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(x BH—{L )

From mathcomp Require Import all_ssreflect.
Require String.

Import String.StringSyntax.

Open Scope string_scope.

(¢ 228 *)

Definition var := nat.



(x BB - BASGE S *)
Notation symbol := String.string.
Definition symbol_dec := String.string_dec.

(x THIIARMEE %)
Inductive tree : Set :=
| Var : var -> tree
| Sym : symbol -> tree
| Fork : tree -> tree -> tree.

(x BEMNCEMMEZERT 2 *)
Scheme Equality for tree. (* Coq 8.9 THIDLKRWVA S *)

(* Scheme Equality VKT 2L HFTERT S *)
Definition tree_eq_dec’ (t1 t2 : tree) : {tl1 = t2}+{tl <> t2}.
revert t2; induction tl; destruct t2; try by right.
- case /boolP: (v == v0) => /eqP H. by left; rewrite H. by right; case.
- case (symbol_dec s s0) => H. by left; rewrite H. by right; case.
- case (IHt1_1 t2_1) => [<-|N]; last by right; case.
case (IHt1_2 t2_2) => [<-|N’]. by left. by right; case.
Defined.

(x tree % eqType & L TERT S *)

Lemma tree_eq_boolP : Equality.axiom tree_eq_dec.

Proof. move=> x y. case: tree_eq_dec => //= H; by constructor. Qed.
Definition tree_eq_mixin := EqMixin tree_eq_boolP.

Canonical tree_eqType := Eval hnf in EqType _ tree_eq_mixin.

(= [t/x] £7 %)

Fixpoint subs (x : var) (t t’ : tree) : tree :=
match t’ with
| Var v => if v == x then t else t’

| Sym b => Sym b
| Fork t1 t2 => Fork (subs x t t1) (subs x t t2)
end.

(x RARBEBRADREDIRL *)
Definition subs_list (s : list (var * tree)) t : tree :=
foldl (fun t (p : var * tree) => subs p.1 p.2 t) t s.

(x B—TDERHR *)

Definition unifies s (t1 t2 : tree) := subs_list s tl1 = subs_list s t2.

Bl (a, (x, y)) [x := (v, ] [y :=z] = (a, ((z,b), 2)) *)
Definition atree := Fork (Sym "a") (Fork (Var 0) (Var 1)).
Definition asubs := (0, Fork (Var 1) (Sym "b")) :: (1, Var 2) :: nil.
Eval compute in subs_list asubs atree.

(x FIEE *)
Fixpoint union (v11l v12 : list var) :=
if vll is v :: vl then
if v \in v12 then union vl v12 else union vl (v :: v12)
else v12.

Lemma in_union_or v v11 v12 :
v \in union v1l1 v12 = (v \in v11) || (v \in v12).
Proof. elim: v11 v12 => //= x vl IH v12. Admitted.

(x EERMEDT-DITHE %)
Lemma uniq_union v11 v12 : uniq v12 -> uniq (union v11l v12).
Proof. elim: v1l1 v12 => //=. Admitted.

(¢ HBIZEL *)

Fixpoint vars (t : tree) : list var :=
match t with
| Var x => [:: x]
| Sym _ => nil



| Fork t1 t2 => union (vars t1) (vars t2)
end.

¢ HELURWERBITRA I NN %)
Lemma subs_same v t’ t : v \notin (vars t) -> subs v t’ t = t.
Proof.

elim: t => //= [x | t1 IH1 t2 IH2].

- by rewrite inE eq_sym => /negbTE ->.

- by rewrite in_union_or negb_or => /andP[] /IH1 -> /IH2 ->.

Qed.

Definition may_cons (x : var) (t : tree) r := omap (cons (x,t)) r.
Definition subs_pair x t (p : tree * tree) := (subs x t p.1, subs x t p.2).
(x BH—fb )

Section Unifyl.

(x RAZITo e TOHIFFERHL *)

Variable unify2 : list (tree * tree) -> option (list (var * tree)).

x RALTHFBIFCHL. x & t REATEWITZRY %)
Definition unify_subs x t r :=
if x \in vars t then None else may_cons x t (unify2 (map (subs_pair x t) r)).

