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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problemsOutlookWhat an we say about the asymptotis of haraters ofsymmetri groups S(n) in the limit n → ∞?First-order approximation is given by free umulants.Free umulants an give exat values of haraters thanks toKerov polynomials.The main result: expliit ombinatorial interpretation of theoe�ients of Kerov polynomials, in other words: very preiseinformation about asymptotis of haraters of symmetrigroups.Open problems: relations to Shubert alulus, Toda hierarhy,. . . Piotr �niady Combinatorial interpretation of Kerov polynomials
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsIrreduible representations of symmetri groupsIrreduible representations ρλ of symmetri group S(n) are indexedby Young diagrams λ having n boxes.
0 1 2 3 4 51234Frenh onvention 0−1−2−3−4 1 2 3 4 512345Russian onventionPiotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsDilations of diagrams

diagram λ dilated diagram sλ for s = 3
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsNormalized haratersWe use inlusions S(1) ⊂ S(2) ⊂ S(3) ⊂ · · · .For π ∈ S(k) and irreduible representation ρλ of S(n)(assume k ≤ n) we de�ne the normalized harater
Σλ

π = n(n − 1) · · · (n − k + 1)
︸ ︷︷ ︸k fators Tr ρλ(π)dimension of ρλ

.Most interesting ase: haraters on yles
Σλk = Σλ

(1,2,...,k).ProblemFor �xed k ≥ 1 what an we say about Σsλk for s → ∞?Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsFree umulantsWe de�ne free umulants Rλ2 ,Rλ3 , . . . of diagram λ to beasymptotially the dominant terms of the harater on yles:Rλk = lims→∞

1sk Σsλk−1.Free umulants are homogeneous with respet to dilations:Rsλk = skRλk .First order approximation: Σk−1 ≈ Rk .AdvertisementFree umulants are very very nie quantities to desribe a Youngdiagram: they an be expliitly alulated in several approahes(next transparenies)and are very useful in asymptoti representation theory.Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsCauhy transform and free umulants
x1 y1 x2 y2 x3 y3 x4

Cauhy transform of λ:G (z) =
(z − y1)(z − y2) · · ·
(z − x1)(z − x2) · · ·

Σk−1 =
−1k − 1 [z−1]∞ 1G (z − 1)G (z − 2) · · ·G (z − k + 1)Rk =
−1k − 1 [z−1]∞ ( 1G (z))k−1Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsTransition measure
x1 y1 x2 y2 x3 y3 x4

Cauhy transform of λ:G (z) =
(z − y1)(z − y2) · · ·
(z − x1)(z − x2) · · ·Kerov's transition measure µλ is a probability measure on R suhthat: G (z) =

∫ 1z − x dµλ(x)Related to indued representation ρλ
x
S(n+1)

S(n)Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsMoments of transition measureMoments M2,M3, . . . of transition measure:G (z) =
1z +

M2z2 +
M3z3 + · · ·Mk =

∫ xk dµλare also moments of Juys-Murphy element
(1⋆) + (2⋆) + · · · + (n⋆) ∈ C[S(n + 1)], where ⋆ = n + 1:Mk = ρλ

(
[
(1⋆) + (2⋆) + · · · + (n⋆)]kyS(n+1)

S(n) )
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Young diagrams and normalized haratersFree umulantsCombinatoris of free umulantsFree umulantsRelation between moments M2,M3, . . . and free umulantsR2,R3, . . . : Mk =
∑

π:non-rossingpartitionsof {1, . . . , k}RπExample: M4 = • • • •+ • • • •+ • • • •= R4 + R22 + R22free umulants ome from Voiulesu's free probability theorydesribe also asymptotis of random matriesPiotr �niady Combinatorial interpretation of Kerov polynomials
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationKerov polynomialsFree umulants give approximations of haraters:
Σk ≈ Rk+1,but they an also give exat values of haraters thanks to Kerovharater polynomials:

Σ1 = R2,
Σ2 = R3,
Σ3 = R4 + R2,
Σ4 = R5 + 5R3,
Σ5 = R6 + 15R4 + 5R22 + 8R2,
Σ6 = R7 + 35R5 + 35R3R2 + 84R3.Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationKerov onjetureTheorem/Conjeture (Kerov)For eah k ≥ 1 there exists a universal polynomial Kk(R2,R3, . . . )with non-negative integer oe�ients alled Kerov haraterpolynomial suh that
Σk = Kk(R2,R3, . . . )What is the ombinatorial interpretation of oe�ients?Féray: Kerov's onjeture is true, oe�ients have a ompliatedombinatorial interpretation.Main result of this talk: expliit ombinatorial interpretation ofoe�ients. Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationLinear terms of Kerov polynomialsTheorem (Biane and Stanley)The oe�ient [Rl ]Kk is equal to the number of pairs (σ1, σ2)where
σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k),
σ2 onsists of one yle,
σ1 onsists of l − 1 yles.
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationQuadrati terms of Kerov polynomialsFor a permutation π we denote by C (π) the set of yles of π.Theorem (Féray)The oe�ient [Rl1Rl2 ]Kk is equal to the number of triples
(σ1, σ2, q) with the following properties:

σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k);
σ2 onsists of 2 yles;
σ1 onsists of l1 + l2 − 2 yles;q : C (σ2) → {l1, l2} is a surjetive map on yles of σ2;for eah yle  of σ2 there are at least q() yles of σ1whih interset nontrivially .Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationThe main result:ombinatorial interpretation of Kerov polynomialsTheoremThe oe�ient [Rs22 Rs33 · · · ]Kk is equal to the number of triples
(σ1, σ2, q) suh that

σ1, σ2 ∈ S(k) are suh that σ1 ◦ σ2 = (1, 2, . . . , k);
|C (σ2)| = s2 + s3 + · · · ;
|C (σ1)| + |C (σ2)| = 2s2 + 3s3 + 4s4 + · · · ;q : C (σ2) → {2, 3, . . . } is a oloring suh that eah olori ∈ {2, 3, . . . } is used si times;for every nontrivial set ∅ ( A ( C (σ2) of yles of σ2 there aremore than ∑i∈A (q(i) − 1) yles of σ1 whih interset ⋃A.Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationMarriage interpretation
2− 1 = 1 husband2− 1 = 1 husband3− 1 = 2 husbands 223Example: oe�ient [R22R3]Kk . We onsider a bipartite graph

Vσ1,σ2 with the verties orresponding to yles of σ1 (boys) andyles of σ2 (girls). We draw an edge if two yles interset (boy isallowed to marry a girl). Eah boy wants to marry one girl andeah girl g ∈ C (σ2) wants to marry q(g) − 1 boys.We require that it is possible to arrange marriages and that foreah non-trivial set of girls the set of their husbands is not uniquelydetermined. Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Kerov polynomialsCombinatoris of Kerov polynomialsMarriage interpretationRestrition on graphs
CorollaryIf there exists an disonneting edge with at least one girl in bothomponents then the fatorization annot ontribute (no matterwhih labeling we hoose).Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsPlan1 Free umulants of Young diagrams2 Kerov harater polynomials3 Proof of Kerov onjetureFundamental funtionals S2,S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomials4 Appliations and open problemsPiotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsFundamental funtionals S2, S3, . . . of shape
0 1 2 3 4 51234ontents(x ,y) = x − y 0−1−2−3−4 1 2 3 4 512345ontents(x ,y) = xFundamental funtionals of shape of λ:Sλn = (n − 1)∫∫

�∈λ

(ontents�)n−2 d�Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsFundamental funtionals S2, S3, . . . of shapeThere are expliit formulas whih express funtionals S2,S3, . . . interms of free umulants R2,R3, . . . and onversely.Sn =
∑l≥1 1l !(n − 1)l−1 ∑k1,...,kl≥2k1+···+kl=nRk1 · · ·Rkl ,Rn =
∑l≥1 1l !(−n + 1)l−1 ∑k1,...,kl≥2k1+···+kl=n Sk1 · · · Skl ,Example:

∂2
∂Rk1∂Rk2 F =

∂2
∂Sk1∂Sk2 F + (k1 + k2 − 1) ∂

∂Sk1+k2 F .All derivatives at R2 = R3 = · · · = S2 = S3 = · · · = 0.Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley polynomials
p 1q1 p 2q2 p 3q3

For numbers p1, p2, . . . , q1, q2, . . . we onsider multiretangular(generalized) Young diagram p× q.Theorem (onjetured by Stanley, proved by Féray)For any permutation π the normalized harater Σp×q
π is apolynomial in p1, p2, . . . , q1, q2, . . . , alled Stanley polynomial, forwhih there is an expliit formula.Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formulaTheorem (onjetured by Stanley, proved by Féray)For π ∈ S(n)
Σp×q

π =
∑

σ1,σ2∈S(n)
σ1◦σ2=π

∑

φ2:C(σ2)→N

(−1)σ1 


∏b∈C(σ1) qφ1(b)

