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Let S be a set of N x N matrices. Assume a probability measure
Ms(dM) on S is given. For a function F = F(M) on S, denote by
(F(M))mes the average of F: (F(M))ues = [ F(M)Ms(dM).

Problem
Calculate the moment

(det(! + xM)™) pes

and its asymptotic behavior as the matrix size N goes to the infinity.
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Problem

More generally,

Calculate the average of a product
(det(/ = X]_M) T det(l F XmM)>M€S

and the average of a ratio

<det(l + x1M) - - - det(/ +xml\/l)>
det(/ + y1 M) - - -det(l + yiM) / s
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Case S = Classical groups with normalized Haar measures

@ Moment [Keating-Snaith (2000)]
@ Product [Conrey-Farmer-Keating-Rubinstein-Snaith (2003)]
@ Ratio [Conrey-Forrester-Snaith (2005)]

Case S = Hermitian matrices with Gaussian measures (GOE, GUE,
GSE)

Determinantal or Pfaffian expression.

[Brézin-Hikami (2000-)], [Baik-Deift-Strahov (2003)],
[Borodin-Strahov (2006)].
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Consider § = U(n), the unitary group.

Theorem [Conrey-Farmer-Keating-Rubinstein-Snaith (2003)]

Let x1,..., X,k be any complex numbers. Then

L K
<H det(/ +x'M71). H det(/ + xl_+,-M)>
i=1 MeU(n)

i=1

=(x1 - x0) " sty (X1, -y XLak)-

Here si,u)(x1, ..., X11k) is the Schur polynomial with partition
(nt) = (n,n, ..., n).
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In particular, we have [Keating-Snaith (2000)]

(I det(! + EM)P™ weuin H”J“’" -

|2

As a corollary, we obtain an asymptotic behavior

m—1 '|

(|det(l +EM)P™ meu(n) = H

G+mt

n— o0

K

This limit value is closely related to the moment of the Riemann zeta
function. (Keating-Snaith conjecture (2000)).
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Our purpose in this talk

We calculate the averages of the product and ratio of characteristic
polynomials in a random matrix model, called Dyson’s circular
(-ensembles.

In order to calculate the characteristic polynomial averages, we
employ Jack polynomials and super-Jack polynomials.

Furthermore, we present an expression for the characteristic
polynomial average in terms of a hyperdeterminant.
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Dyson'’s circular 5-ensembles
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Definition of the CGE

Let 3 be a positive real number. Let T={z€ C | |z| =1} and let
dz be the normalized Haar measure on T:

/f(z)dz = / f(eia);i—e for a Laurent polynomial f on T.
T

™

—T

We equip each element z = (zy, ..., z,) € T" to the probability

proportional to
II lz-32l"
1<i<j<n
Then the space T” is called Dyson’s circular F-ensemble (CSE).
The CBE arises from the well-known three random matix models:

COE (3 =1), CUE (8 = 2), CSE (8 = 4).
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CUE (8 = 2)

The circular unitary ensemble (CUE) is nothing but the unitary group
U(n) with its normalized Haar measure.

By Weyl's integration formula, the probability density function for
eigenvalues z = (z;, ..., 2,) € T" of a CUE matrix M is given by

1

l H |z — 7.

T 1<i<j<n

Therefore the distribution of the eigenvalues of a CUE matrix is the
CBE with § = 2.
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COE (8 = 1)

Consider the set of symmetric unitary matrices:
Scor(n) :=={M € U(n) | M is symmetric} ~ U(n)/O(n).

The set Scor(n) has a probability measure induced from U(n) and is
called the circular orthogonal ensemble (COE). It is well known that
the probability density function of eigenvalues z = (z,...,z,) € T"
of a COE matrix M is proportional to

IT 17—zl

1<i<j<n

Therefore the distribution of the eigenvalues of a COE matrix is the
CPE with § = 1.
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CSE (8 = 4)

Consider the set of Hermitian unitary quaternion matrices:
Scse(n) :={M € U(n,H) | M is Hermitian} ~ U(2n)/Sp(2n).

The set Scsi(n) has a probability measure induced from U(2n) and
is called the circular symplectic ensemble (CSE). It is well known that
the probability density function of eigenvalues z = (z,...,z,) € T"
of a CSE matrix M is proportional to

II lz-3l"

1<i<j<n

Therefore the distribution of the eigenvalues of a CSE matrix is the
CPE with § = 4.

Sho Matsumoto (Nagoya) Jack poly., RMT, hyper-det September 2, 2008 14 / 46



Characteristic polynomials for general (3

For each z = (z,...,2,) € T" and x € C, we put

n

V(z;x) = H(l + xzj).

j=1

When z are eigenvalues of an n x n COE, CUE, or CSE matrix M,

then
V(z; x) = det(/, + xM).

We call W(z; x) the characteristic polynomial of z.
For a function F = F(z) on T", we define the average of F by

(F(2)) = fT" 1_[1<,<,<,, |zi — zj|5dz1 e dz,
zeCBE(n) -— |
o Jeollicicjcalzi — z|Pdz - - dz,
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Characteristric polynomial averages

First, we would like to evaluate the following characteristic
polynomial averages.
For xi,...,x.,y1,...,ykx € C,

K

[Tv@x)-[[v@w

k=1 zeCBE(n)

We will express this average by a Jack polynomial.
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Jack polynomials
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Monomial symmetric polynomials

We review the definition of Jack polynomials.

