Summer 2014, Afternoon 1

Let a, b, ¢, d be real numbers and
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(1) Find the characteristic polynomial of A.

(2) Show that for every eigenvalue of A, the corresponding eigenspace is 1-

dimensional.

(3) Find the Jordan normal form for @ = b = —4, ¢ = 3, and d = 2. (It is
not necessary to find the regular matrix tranforming A into its Jordan normal

form).
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Summer 2014, Afternoon 2

(1) Show that the inequality

1 1 1
log(n+1)<1+§+§+---+—§1+logn
n

holds for all positive integers n.

1 1 1
(2) Show that the sequence {a,} with a, =1+ 5t 3 + .-+ — —logn converges
n

for n — oo.

(3) Show that there are no polynomials with real coefficients P(X), Q(X) such that

@—1_’_1_'_1_’_ _|_l
(n) 2 3 n

for every positive integer n.
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Summer 2014, Afternoon 3

Fix a real number a > 0.

(1)

For Ny, Ny > 0, and M > a, let C' be the path of integration given by running
counterclockwise through the rectangle with vertices —Ny, No, No+1M, —N; +

tM in the complex plane. Given a real parameter &, find the value of the integral

eiﬁz
/ —dz.
o % —1a

For ¢ > 0, show that the integral

00 eifa}
— dx
oo T — 10

converges, and find its value.

For £ < 0, replace the path of integration C' of (1) by another suitable one to

00 eiﬁm
— dx
oo T — G

converges, and calculate its value.

show that the integral
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Summer 2014, Afternoon 4

Given a point a € R™ and a real valued function f defined in a neighborhood of a, we

say that f is continuous in a if for all € > 0 there exisits a 0 = §(a) > 0 such that
zeR" lz —al <= [f(z) = fla)] <& (A)

Here || - || is the Euclidean norm, i.e. ||z = /> r_, 2% for & = (z1,--- ,z,) € R™

J
(1) Assuming (A), show that for every y € R" satistying ||y — a|| < 5 one has

)
v €RY |z —yll <5 = [f(z) - fly)l < 2¢

(2) Let f be a real valued function defined in a neighborhood of the closed, bounded
set K C R™, and assume that f is continuous in every point a € K. Show that

f is uniformly continuous on K, i.e. for all € > 0 there exists a § > 0 such that

vy e K, |z -yl <= [f(x) = fly)l <e
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