Qed.

(* unify?2 DR %)
Theorem unify2_sound h s 1 : unify2 h 1 = Some s -> unifies_pairs s 1.
Proof.

elim: h s 1 =>//=h IH s 1.

move: (size_pairs 1 + 1) => h’.



elim: h’ 1 => //=h’ IH’ [ //.
move=> [t1 t2] 1.
destruct ti1, t2 => //.
- case: ifP.
move/eqP => <- /IH’.
by apply unifies_pairs_same.
intros; by apply (unify_subs_sound h).
- intros; by apply (unify_subs_sound h).
- intros; by apply (unify_subs_sound h).
- intros; by apply unifies_pairs_swap, (unify_subs_sound h).
- case: symbol_dec => //.
move=> /= ->.
intros; by apply unifies_pairs_same, IH’.
- intros; by apply unifies_pairs_swap, (unify_subs_sound h).
- move/IH’ => Hun t1 t2.
rewrite inE => /orP[/eqP[-> ->] | H1].
rewrite /unifies !subs_list_Fork.
rewrite (Hun t1_1 t2_1) //.
rewrite (Hun t1_2 t2_2); by auto.
apply Hun; by auto.
Qed.

(x H— bt

Corollary soundness tl t2 s : unify tl t2 = Some s -> unifies s tl1 t2.

Proof. move/unify2_sound; exact. Qed.
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Lemma not_unifies_occur v t s : (x TEERMRIBENIZW *)
Var v !'= t => v \in vars t -> ~ unifies s (Var v) t.

Proof.

rewrite /unifies.
move=> vt Ht Hun.
(% size_tree TFEZEEL *)

have Hs: size_tree (subs_list s (Var v)) >= size_tree (subs_list s t).

by rewrite Hun.
(x TEDOREZH L THOBMELZES *)
elim: t {Hun} vt Ht Hs => //= [v’ | t1 IH1 t2 IH2] vt.
Admitted.

(x BEDERDOBUCE T 2 EEMEAI 7 AE )

Lemma size_union2 11 12 : size (union 11 12) >= size 12. Admitted.

(x Sym DFLA *)
Lemma subs_list_Sym s f : subs_list s (Sym f) = Sym f. Admitted.

(x KADER *)

Lemma unifies_extend s v t t’ : unifies s (Var v) t -> unifies s (subs v t t’) t’.

Admitted.

Lemma unifies_pairs_extend s v t 1 :

unifies_pairs s ((Var v, t) :: 1) -> unifies_pairs s (map (subs_pair v t) 1).
Proof.

move=> H t1 t2 /mapP /= [] [t3 t4] H1 [-> ->].
Admitted.

Lemma unifies_pairs_Fork s t1 t2 t’1 t’2 1 :
unifies s (Fork t1 t2) (Fork t’1 t’2) ->
unifies_pairs s 1 ->
unifies_pairs s ((t1,t’1)::(t2,t°2)::1).

Admitted.

(x s ) s? XD—RNBE—TTHB *)

Definition moregen s s’ :=

exists s2, forall t, subs_list s’ t = subs_list s2 (subs_list s t).

(x —fREZRB IR HHRR *)

Lemma moregen_extend s v t sl :



unifies s (Var v) t -> moregen sl s -> moregen ((v, t) :: sl) s.
Admitted.

(x BROBICET 2@ *)
(x HEZDT, BTAEALTREW %)
Lemma subs_del x t t’ : x \notin vars t -> x \notin vars (subs x t t’).
Admitted.
Lemma subs_pairs_del x t 1 :
x \notin vars t -> x \notin (vars_pairs (map (subs_pair x t) 1)).
Admitted.
Lemma subs_sub x t t’ : {subset vars (subs x t t’) <= union (vars t) (vars t’)}.
Admitted.
Lemma subs_pairs_sub x t 1 :
{subset vars_pairs (map (subs_pair x t) 1) <= union (vars t) (vars_pairs 1)}.
Admitted.
Lemma uniq_vars_pairs 1 : uniq (vars_pairs 1). Admitted.

Check uniq_leq_size.
Lemma vars_pairs_decrease x t 1 :
x \notin (vars t) ->
size (vars_pairs (map (subs_pair x t) 1)) < size (vars_pairs ((Var x, t) :: 1)).
Admitted.

Lemma size_vars_pairs_swap tl t2 1 :
size (vars_pairs ((t1,t2) :: 1)) = size (vars_pairs ((t2,t1) :: 1)).
Admitted.

Lemma size_vars_pairs_Fork t1 t2 t’1 t’2 1 :
size (vars_pairs ((Fork tl t2, Fork t’1 t’2) :: 1)) =
size (vars_pairs ((t1, t’1) :: (t2, t’2) :: 1)).
Admitted.
(x ZROBITHE T 2 MEIEZ ZET %)

Lemma unify_subs_complete s h v t 1 :
(forall 1,
h > size (vars_pairs 1) -> unifies_pairs s 1 ->
exists sl, unify2 h 1 = Some sl /\ moregen sl s) ->

h.+1 > size (vars_pairs ((Var v, t) :: 1)) ->
unifies_pairs s ((Var v, t) :: 1) —>
Var v != t —>

exists sl, unify_subs (unify2 h) v t 1 = Some s1 /\ moregen sl s.
Admitted.

(x e %)
Theorem unify2_complete s h 1 :
h > size (vars_pairs 1) ->
unifies_pairs s 1 ->
exists sl, unify2 h 1 = Some sl /\ moregen sl s.
Proof.
elim: h 1 => //= h IH 1 Hh.
move Hh’: (size_pairs 1 + 1) => h’.
have {Hh’} : h’ > size_pairs 1.
by rewrite -Hh’ addnl 1tnS.
elim: h’ 1 Hh => //=h’ IH’ [] //=.
move=>*; exists nil; split => //; by exists s.
move=> [t1 t2] 1 Hh Hh’ Hs.
destruct ti1, t2 => /=.
Admitted.

G FWFERMEH *)
Corollary unify_complete s t1 t2 :

unifies s t1 t2 —>

exists sl, unify t1 t2 = Some sl /\ moregen sl s.
Admitted.

RERE 1.1 FEHOH D Admitted % Qed IZAZ K.
unify subs_sound M b BELRMETDH 5.