For a partition A = (A1, Ay, ...), we denote by £()\) the length of A.
We deal with partitions such that /(\) < n.

Let x1,..., X, be variables. For a partition A = (A1,...,A,),
my(x1, ..., X,) = Z X4 xhin € Zxi,. .., %)%,
neGHA

where G A = {(Ao(1), - -5 Ao(n)) € (Z4)" | 0 € G,}0

Sho Matsumoto (Nagoya)
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Scalar product

Let o > 0. Define a scalar product on C[xq, ..., x,]®" by

1
<m>\7 mu>A :m

/ my(z1, ..., z)mu(z1,. .., z,)
11""

X Az, ..., 2zp «)dz; -+ dz,

with
Az, ..., zp«) = H |z — z |/,

1<i<j<n
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Jack polynomials

Theorem & Definition (Jack polynomials)

There exists a unique family of symmetric polynomials
P = P (x,. .., x,) satisfying

e P/(\ = my + Zu:u<>\ ug\i?mm U,\u € Q(a),
= <P£a)a Pl(ia)>A =0, A # p. (orthogonality)

Here < stands for the dominance order:

A< &

Al=1lul and A+ X <t (Vix1).
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Special cases of Jack polynomials

o a=1. P)(\l) is the Schur polynomial s,.

o a=2. P/(\Z) is the zonal spherical function of the Gelfand pair
(U(n), O(n)).

°o a=1/2. P/(\l/z) is the zonal spherical function of the Gelfand
pair (U(2n), Sp(2n)).
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Theorem 1: Product average

Theorem 1 [M, 2007]

For each 3 > 0, we have

K
<H\UZX, HwZXL+k>
k

=(xg---x) " P(( L/)2)(X17 ey XLEK)-

zeCPE(n)

Herez= (z1,...,2,) = (5 },...,z7t) € T". In particular, for any &

such that [£] =1,

k=1 r(2( 42 .
2€CpE(n) L+ 3 (k+i+ 1))r(n +2(i+1))
(— the = 2 case = Theorem by Conrey et. al )
September 2, 2008 22 / 46
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Example of Theorem 1

For x,y € C (x # 0), we have

(W(z hx 1) -v(z; Y)>zecBE(n)

=x"P(y? (x.y)

'~ (2/8)i2/B)n i
R D TrE

Here (a)x = a(a+1)---(a+ k —1).

Sho Matsumoto (Nagoya) Jack poly., RMT, hyper-det September 2, 2008



Proof of Theorem 1

L K
[Ty - T v xes)
I=1 k=1
L L+K n
:Hxlfn . (Z]. . Zn)iL . H H(l +szj)
= k=1 j=1

_Hx*" P((E,{/B (z1y...,2n)
><z:P(ﬂ/2 X1,.. XL_|_K)P( /ﬂ)(zl,...,z,,).

Here ) is the conjugate partition (i.e. the transposed Young
diagram) of .
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Proof of Theorem 1

The average over the CSE is

L K
<H Wz ) [ v XL+k)>
I=1 zeCBE(n)

k=1

L
=1Ix"> PUD(x, . xtik)
=1

A
{ (PP, PRI ]
a—2/8

(1,1)a

H " P(ﬂ/2 X17"'7XL+K)'
=1
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Average over COE

Denote by (F(M))meccor(n) the average of F over the COE(n)
(@),

Corollary

L K
<H det(/ +x; *M1) - [ ] det(/ + x,_+,-M)>
i=1 McCOE(n)

i=1

L K
— <H Wz xh) - H V(z; XL-|—i)>
= z€CPE(n)|p=1
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Average over CSE

Denote by (F(M))meccsi(n) the average of F over the CSE(n)
(@),

Corollary

L K
<H det(/ +x; *M1) - [ ] det(/ + x,_+,-M)>
i=1 MeCSE(n)

i=1

L K
— <H Wz xh) - H V(z; XL-|—i)>
= 2€CPE(n)|s=4
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Super-Jack polynomials
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Jack Q-polynomials

In order to evaluate the ratio average of characteristic polynomials,
we introduce the super-Jack polynomials.

Let P)(\a) be the Jack polynomial. Define Q)(\a) by

Q>(\a) _ bf\a) P/(\a)

with .
b(a H )\, )+ N —i+1
e )+ X —i+a
For example,
Pa+2Aa+2]| 1
Ba+1Ra+1l «
atl] 1
2a «@
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Skew Jack polynomials

Define the coefficients f“)‘y(a) € Q) via
PP =N £ () PY.
A

Define skew Jack polynomials by

A/u Z P(a A/u Z Q(a
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Super-Jack polynomials

Let x = (x1,x2,...) and 'y = (y1, y2, . .. ) be the sequence of
(possibly infinite many) variables.
Define super-Jack polynomials

Z )P (x) QL (y)

Z Pf}l )QU(y),

Z ) Q)P (y)
_ Z QA/V 1/a) (y).

