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GARSIA-HAIMAN MODULES

LET

• Sn : the symmetric group of n letters,

• µ = (µi) : a partition of n,

• Dµ : “Garsia-Haiman module (corr. to µ)”

FACTS

• Dµ =

n(µ)⊕
r=0

n(µ′)⊕
s=0

Dr,s
µ : doubly graded Sn-modules,

n(µ) =
∑

i(i − 1)µi,

• dim Dµ = n! (Haiman’s n! theorem),

• D∗,s
µ :=

n(µ)⊕
r=0

Dr,s
µ , s = 0, 1, . . . , n(µ′),

• D∗,0
µ

∼= Rµ (Springer module), as graded Sn-modules.

REMARKS

• Rµ = H∗(Xµ) with graded Sn-module structure,

• K̃λµ(q, t) =
∑
r,s

[Dr,s
µ : Lλ]qstr ∈ Z≥0[q, t].
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CONJECTURE

LET

• l : a positive integer,

• D∗,s
µ (k; l) :=

⊕
r≡k mod l

Dr,s
µ , k = 0, 1, . . . , l − 1,

• Mµ := max{mi | i ≥ 1}, µ = (imi).

CONJECTURE For each s = 0, 1, . . . , n(µ′),

1 ≤ l ≤ Mµ =⇒ dim D∗,s
µ (k; l) =

1

l
dim D∗,s

µ .

REMARK : s = 0

• D∗,0
µ = Rµ : Springer module,

• ∀l : a positive integer, 1 ≤ l ≤ Mµ,

• ∃Sn(l) : a subgroup of Sn,

• ∃Zµ(k; l) : Sn(l)-modules of equal dimension,

• D∗,0
µ (k; l) ∼=Sn IndSn

Sn(l)Zµ(k; l), k = 0, 1, . . . , l − 1.

• dim D∗,0
µ (k; l) =

1

l
dim D∗,0

µ , k = 0, 1, . . . , l − 1.

(dim IndSn
Sn(l)Zµ(k; l) = [Sn : Sn(l)] dim Zµ(k; l))
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EXAMPLE

• µ = (3, 1, 1),

• Dimensions of Dr,s
µ :

0 1 2 3

0 1 4 9 6
1 4 11 16 9
2 9 16 11 4
3 6 9 4 1

• Irreducible decomposition of Dr,s
µ :

0 1 2 3

0 5 41 41, 32 312

1 41 32, 312 32, 312, 221 221, 213

2 41, 32 32, 312, 221 312, 221 213

3 312 221, 213 213 15

n! theorem

→ K̃λµ(q, t) =
∑
r,s

[Dr,s
µ : Lλ]qstr

→ Figure of Macdonald’s book
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PROBLEM AND RESULT

LET

• µ : a partition of n,

• l : a positive integer, 1 ≤ l ≤ Mµ,

• s = 0, 1, . . . , n(µ′).

PROBLEM
Find

• Sn(l) : a subgroup of Sn,

• Z∗,s
µ (k; l) : Sn(l)-modules of equal dimension

(0 ≤ k ≤ l − 1),

such that

D∗,s
µ (k; l) ∼=Sn IndSn

Sn(l)Z
∗,s
µ (k; l), 0 ≤ k ≤ l − 1

MAIN RESULT(M, 2008, [M])
If µ is a hook, the problem is solved :

dim D∗,s
µ (k; l) =

1

l
dim D∗,s

µ , 0 ≤ k ≤ l − 1
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EXAMPLE

• µ = (3, 1, 1) (Mµ = 2),

• l = 2,

• T =
3 4 5
2
1

mod l−→ 2
1

+ 3 4 5

• a := (12), µ̂ := ,

• Sn(l) := (S{1} × S{2}) o 〈a〉 × S{3,4,5}
∼= C2 × S3,

• ϕ
(m)
l : 〈a〉 −→ C× : a 7−→ ζm

l , ζl = e
2π

√
−1

l .

• C
(m)
l : representation space of ϕ

(m))
l ,

• Z∗,s
µ (k : l) :=

n(µ̂)⊕
r=0

C
(k−r)
l ⊗ Dr,s

µ̂ , 0 ≤ k ≤ l − 1

• dim Z∗,s
µ (k; l) = dim D∗,s

µ̂ , ∀k,

• D∗,s
µ (k; l) ∼= IndSn

Sn(l)Z
∗,s
µ (k; l), ∀k :

– dim D∗,1
µ (k; 2) = 20,

– dim D∗,1
µ̂ = 2,

– [Sn : Sn(l)] = 5!/2 · 3! = 10.
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SKETCH OF PROOF

D∗,s
µ (k; l) ∼=Sn IndSn

Sn(l)Z
∗,s
µ (k; l), k = 0, 1, . . . , l − 1

⇔ D∗,s
µ

∼=Sn×Cl
IndSn

Sr
D∗,s

µ̂ (s = 0, 1, . . . , n(µ′))

• Compare the character values for (w, aj) ∈ Sn × Cl,

• Unite character identities with respect to s.

Then we can see that it is enough to show:

X̃µ
ρ (q, ζj

l ) = ]{σ ∈ Sn/Sr|wσaj ≡ σ mod Sr}X̃ µ̂
ρ(τ)(q, ζ

j
l ),

(∗)
where

• X̃µ
ρ(w)(q, t) :=

n(µ)∑
r=0

n(µ′)∑
s=0

trqscharDr,s
µ (w),

• τ ∈ Sr is defined by wσaj = στ .

Finally:
“Factorization formula”+ “Plethystic formula”

for H̃µ(x; q, t) ⇒ (*)
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MODIFIED MACDONALD
POLYNOMIALS AT ROOTS OF UNITY

H̃µ(x; q, t) : “modified”Macdonald polynomial.

PROPOSITION(Descouens-M, 2007, [DM])
µ = (imi) with mr ≥ l for some r.

1) H̃µ(x; q, ζl) = H̃(rl)(x; q, ζl)H̃µ\(rl)(x; q, ζl),

2) H̃(rl)(x; q, ζl) =

{
r∏

i=1

(1 − qil)

}
(pl ◦ hr)

(
x

1 − q

)
,

(pl ◦ hr)

(
x

1 − q

)
=

∑
λ`r

z−1
λ

plλ(x)

(1 − q)lλ
.

Haiman’s n! theorem implies :

PROPOSITION µ, ρ ` n,

X̃µ
ρ (q, t) = 〈H̃µ(x; q, t), pρ(x)〉.

REMARK X̃µ
ρ (0, t) = Qµ

ρ(t) : Green polynomial.
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