(x RAZE TR *)
Fixpoint unifyl (h : nat) (1 : list (tree * tree))
: option (list (var * tree)) :=
if h is h’.+1 then
match 1 with

| nil => Some nil
| (Var x, Var x’) :: r =>
if x == x’ then unifyl h’ r else unify_subs x (Var x’) r
(Var x, t) :: r => unify_subs x t r
(t, Var x) :: r => unify_subs x t r

|
|
| (Sym b, Sym b’) :: r => if symbol_dec b b’ then unifyl h’ r else None
| (Fork t1 t2, Fork t1’ t2’) :: r
=> unifyl h’ ((t1, t1’) :: (t2, t2’) :: r)
| _ => None
end
else None.
End Unifyl.

(x FROKEZZDFHE *)
Fixpoint size_tree (t : tree) : nat :=
if t is Fork tl1 t2 then 1 + size_tree tl + size_tree t2 else 1.

Definition size_pairs (1 : list (tree * tree)) :=
sumn [seq size_tree p.l1 + size_tree p.2 | p <- 1].

(x AL ZR2UTHF *)
Fixpoint unify2 (h : nat) 1 :=
if h is h’.+1 then unifyl (unify2 h’) (size_pairs 1 + 1) 1 else None.

Fixpoint vars_pairs (1 : list (tree * tree)) : list var :=
match 1 with

| nil => nil (x BEZREDPOMEDLLSITTE %)
| (t1, t2) :: r => union (union (vars tl1l) (vars t2)) (vars_pairs r)
end.

(x ZEOEIZT unify2 ZEDIRT *)
Definition unify t1 t2 :=
let 1 := [:: (t1,t2)] in unify2 (size (vars_pairs 1) + 1) 1.

CRIIED)
Eval compute in unify (Sym "a") (Var 1).

Eval compute in
unify (Fork (Sym "a") (Var 0)) (Fork (Var 1) (Fork (Var 1) (Var 2))).



(x ETOERDH—F *)
Definition unifies_pairs s (1 : list (tree * tree)) :=
forall t1 t2, (t1,t2) \in 1 -> unifies s t1 t2.

(* subs_list & Fork D AR %)
Lemma subs_list_Fork s t1 t2 :

subs_list s (Fork tl1 t2) = Fork (subs_list s t1) (subs_list s t2).
Proof. elim: s t1 t2 => //. Admitted.

(* unifies_pairs DMH *)
Lemma unifies_pairs_same s t 1 :

unifies_pairs s 1 -> unifies_pairs s ((t,t) :: 1).
Proof. move=> H t1 t2; rewrite inE => /orP[]. Admitted.

Lemma unifies_pairs_swap s t1 t2 1 :
unifies_pairs s ((t1, t2) :: 1) -> unifies_pairs s ((t2, t1) :: 1).
Admitted.

Lemma unify_subs_sound h v t 1 s :
(forall s 1, unify2 h 1 = Some s -> unifies_pairs s 1) ->
unify_subs (unify2 h) v t 1 = Some s —->
unifies_pairs s ((Var v, t) :: 1).
Proof.
rewrite /unify_subs.
case Hocc: (v \in _) => // IH.
case Hun: (unify2 _ _) => [s’|] //= [] <-.
Admitted.

(* unify2 DEEME *)
Theorem unify2_sound h s 1 :
unify2 h 1 = Some s -> unifies_pairs s 1.
Proof.
elim: hs1=>//=h IHs 1.
move: (size_pairs 1 + 1) => h’.
elim: h’> 1 => //=h’ IH> [] //.
move=> [t1 t2] 1.
destruct t1, t2 => //.
(* VarVar *)
- case: ifP.
move/eqP => <- /IH’.
by apply unifies_pairs_same.
intros; by apply (unify_subs_sound h).
(* VarSym *)
- intros; by apply (unify_subs_sound h).
Admitted.

(x H—{LoEEM «
Corollary soundness tl t2 s :

unify t1 t2 = Some s -> unifies s t1 t2.
Admitted.

(x 2 %)
(s s> KD RVEE—-FTDHZ %)

Definition moregen s s’ :=
exists s2, forall t, subs_list s’ t = subs_list s2 (subs_list s t).

(x B2t *)
Corollary unify_complete s tl1 t2 :

unifies s t1 t2 ->

exists sl, unify t1 t2 = Some sl /\ moregen sl s.
Admitted.

RERIRE 2.1 FEHOT D Adnitted & Qed IZE X X.
unify subs_sound Db BELRMETD 5.