The super-Jack polynomial is first defined in
[Kerov-Okounkov-Olshanski (1998)].
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Fundamental facts

When « = 1, the polynomial /l5/(\1)(x; y) is the super-Schur polynomial
(or sometimes called the Littlewood-Schur polynomial).
In Macdonald's Book, this polynomial is written as sy(x/y).

P (x; 0) =P\ (x), PO 0;y) =4 (y),
AU 0) =), AWy =PE ).

September 2, 2008
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Duality for super-Jack polynomials

Proposition
The super-Jack polynomial has the following duality.

QM (x;y) = P/ (y; x).
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Theorem 2: Ratio average

Let D={z€ C | |z] < 1}.

Let
X = (Xl, ey XLy XL 1y - - ;XL+K) € (CL+K, vV = (Vl, ceey VT) eD’.
Then
<Hf_1 Wz x ) - T, Yz xL+k)>
T
Ht:l \U(Z; _Vt)ﬂ/z zcCBE(n)
=(xa -+ x) TP (% v),
(— Theorem 1 )
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Corollary: Duality for ratio averages

Corollary (Duality between 3 <— 4/0)
Let 3> 0and ' =4/0.

X1y oo s Xmy Xm41s - - -5 Xm+Ks Vi o - -3 Vny Vi1, - - 25 Vit T € D.

Then

g T W (z —v,) 2

i1 Y(w; —xx )72

(TS )}
m+K\U weCB'E(m)

B2 (.  xm)” <HJ WVExT) T (Z'xm+k)>
zeCpE(n)
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Corollary: Duality for ratio averages

Roughly speaking, there exists a duality

p 4/
n m
mj\| <— n
X \"
') X

September 2, 2008 36 / 46
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Hyperdeterminantal expressions
for the ratio average
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Definition of hyperdeterminants

For a multi-dimensional array

A= (ail,iz,...,izp)lgil,iz,...,ig,,SN;
we define the hyperdeterminant of A by
1
NI Z sgn(o1)sgn(o2) - - - sgn(o2p)

01,02,...,02p€Gy

det?l(A) =

N
X H 301 (i),02(i) 50,025 (i) -
i=1

If p =1, this is the ordinary determinant of an N x N matrix
A= (au) det[2](a;J)1§;J§N = u
W Yo acey $80(01)sgn(02) TTiL; a0, (i).0,() = det(aij)i<ij<n.
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Hyperdeterminantal expression for Jack

When o = 1/p, the Jack polynomial of a rectangular-shaped Young
diagram is expressed as a hyperdeterminant.

Theorem 3 [M, 2008]
Let p, a, b be positive integers.

oW/ _ PLPY® 4 o a/p) o
(at) — (pb)l e (a+,'1+,'2+...+,'p,,'p+1,...,,'zp)lgll,...,lngba

where g,E *) is the one-row Jack Q-polynomial gk = Q

We call this formula the Jacobi-Trudi-type formula for rectangular
Jack polynomials.
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Hyperdeterminantal expression for Jack

In the previous theorem, let &« = 1/p = 1. Then we obtain
Sar) = det(ha_isj)1<ij<b,

with hk = S(k).
This is a special case of the Jacobi-Trudi identity

sy = det(hy,_itj)i<ij<n n>((N).
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Hyperdeterminantal expression for ratio averages

Theorem 4-1

Let

X = (Xl;---;XL;XL+1;---;XL—|—K) € CL+K, vV = (Vl,...,VT) E ]D)T.

Suppose that (3 is an even positive integer: § = 2p. Then

<H/L:1 v(z; X/_l) ’ HI’((:I V(z; XL+k)>
zeCBE(n)

[1, ¥(z —w)P?

. . _ = 1
= (Xl e 'XL) ndet[zp](g£+/,'f)+...+,'p,ip+l,...,,'ZP (V; X))lgil,...,ingna

Sho Matsumoto (Nagoya) Jack poly., RMT, hyper-det September 2, 2008 41 / 46



Hyperdeterminantal expression for ratio averages

Theorem 4-2

Let x,v as in Theorem 4-1. Suppose that 5 = 2/p for some positive
integer p. Then

<Hf_1 V(zx Y- [, vz xL+k)>
T
[Ty V(z —w)? .

:b(P) LI (p!)L
) (pL)!
X (xq - .XL)_ndet[zp](Er(li/if-)i-"'+ip_ip+l_"'_i2p (x; V))1§i1,..~,i2pSL'
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Conclusion
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Conclusion

@ We have evaluated averages of the product and ratio of
characteristic polynomials in the CSE.

Product Average — Jack polynomials (Theorem 1 )
Ratio Average — Super-Jack polynomials (Theorem 2 )

@ As a corollary of Theorem 2, we have obtained a duality for ratio
averages between (3 <> 4/5 ( ).

@ Suppose that either 3/2 or 2/ is an integer. Using a
Jacobi-Trudi-type identity for Jack polynomials ( ), we have
expressed the ratio average in terms of a hyperdeterminant.

(G, @),
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Thank you for your attention.
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