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1 Gelfand Triple

G : Finite group
H : Subgroup of G
¢ : Representation of H/C

Definition 1.1.
(G, H,§£) : Gelfand triple <= & Tg is multiplicity-free.
((G, H) : Gelfand pair <= 1 1%, is multiplicity-free.)

In the below, let £ be a 1-dim. repn. of H.
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Assume (G, H,¢€) is a Gelfand triple. Put
t
£ ng @ Vi, (V; : a unitary irred. repn. of G)
=1

Then
F1p(i) € V; s. t. hv(i) = &(h)v(?) (h € H) and |v(i)| = 1.

&-spherical function I
Define by

wi(g) = (v(i), gv(i)).

(wilhg) = wi(gh) = &(h~"wi(g), (b € H))
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2 Hecke algebra
G D H, & 1-dim repn. of H.

tdentify

CG: Group algebraof G «—— " {f: G — C}
Y fl@)g— f:g— f(g)

geiG

E(h™H)h
hEH

Hecke algebra : H¢(G, H) := eCGes C CG. I

HY(G,H) = {f: G — C| f(hg) = f(gh) = &(h™")f(9), h € H}

€ = ——
* 7 H]
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Proposition 2.1.
HE(G, H) is commutative < (G, H,¢) is a Gelfand triple.

Proposition 2.2.
{wi,:++ ,ws} is an orthonormal basis of H*(G, H).

Inner product of H*(G, H);
1

<f9f>G: |G|

> f9)f ().

geG

® {g1, -+ ,g:}(t > s): a complete representatives of H\G/H.

Then {ecgiec | 1 <1i<t, esgiec # 0} is a basis of H*(G, H).
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3 G:SQnaHdH:Hn

® So,, : Symmetric group
e H, : Hyperoctahedral group (= Z/27ZS,)
=( (@-1,20) , @i-L2+1)22i+231<it<n,1<j53<n-—1).

(Z/27Z)™ —part Sn—part

1-dim. repn. of H,,: 1,0,e,0 R €

6((27 — 1,25 +1)(25,25 +2)) =e((2e — 1,2¢2)) = 1
5((2i — 1,24)) = e((2j — 1,25 + 1)(24,2j +2)) = —1
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Theorem 3.1. (A. James)

(S2n, Hy,1) is a Gelfand triple. (1 TSZn EB §2X )
AFn

“1-Spherical fn. w*—zy = |H,,| Z —w pp (zonal poly.)”
pHn “p

2)\ — (2)\1, 2)\2, °c e ).

Theorem 3.2. (J. Stembridge)
(S2n, Hy,€) is a Gelfand triple. (e Tsz’” @ SPX) )

AFn,straict

1
“ g-spherical fn. £* — Q) x Z —E’;‘pp (Schur’s Q-fn).”
pcOP, =P

D) = (A1, A2, |[A1—1,A2—1,--+); in Frobenius notation
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[ J SGzn = G l SZ'n,
e HG, :=1{(91,91,92:92,"** +9n+9n;0);9; € G,0 € H,}

Theorem 3.3. [M]

(SG2n, HG,,, 1) is a Gelfand triple.

“ 1-spherical fn. +— product of zonal and Schur polys.” I

Problem 3.4. Let ® be a 1-dim. repn. of HG,,.
— (SG2p, HG,,, 0©) : Gelfand triple?

—— When egxreg =07

—— Compute ©-Spherical functions (Evaluate them on each double cosets).



4 (SGsy,, HG,, ©)

4.1 1-dim. repn. of HG,,

Remark

HG, = (G X Sz)ZSn.

Let £ be an 1-dim. repn. of G.

