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GAP (Group, Algorithm and Programming)
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��6"
�������a:������� \ . ��� ������ "!$#�%'& \ . ()( � � GAP4 
+*6S67-,/.�021 %'& \ . GAP �I���4365/+
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1 � GAP World � ��� �

1.1 GAP i�jgkBlnm�oqp/l

GAP 0AL$r�SC:  �V �{� �;s r�StfvuAX6< � gap ��r+bIYt\ !�w � & � .

% gap

(
( � return key 0�x \�� , GAP 
 ��y���
#�
gap>

E�z'{ � � !?# , /�|)}�~{
��
����*�� .

GAP 0v��N V �+�I�� � , quit; ��r+b6Yt\F� . �
�.*?(�� � , �'��0�s % �gN"�)�)�)������f�Q ��.
; 0��IA6�'(�� � 9I� . GAP

� �
return key

� �'�#
��$� � � *�H , ) �/�'�
}�~
0��$�t\]� .

gap> quit;

%
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�v* � , GAP E{�$�A\]� .
� CF����� # � , quit; 
�	��n� � ctl-D ( Q
.	:!��SAX *tS�0�x	%T*)EON

D 0�x \ ) �I��� #�� �$� � u6� . �	% #	�'# `  �% .

1.2 GAP 
�����������gi���� l

GAP
� [����#
����a:��2� � *"
 � , z�{�< � Q�.6R�,�S?r#�����c%(*;EgN&�{�I0 �� # d�H .

: 
��
��!	"�0 $a% # @�M * % � , GAP 0��6�Z%2�]��u"���"��!#"?E%$&� !6# % &(' . '6)��v�{!�0 $-\��*)� _6`6
 � ' �7�	+
�-,YbAX��.!�"�0�s�u./�0�(�� � 9I� .

gap> SizeScreen( [ 72, ] ); LogTo( "sample.log" );

( ! � , ��f�Q �). ;
�2143 N ! �#56��� 
Y�'��0 � \ . ��6 
��
� � , ���*!	"�0.7Ad 72 
�a)b28 �

z6{ ��9�~	:�\O( � , ;#
��'� � , z${.� � ! �Tx-<)7 2-<I0 : 
 &
& 
�= � sample.log � %>' �-,
b{X��/s�u	:/\t(�� ,

� 9I� . ?�� 
��'� �%@ HBA�C �/s %'#�� w��-* % . �����/[ \]�4D)�BMtN ���
!	" &�� , quit; �I��� GAP E���� &�� z
{�E @ # sample.log �FE�G  �! � . GAP 0v��H���� s (

6�*,�bAX�04I�JA\ !Bw , �"��!#"?ELK(:  Q! � . (�
6��,/bAX �NM U?F;G.*"
 � , �#����,�bAX.
%O)�
�#*LP-Q�0%R�%TS !�w 3*UF�LVIS�r�E%E-G  Q! � . *;@ , GAP 0NW�X�M�Y�M % : ! 0�Z�[]\_^#
��	+
�-,Yb{X��4E-Gc% #�% A wN` % % V6SBr�E?�-,YbAX���� W � W�a�b� Q!?# d H;(��v��*I� .

1.3 GAP 
���*c�dfe_���

& � J 2�
�g�%�� , hIu�� , M$Av��0�7�� #	� � ' . 0�H w , (9 − 7) × (5 + 6)
�

(9 - 7) * (5 + 6)

��r+bIY�\]� . GAP
� _'`6
.� ' �/���*!�"�0Ni \ .

gap> (9 - 7) * (5 + 6);

22

gap>

()( ��� % , �
��
+� f�Q ��.;04j !$# return key 0/x�\�� GAP
�

> 
 � 0�:�|�%lk�mI0Fn�� . GAP��o *�� /�|�0%p'�t\ N }�~Fq-A6�t
 � 9I� .
: ( � , > 
���� , � ftQ �). ; 0 /�|�\]�.� ,

gap> (9 - 7) * (5 + 6)

>;

22

��_�^�
t�{�$ELK*r \F� . %vMZ% , 0�H w �
��
	s'�AQ ) 0.j ! ��� \]� � , ( ! �Nt %lu?E�� % . GAP�wvyx4z Z#{ x  W *  �% ,
� u &+VBW#| � %}' �6A � ,

gap> (9 - 7)*(5 + 6;

Syntax error: ) expected

(9 - 7)*(5 + 6;

^
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� , > � % 
���z�0�����% ,
: 
��7�I04D
	a% # H ! � . Syntax error � � x�)�<�

> � %'� 9I� .

