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GARSIA-HAIMAN MODULES

LET
e S, : the symmetric group of n letters,
e 1, = (u;) : a partition of n,

e D, : “Garsia-Haiman module (corr. to u)”

FACTS
n(p) n(u')
oD, = EB D" doubly graded S,-modules,
r=0 s=0

n(p) = (0 — 1),

o dim D, = n! (Haiman’s n! theorem),

o DI = @D s=0,1,...,n(y),

e DV=R, (Sprmger module), as graded S,,-modules.
REMARKS
o R, = H*(X,) with graded S,-module structure,

~

o Kyu(q,t) =) Dy LNg*t" € Z=lg, 1],

r,s




CONJECTURE

LET
e [ : a positive integer,

o Di(k:;l):= € D, k=01,...,1-1

r=k mod [

o M, :=max{m; |t > 1}, p= ().
CONJECTURE For each s =0,1,...,n(y),

1 <1< M, = dim D (ks 1) = %

REMARK : s=0

dim DZ’S.

° DZ’O = R, : Springer module,
e "] . a positive integer, 1 <1 < M,

¢ 7S, (1) : a subgroup of S,

e °Z,(k;1) : S,(I)-modules of equal dimension,
o DWO(k;l) =5, Indg"  Zu(k:l), k=0,1,...,1—1.

1
o dim D} (k;1) = ?dimD;’O, k=0,1,...,1—1.

(dim Indy?" , Z,,(k; 1) =[S, = Sp(1)] dim Z,,(k; 1))

(1)

(1)



o 1=(3,1,1),

e Dimensions of DZ’S :

EXAMPLE
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e Irreducible decomposition of D}*

0 1 2 3
O] 5 41 41, 32 312
1| 41 32,312 132, 312, 221|271, 217
2141, 32132, 312, 221 312, 221 213
31 317 | 221, 21° 213 1°
n! theorem

— Kla.t) =S (D5 gt

r,s

— Figure of Macdonald’s book




PROBLEM AND RESULT

LET
e /, : a partition of n,
e [ : a positive integer, 1 <[ < M,
es=0,1,....,n(u).

PROBLEM
Find

e S,(l) : asubgroup of .Sy,

o Z%(k;l) : Sp(l)-modules of equal dimension
0<Ek<I-1),

such that

D5(k;1) =, Indg', Z05(k; 1), 0 < k<1 -1

(1)

MAIN RESULT (M, 2008, [M])
If 1 is a hook, the problem is solved :

1
dim Dj*(k;1) = 7 dim D, 0 <k <11



EXAMPLE

o 1= (3,1,1) (M, =2)

o/ =2
31415 o
o T =2 — o+ 3[4 5
1
|
o a = (12), i == ,
® Sn(l) = (S{l} X S{2}> X <CL> X 3{3’475} = CQ X 337

) gpl(m) (a) — C* ar— (", (= e

° C(m) ; representation space of gpl(m)),

o 7%k : 1) @c’” D, 0<k<l-—1

e dim Z*(k; 1) = dim D;S, VEk,

o D;*(k;1) = Indg ) Zn"(k; D), Vk -

—dim D' (k; 2) = 20,
—dim D' =2,
— 1S, Su(1)] = 5!/2 - 31 = 10.



SKETCH OF PROOF

D3 (ks 1) =g, IndSZ(l)Z;>3(k; ), k=0,1,...,1—1

& D =g <0 Indng;’S (s=0,1,...,n(u))
e Compare the character values for (w,a’) € S, x C,

e Unite character identities with respect to s.

Then we can see that it is enough to show:

Xg‘(q, Cl]) = {0 € S,/S,|Jwoa’ = o mod ST})N(/’}(T)(Q, Cij),

where

/

n(p) n(p')
. X “ t"q°charD)*(w),
r=0 s=0

o 7 € S, is defined by woa’ = oT.
Finally:

“Factorization formula”+ “Plethystic formula”
for H,(z; ¢,t) = (¥)



MODIFIED MACDONALD
POLYNOMIALS AT ROOTS OF UNITY

~

H,(x;q,t) : “modified”Macdonald polynomial.

PROPOSITION (Descouens-M, 2007, [DM])
p = (¢™) with m, > [ for some r.

1) Hu(w:4,G) = Hon(2;:¢, ) H (5.4, ),
2) Hyiy(w;q,4) = {H(l—qu)}(pzohr)< . )

i=1 l=q
ot (12) 3t

= < .
—q M1 —g)P

A7
Haiman’s n! theorem implies :

PROPOSITION u, p = n,
)N(/ﬁb(q,t) = <[:[u(375q7t)app<$)>-
REMARK X 5(0,t) = Q5(t) - Green polynomial.
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