A SHE O

1

2

Jacques Garrigue, 2020 4F 12 H 22 H

= =HEEB
RI[C] DERE
ARt
From mathcomp Require Import all_ssreflect.
(¥ Lambda calculator x)
Module Lambda.
Inductive expr : Set :=
| Var of nat (x De Bruijn i *)

| Abs of expr
| App of expr & expr.

Fixpoint shift k (e : expr) := (x HHZHZ T 5T *)
match e with
| Var n => if k <= n then Var n.+1 else Var n
| Abs el => Abs (shift k.+1 el)
| App el e2 => App (shift k el) (shift k e2)
end.
Fixpoint open_rec k u (e : expr) := (x HHZEHDRA *)
match e with
| Var n => if k == n then u else if leq k n then Var n.-1 else e
| Abs el => Abs (open_rec k.+1 (shift 0 u) el)
| App el e2 => App (open_rec k u el) (open_rec k u e2)
end.
Inductive reduces : expr -> expr -> Prop := (xR DEHFIH] *)

| Rbeta : forall el e2, reduces (App (Abs el) e2) (open_rec 0 e2 el)
| Rappl : forall el e2 el’,
reduces el el’ -> reduces (App el e2) (App el’ e2)
| Rapp2 : forall el e2 e2’,
reduces e2 e2’ -> reduces (App el e2) (App el e2’)
| Rabs : forall el el’,
reduces el el’ -> reduces (Abs el) (Abs el’).

(x fERIBALRIE reduces D P HERBEAT *)
Inductive RT_closure {A} (R : A -> A -> Prop) : A -> A -> Prop :=

| RTbase : forall a, RT_closure R a a

| RTnext : forall a b c, Ra b -> RT_closure R b ¢ -> RT_closure R a c.
Hint Constructors reduces RT_closure : core.

Fixpoint reduce (e : expr) : option expr := (x 1 AT v 7Tty *)
match e with
| App (Abs el) e2 => Some (open_rec 0 e2 el)



| App el e2 =>
match reduce el, reduce e2 with

| Some el’, _ => Some (App el’ e2)
| None, Some e2’ => Some (App el e2’)
| None, None => None
end

| Abs el =>
if reduce el is Some el’ then Some (Abs el’) else None

| _ => None

end.

Fixpoint eval (n : nat) e := (x n AT v T %)

if n is k.+1 then
if reduce e is Some e’ then eval k e’ else e
else e.

Coercion Var : nat >-> expr. (x HAREZZHE UTHEBEIZHEZS *)

Definition church (n : nat) :=
Abs (Abs (iter n (App 1) 0)). x A x.(f"n x) *)
Eval compute in church 3.
= Abs (Abs (App 1 (App 1 (4pp 1 0)))) : ezpr

Definition chadd := Abs (Abs (Abs (Abs (App (App 3 1) (App (App 2 1) 0))))).
(x dmAnAfdz.(m f (n f x)) *)
Eval compute in eval 6 (App (App chadd (church 3)) (church 2)).
= Abs (Abs (App 1 (App 1 (App 1 (App 1 (App 1 0)))))) : expr

Lemma reduce_ok e e’ : (x 1-step flifIDMERME *)
reduce e = Some e’ -> reduces e e’.
Proof.
move: e’; induction e => //= e’.
case He: (reduce e) => [ell] // [1 <-.

admit.
destruct el => //.
- admit.
- case => <-.

by constructor.
- case Hel: (reduce (App _ _)) => [el’]].
case => <-.
Admitted.
(* n-step FFIDELNE *)
Theorem eval_ok n e e’ : eval n e = e’ -> RT_closure reduces e e’. Admitted.

Fixpoint closed_expr n e := k2R n HLATDIH *)
match e with
| Var k => k < n
| App el e2 => closed_expr n el && closed_expr n e2
| Abs el => closed_expr n.+1 el
end.

Lemma shift_closed n e : closed_expr n e —-> shift n e = e. Admitted.



Lemma open_rec_closed n u e : (x n+ 1EEHOZEHZRALTEED SR *)
closed_expr n e -> open_rec n u e = e.
Proof.
move: n u.
induction e => //= k u Hc.
- case: ifP => Hkl.
by rewrite (eqP Hk1) ltnn in Hc.
by rewrite leqNgt Hc.
Admitted.

Lemma closed_iter_app n k el e2 :

closed_expr k el -> closed_expr k e2 -> closed_expr k (iter n (App el) e2).
Admitted.
Lemma closed_church n : closed_expr O (church n). Admitted.
Lemma closed_expr_S n e : closed_expr n e -> closed_expr n.+1 e. Admitted.
Hint Resolve closed_iter_app closed_church closed_expr_S.

Lemma open_iter_app k n u el e2 :
open_rec k u (iter n (App el) e2) =
iter n (App (open_rec k u el)) (open_rec k u e2).
Admitted.

Lemma reduces_iter n el e2 e2’
reduces e2 e2’ -> reduces (iter n (App el) e2) (iter n (App el) e2’).
Admitted.

Theorem chadd_ok’ m n : (* Church LD ULAEDIEL W *)
RT_closure reduces (App (App chadd (church m)) (church n)) (church (m+n)).
Proof.
eapply RTnext; repeat constructor.
rewrite /= !shift_closed; auto.
Admitted.

Lemma eval_add m n e : eval (m+n) e = eval m (eval n e). Admitted.
Lemma reduce_iter_app n (k : nat) x :
reduce (iter n (App k) x) =
if reduce x is Some x’ then Some (iter n (App k) x’) else None.
Admitted.

Theorem chadd_ok m n : (x reduce THIEHH (kS TIEARW) %)
exists h, exists h’,
eval h (App (App chadd (church m)) (church n)) = eval h’ (church (m+n)).
Proof.
elim: m n => [|m IHm] n.
rewrite addOn.
exists 6; exists 0 => /=.
rewrite !shift_closed; auto.
by rewrite !open_iter_app /=.
move: {IHm}(IHm n.+1) => [h [h’ IHm]].
exists (6+h); exists (6+h’).
rewrite (addSnnS m) -(addnl m).
move: (f_equal (eval 6) IHm).
rewrite -l!eval_add => <- /=.



rewrite !shift_closed /=; auto.
rewrite !open_iter_app /=.
do! rewrite !reduce_iter_app /=.
by rewrite iter_add.

Qed.

End Lambda.
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