Quantum set theory
in a quantale valued set theory
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In quantum mechanics a physical system is described in terms of ‘yes-no ex-
periments’ depending on states of the system, represented by vectors of a Hilbert
space, say H. Propositions are represented by self-adjoint operators acting on
H, which is ‘either 1(true) or O(false)’ in each eigenstate. Hence, proposition is
represented by projections. Quantum logic represents the structure of complete
orthomodular lattice P(H) consisting of all projections of H. Quantum set
theory is a set theory developed in P(H)-valued universe V(). The lattice
P(H) is equal to the union | J;;o,, Bu of mutually isomorphic complete Boolean
sub-algebras By of P(H ), where U is the set of all unitary operators on H. Each
Boolean valued universe V2 is a sub-universe of V1), The set ¢ p(m) of com-
plex numbers in VP has the structure of a fibre space over the topological
group U of unitary operators, whose fibres are isomorphic to H.

Here we extend the P(H )-valued universe to a quantale valued universe V<,
where the quantale Q is a complete lattice consisting of all endomorphisms
of P(H). By doing this, the framework of quantum theory can be viewed
from a broader standpoint. The set €o of complex numbers in V< has three
parts, which represent ket-vector space, bra-vector space and the set of normal
operators acting on H.

In this lecture the postulates of quantum theory will be interpreted as prop-
erties of complex numbers in the universe V<.