� � , x-)'<#
;��h/S6M NQ�?5��.q H����� /�� # % &}' ( �/E$9 � . GAP
�

, 4	% #�� �?M#�6(.�

-* %�� 0��� #�� 0  \ N % , ����*�����0�% q-A6�t
 � 9I� . ( ! 0������� ��!#" (break loop)$&% L�' � � ,

v)(�* � | ?? +n� %
% , brk> � %}' ��<BE2:�� . 5ZgvbF9TX�S6Y6
�, � ,
 N�����h�S

E --( !?w , brk_02>, brk_03> � % ' � ' ��.�� � � W � W (�/ % #�% H . 5]gQb.9(XIS-Y)M-N10�A#:
\�� � ,

brk> quit;

� \ !�w � % . 9I� % � ctl-D �-% #�� � % . GAP 
�Y��).�YN: gap> ELK*r-\]� .

;.�32 � ��� %�# �'##� � ' . ^.� � s % �.� ' � , GAP
��4 2 
��"�#� ��5 �60 <  * % . 9�H &�� ,

Q�2#
 6�7��?(�8�� �t
 � 9I��9 GAP
�

, :�H�N ! ��Q�2�0�;2Qc% , <�;-Q 2 � �6\ .
 N�� , =�
�>% (��v� � , Q�2#
�g�%e��0�7 N V�!�w s@? Qc% #�� H)0�<�;-Q"2#
%= � ic% # H/� .

gap> 12345/25;

2469/5

gap> 123/4567 + 234/5678;

883536/12965713

ACB 
t�"� , 0�H w 3132
�

3^132 ��r+bIYt\]� .

gap> 3^132;

955004950796825236893190701774414011919935138974343129836853841

J 2#
D2 ��������E � � mod
� �"� � u6� . 17 0 3

� 2Z�.�FE � 2 ��*��t
 �

gap> 17 mod 3;

2

E�G N ! � .

& � , GAP
� ��H67�2JI$E�K�% % M (true), > � � #�% ��M (false) 0�L�6{\]� . ( ! 03M'8-, ���%}'

.

gap> (9 - 7)*5 = 9 - 7*5;

false

2	
�N 4 
PO#Q � � , =, <>, <, <=, >, >= E?1>� ! � .
: !SR�!

, a = b, a 6= b,

a < b, a ≤ b, a > b, a ≥ b 
��$� � 9I� . M
8-, ����9	� V?# ,

gap> 10^5 < 10^4;

false

��� R�T�*�M
8-, � � ; 
 � ' ��*�� .
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gap> not true; true and false; true or false;

false

false

true

: !�R�!
,
v K�% %	| 
 � [ � > � % ,

v K�%�H # s Z � ��> � %	| � % ' (I� � * % ,
v Kn% % M & �� > � � #�% � | � % ' 
 ��� �DKn% % , 0��$�t\]� .

: !6� �
, ; � � ' *I��M .

� H;0����c% # MgN
7�� #	� � ' .

gap> not true or false and not not false or true and false;

GAP
� �

, x�<�056t2���% # : 
 &�&�� ' (I�2E � u-� . _�`I���	��� x*<�1{2�� � 1�
 \F���
�6E'9
� . x�< a 7 ∗ 0�6A2c�-% # 1 % � %;^ V � ’a’ 9I� % � ’*’ �����MON ’ � �  0 .

gap> ’a’;

’a’

gap> ’*’;

’*’

��8K% s ’ab’ � � � u�� , 7{x�< 
 � . GAP
� x�<�6A2BE��c% % M��.*���M$03L76{\F� .

1.4 �����gi&c�dfe��

[�� + Sn 
.: σ
� J 2 In = {1, 2, . . . , n} 
.�	�

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)

�-% # �  Q! � . σ ∈ Sn

� 
 ? */x�<I0�� & * %�� X �	�#
��a�-% # 7)�$[�� �  Q! � . 0�H w ,

(
1 2 3 4 5
2 4 5 1 3

)
= (124)(35).

(
( � 0�H w (124)
�

1 → 2 → 4 → 1 ��*�� � X �	��0;�-\ .

GAP
� �

, [	�-+#
{� �?E : 
 &�& 
A��� � ��� � uI� . (1,2,3) � /6| \Z�#� , GAP
� ( ! 0 S3


 � X �� σ = (123) �-% # �	! \�� . σ 
�"�: σ−1
� � X �	� (132) ��*��+E , GAP

� � ( ! 0
gap> (1,2,3)^-1;

(1,3,2)

�����c% # H ! � .
��!�w Q?M.�-� ' � GAP

� �
^-1 0 −1

B
, \#*��6~ "�:n�-% # S$# ��8�%	% #

H ! � ( & ? *�M6*�M : ' � d�M6* % ).

x�< 2 � σ = (123) EA_)�c% # , σ(2) = 3 ��*��t
 � , GAP
� �

gap> 2^(1,2,3);

3
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�����  Q! � . σ(2) = 3 
�	���� � 2σ = 3 �&stH;(��v� � � \]� . L�� , σ2 = 3 ��s$M6* % ���I_)�
�"*�N(* % E , ����
�s#uT� � r�b6YZ%��BH % 
 � , ^��-0	����%2� % .