1-dim. repn. of HG,,:

@ﬁ,ﬂ-(glagla *** 9dnsGn; 0') = 5(9192 . 'gn)ﬂ'(O'),

where 7 is a 1-dim. repn. of H,, (one of 4).
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4.2 Double Coset

For © = (g1,92,°** sg2n;0) € SGa,, Define a graph
I'y = ( |2 . ) by
~— N~
vertices edges

Ve ={91,92," " ,92n},
E, = {{g92i—1,92i}, {90(21'—1)990'(22')}; 1 <i<n}.

Example 4.1.

r = (91,92, » 9105 (1,4,3)(2,7)(5,8)(9,10))
gir g3 gs Jgr 9o

i i
g2 g4 dge dgs 4gio
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Definition 4.2.

e L : a circuit (=connected component of I';,) of I';

g1 4gs 4gs grv

—1 —1 —1 —1
— p(L) = g1 9295 969s 9794 g3

g2 4ga dge 4Gs

e p(L) : circuit product of length 4 (= #§ of red line=: |L| ).
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G, : the set of conjugacy class of G
G ={CUC™'; CeG.}, (C'={g7'|gel}.

Example 4.3.
G =7/6Z = {1,a,a?, a3, a* a’}
G = {{1}9 {aa a5}7 {a27 a4}9 {ag}}

Definition 4.4.

x € SGap, R € G,

mi(R) = |{L : circuit of T'y, | p(L) € R, |L| = k}|,
p=(R) := 1mT(R)9gm3(R) . .,

CT(xz) := (p”(R); R € G) : circuit type of x
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Example 4.5.

G =17/3%Z = {1,a,a?}

G.x = {R1 = {1}, Rz = {a,a?}}

r = (a,a?,a?,1,1,1, a?, a,a?, a?; (23)(5678)(9,10))
a a’* 1 a

(p(L1) = a(a?)'1(a?)"t =1 (|Li| = 2)
$p(Lz) =1(1)"ta?a' =a (|L2| = 2)
p(Ls) = a*(a?)~t = 1 (|Ls| = 1)

CT(x) = (p*(R1), p*(R2)) = ((2,1), (2)).
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Theorem 4.6.
xr,y € SGap,.
CT(z) =CT(y) & = € HGryHG,U

Remark 4.7.
HG,\SG2,/HG, < {p; |G.|—tuple of partitions , |p| = n}
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4.3 Representation Theory of wreath product

G* = {71,725 ,¥r}: the set of Irred. repns of G,
Sy, = {S* | |A| = n}

For v € G*, we can define an action of G S,, on 7" ® S* by

(91, e 7gn;0')v1 R QUp QW = gl’l)o.—l(l) R e X gn’l)o.—l(n) X ocw.
Forn = (n;|]1 <2< 7)€ Njand |n| = Z n; = n (i.e. r-composition of n), we
1=1

define a subgroup of G S,, by
G118y := ][] G18n,
=1
Proposition 4.8.
(G18n)" ={@Q7®™ ® 5 1&s: |l =n, [X|=ni}.

1=1



4.4 Analysis of (SGy, HG)

e £ : 1-dim. repn. of G o ¢ (g,g9;0) — £(g)
Proposition 4.9. (SG2, HG1,£) is a Gelfand triple.

Corollary 4.10.
Let x be an irreducible character of G. Then

1

V5 =
5(Xx) G|

geG 0 (X # &R X)-

X(g2)@: {:I:l (X:£®Y)a
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Conjugacy class C is a real (resp. complex) & C = C~! (resp. C # C™1).

Corollary 4.11.