∏∈C(σ2) pφ2() ,where oloring φ1 : C (σ1) → N is de�ned by
φ1() = maxb∈C(σ2),b and  interset φ2(b) for  ∈ C (σ1)The Stanley polynomial depends on the graph Vσ1,σ2 .Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley-Féray harater formula, toy versionCorollaryFor π ∈ S(n)
(−1)[p1p2qi1qj2]Σp×q

πis equal to the number of fatorizations π = σ1 ◦ σ2 suh that σ1has i + j yles, σ2 = {1, 2} has two (labeled) yles and suhthat there are j yles of σ1 whih interset 2.
Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsStanley polynomials and funtionals S2, S3, . . .TheoremIf F is a su�ienly nie funtion on the set of generalized Youngdiagrams then it as a polynomial in S2,S3, . . . .
∂

∂Sk1 · · · ∂

∂Skl F∣
∣
∣
∣S2=S3=···=0 = [p1qk1−11 · · · plqkl−1l ]Fp×qTherefore expansion of Σπ in terms of S2,S3, . . . an beextrated from Stanley polynomials.Stanley polynomials are expliitly given by Stanley-Férayformula and depend on geometry of bipartite graphs V.One we know the expansion of Σπ in terms of S2,S3, . . . wean �nd expansion of Σπ in terms of free umulantsR2,R3, . . . . Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsFree umulants vs fundamental funtionalsFree umulants R2,R3, . . .desribe Young diagram inlanguage of representationtheory Funtionals S2,S3, . . .desribe Young diagram inlanguage of its shapebest quantities foralulating haraters diretly related to Stanleypolynomials
Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsToy example: [Rk1Rk2]Σn
∂2

∂Rk1∂Rk2 Σn =
∂2

∂Sk1∂Sk2 Σn + (k1 + k2 − 1) ∂

∂Sk1+k2 Σn =

[p1p2qk1−11 qk2−12 ]Σp×qn + (k1 + k2 − 1)[p1qk1+k2−11 ]Σp×qn =

[p1p2qk1−11 qk2−12 ]Σp×qn − [p1p2qk1+k2−22 ]Σp×qn
Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems Fundamental funtionals S2, S3, . . . of shapeStanley polynomialsToy example: quadrati terms of Kerov polynomialsToy example: [Rk1Rk2]ΣnWe are interested in fatorizations σ1 ◦ σ2 = (1, . . . , n) suh that
σ1 has k1 + k2 − 2 yles and σ2 = {1, 2} has two yles.

#(fat. suh that 1 has ≥ k1 friends, 2 has ≥ k2 friends) =

#(all fat.) − #(fat. suh that 1 has ≤ k1 − 1 friends)
−#(fat. suh that 2 has ≤ k2 − 1 friends) =

(−1) ∑i+j=k1+k2−2,1≤j [p1p2qi1qj2]Σp×qk +
∑i+j=k1+k2−2,1≤i≤k1−1 [p1p2qj1qi2]Σp×qk

+
∑i+j=k1+k2−2,1≤j≤k2−1 [p1p2qi1qj2]Σp×qk =

[p1p2qk1−11 qk2−12 ]Σp×qn − [p1p2qk1+k2−22 ]Σp×qnPiotr �niady Combinatorial interpretation of Kerov polynomials
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Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems AppliationsOpen problemsAppliationsoe�ients of Kerov polynomials are small,Kerov polynomials give haraters as simple sums without toomany anellations,optimal estimates for haraters
Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems AppliationsOpen problemsExoti interpretations of Kerov polynomialsConjetureMaybe oe�ients of Kerov polynomialsare equal to dimensions of some intersetion (o)homologies ofShubert varieties? [onjeture of Philippe Biane℄are equal to something related to moduli spae of analytimaps on Riemann surfaes? or rami�ed overings of a sphere?[onjeture of �niady℄are algebrai solutions to some integrable hierarhy (Toda?)and their oe�ients are related to the tau funtion of thehierarhy? [onjeture of Jonathan Novak℄Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems AppliationsOpen problemsOpen problemsis there some analogue of Kerov harater polynomials for therepresentation for unitary groups U(d)?do Kerov polynomials for S(n) tell us someting aboutrepresentations of the unitary groups U(d)?is there some analogue of Kerov harater polynomials in therandom matrix theory?is it possible to study Kerov polynomials in suh a saling thatphenomena of universality of random matries our?
Piotr �niady Combinatorial interpretation of Kerov polynomials



Free umulants of Young diagramsKerov harater polynomialsProof of Kerov onjetureAppliations and open problems AppliationsOpen problemsBibliographyValentin Féray, Maiej Doª�ga, Piotr �niady.Expliit ombinatorial interpretation of Kerov haraterpolynomials as numbers of permutation fatorizationsPreprint 2008
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