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The main purpose of the lectures was to give an Introduction to algebraic and combinatorial aspects
of Schubert Calculus.

Content of the lectures:

1. Symmetric group.
Simple transpositions; Coxeter relations; Lehmer’s diagram of permutation; reduced words; Ex-
change Lemma; Bruhat order; dominant, grassmannian and vexillary permutations.

2. Divided difference operators.

Definition and basic properties of divided difference operators corresponding to simple transposi-
tions; BGG-operators; monomial basis in the ring of S,,—coinvariants; Schur functions; Schubert

polynomials of Lascoux and Schiitzenberger.

3. NilCoxeter algebra.

Generators and relations; linear basis {e,,|w € S, }; representation by divided difference operators.

4. NilCoxeter algebra and Schubert polynomials.

Yang-Baxter equation (YBE); universal exponential solution to the YBE; Verma’s relations; so-
lutions to the YBE corresponding to the Lie algebras As, B, and G»; Schubert’s and Stanley’s
expressions; generating function for Schubert polynomials; double Schubert expression and double
Schubert polynomials; orthogonality relation; interpolation formula; Stanley’s formula for Schubert
polynomials; proof of Macdonald’s conjecture on the principal specialization of Schubert polynomi-

als.

5. Geometry of Schubert varieties.

Flag varieties; Schubert cells and Schubert manifolds; cohomology ring of flag varieties; geometric

definition of Schubert polynomials; Grassmannians.
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The main purpose of my lectures in the 1999-Fall semester was to explain some hidden noncommu-
tative structures lying behind the classical and quantum Schubert Calculus. In my 1999-Spring course
I explained remarkable and unexpected connections between some representations of the Yang-Baxter
algebras of type A and Schubert Calculus. In the 1999-Fall semester I mainly concentrated on the study
of the bracket algebra BY of type A, nilKnuth algebras, and nilCoxeter algebras of types B, C and D,
and their connections with Schubert Calculus.

The bracket algebra BY, is defined as a quadratic algebra with the set of generators {z,;,1 <1i # j < n}
and defining relations

D zyj+z;,=0,if1 <i#j<m

2) zixp = xpxyy, if all i, 7, k, [ are distinct;

3) @ik + TjpTri + Trixi; = 0, if all 4, j, k are distinct;

4) 23, =0,if 1 <i#j <n.

The bracket algebra BY was introduced by A. N. Kirillov and S. V. Fomin in 1995, and its connections
with Schubert Calculus may be described as follows. Consider the Dunkl elements 6, = Zi# Zij,
1 < j < n. These elements are commutative, and the algebra over Z generated by Dunkl elements {6}
is canonically isomorphic to the cohomology ring H*(F,, Z) of flag variety F,, := G/B.

In the 1999-Fall lectures I explained this result, its quantum analogue, and connections of the bracket
algebra with classical and quantum Schubert polynomials. Algebraic structure of the bracket algebra is
remain still mysterious, and it is unknown yet whether the bracket algebra B? is finite dimensional or
not.

In my 1999-Fall lectures I explained also a construction of B, C' and D type Schubert polynomials

based on the properties of NilCoxeter algebras of types B, C, D.
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