%|{x | v5(x) = 0}] = %|{c |C#C7}H+{C | C=C73¢(C) = -1}



Example 4.12. G = GL3(F3), £ = x2

® {X | VS(X) — O} — {X13X29X43X5}7 (Xl = 5@@ and X4 — E@%)

C:. C, C3 Cy Cs Cg Cy Cyg
R, R, Rs Ry R; Rs R; R; | v5(x)
X1 1 1 1 1 1 1 1 1 0
E=y2| 1 1 1 1 -1 -1 —1 0
X3 2 2 2 -1 -1 0 0 0 —1
X 4 3 3 -1 0 o0 1 —1 —1 0
X5 3 3 -1 0 o0 -1 1 1 0
X6 2 -2 0 —-1 1 0 +V2i —V2i| -1
X7 2 —2 0 -1 1 0 —v2i +2i —1
X8 4 —4 0 1 -1 0 0 0 —1

o {C|C#C '} ={Cr,Cs}, {C|C=C1£(C) =—-1}={Cs}

1/2><4:1/2><2—|—1I
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5 Gelfand Triple (SGs,, HG,, ©¢ )

Theorem 5.1.
(1) Of .~ Tlsrfz;?: is multiplicity-free as SG2,-module.

(2) Basis associated with the double cosets can be described.

We explain this theorem, by using an example G = GL3(F3) and £ = x».

Recall
(x) Irreducible representaion of SGa,, (Put n; = |A(x:)|-):

8
{SA(x1)sA(x2), -+ A (x8)) =QR(VE™ ® SA(Xi))ng?£)| Al =n}
=1

(xx) Fix a complete representatives of HG,\SG2,/HG,, by

X ={z(p) | CT(x(p)) = (p(R1), p(R2),- -+, p(R7)) & |CT(x(p))| = n}
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T=1,0
(1) O¢ 1 Ti[%z:: D S()‘la )‘19 (2>‘3),7 >‘49 >‘4a (2>‘6),7 (2>‘7),7 (2)‘8),)
(2) O¢,s T = D S(AY, AL, (223), A%, A%, (2X°), (2X7), (2A8))

e Index set of irred. comp.

X1 X2 X3 | Xa X5 X6 | X7 | X8

X1 =&EQX2 | X3 | Xa=&QXs5 | X6 | X7 | X8

= P P P P | P | P
vS5(xs) | O 0 ~1| 0 0 —1|—-1|-1

o H® = Span{egzey | z € X,CT(x) = (p(R1),-- ,p(R7)) € Po}
Ry, R; R3 Ry Rs Rg R,
EonC; 1 1 1 1 1 —1
R,= C, Cy C3 C4 Chs Ce CrUCs
Po= P XP XP xP xP x{0} X P




T=£e,0QR¢
(3) O¢c THE"= @ S(AL A, D(A3), A%, A%, D(A®)’, D(A")’, D(A®)’)
(4) @€,5®€ Ii%:: @ S()‘lv )‘1,7 D()‘3)a >‘4v >‘4,7 D(A6)7 D()‘7)7 D(AS))

e Index set of irred. comp.

X1 X2 X3 | Xa X5 X6 X7 X8

X1 =&EQRQX2 | X3 | Xa=&EQR X5 | X6 | X7 | X8

= P sP P sSP|SP|SP
vS5(xs) | O 0 —1| 0 0 —1| -1 -1

e H® = Span{egzeg | z € X,CT(x) = (p(Ry), - ,p(R7)) € Pe}
R, Ry R3 R, Rs Rg Ry
EonC; 1 1 1 1 1 —1
R; = C, Cs, Cs C, Cs Ce¢ CrUCqg
Po= OP XxXOP xXOP xOP xOP XxEP X P
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®¢ »-Spherical Function

Roughly speaking, each ©¢ -Spherical Functions appear as the coefficients

of “multi-component power sum” in some product of symmetric function.

* O 1 Tiﬁ;:: D S(AL, AL, (222)7, A3, A3, (2A%)’, (2A%)/, (2X8))

O¢,»-S.F.<~ coefl. of “pow. sum” in sy1z(a2),8x32(a2)/ Z(A5) Z(A6)/

* Opc Tha= @ S(ALAY, D(A2), 23,23, D(A%)’, D(A%), D(\%))

O¢ »-S.F.< coeff. of “pow. sum” in sx1Qx25x3Qx2Qx5Q xe.