: 
��I�� , Sn 
 In 
 
�_����� _)�I0��H-� . (/
 ^ V , Sn 
���
t�"� � ��MON � 
 � \��'(��v��*�� . �Z�LH w

gap> (1,2)*(2,3);

(1,3,2)

��*�� . �I_)� � ��� \ !�w (12)(23) = (123) ��*�� � � � 9I� .

& � , 2#
/f (1, 2, 3) � σ = (1, 2) 0 �	�c�-% # _)�  �V �.� ,

(1, 2, 3)σ = (σ(1), σ(2), σ(3)) = (2, 1, 3) ��*���E , GAP
� �

gap> (1,2,3)^(1,2);

(2,1,3)

��*�� .

1.5 ���nm������������

GAP
� ����� 0�6� c% ,

: 
{1"2F�NW�M ( 2 � � 5ONT* % ) 9��"!�0$#&% \Z�'( � E � u6� . 7('F� ,

1{2���	 /  �! �"!.
B(6��0*) ��+-,��*.�� % ' . 0�H w , x*< a 0v1"2���% # 6� �\F� ^ V , a:= �
stH . (a :=

��� � % . ��8K% : = 
.{F� , >6��/10IS�/$0 / !$# � % A"* % ).

gap> a:= (9 - 7)*(5 + 6);

22

gap> a;

22

gap> a*(a+1);

506

gap> a = 10;

false

gap> a:= 10;

10

gap> a*(a+1);

110

�*6�
DI � , 1A2 a E62  �! ,
: (�� (9− 7)× (5+6) = 22 E�Tc��% # 	/  ! � . 2 3�44
DII
 � '

� , 1{2 a 025(6-: V�w , GAP
��: 
YT 22 0Fi�\ . 3 3�44
 I � � , a = 22 � % # a(a+ 1) 0��"��% ,: 
�T 506 EDG N ! � .

& � a � ` % % T 10 0�	 /-\]�{� � , a:= 10 ��sIA w � % . (
( � a = 10� � 		/#��*�N(* % (I�T� � ��\F� . GAP
� �

=
� �
I6E�Kn% % M�> � � #�% �+M-
�L�6��/1 � ! � .

4 374 
 ^ V , a � � T 22 E�/�� #�% ��
 � , a = 10
��8 � � 9K� , GAP

�
false � � H-� .

GAP
� �

, T-0�	 /-\��.� � �L; 
�dF� : 
�T-0�stH .

gap> w:= 2;

2
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% ~ % ~�1{2.
�T�0�s�H��
�6E * %�^ V $ 0�H w Y �#+
h � 0v_�� ^ V�*I� ), ;I
 � ' ���tf�Q	�).;0� �#q-A # stH-� , 1"2.
�T�E�; 
�dF�/s$M ! * % .

gap> w:= 2;;

gap> w*(w+2);

8

GAP
� �

, K
LB[�� &�� N �K%�H�* % 5�� , � W *�x�<�7 2-< � 1�2c�6% # 1 H6� . �K�LH w abc 7
a0bc1.

& � , GAP
� N�x-<n� 4 x-<I0 1 
 \Z�t
 � , a1 � A1

� �.*.��1�2�0 � �t\ . % M % 1234� 2-< 1234 � 1 
 E��$M6* % 
 � , 1{2c�-% # � 1 H{* % .

& �C0�H w quit
�

, �$�-
.Q��I.�h(�-% #�� !  Q!?#;% �t
 � 1"2c�-% # � 1 H{* % . (/
.� ' *	�
 �
“ *�S���SNh ” �-% #21 
  Q! � .

 N�� , GAP
�;: 
?h�b�5Bh�J(���Hv
t1"2�7 , ;/2-0���� #% � . ( ! N(
	� 
 � 1"2�� % # 1 Ht* % . %2MK% , GAP E	6� c% #�% ��;/2 � \�� # N{x�< � � & �$ ;��2I2J . 0 H w , Factorial, Gcd, Print *-� ).

: ( � 4 x-< � � & �v1"2-0.6� 6\Z��5�� � , GAP


t1"2�7 ;/2c�Q�;R6\]����� � * % .

1.6. � �

GAP 
	�
' � s$M ! � Y �#+�h � 0t;�2c� % ' . ;�2�0 GAP 
A3-5 768 9c:����)� \F� � ,
` % % 3

56768-9	:cE�i  Q! � . GAP ��@�A6�t;/2 � 2��6[�*+�$�6
-;/2�0��&0 s6� ��MI�%7�'B[I* � 
 � 9
� . ;�2#
�0n� % # � , 0�H w Factorial( ) E'96� . Factorial(n)

����� J 2 n �v[�% # n 
�� B
n! = 1 · 2 · · · (n− 2)(n− 1)n 0D:�H-� .

gap> Factorial(50);

30414093201713378043612608166064768844377641568960512000000000000

\#*	�6~ 50! 
�T-0N7�� ��� H � . ;�2�� ��� � ( ) E�� % ,
: (�� % HQ�$M 
{3-567�8-9	:40�stH�(

�v����� , ;/2#
 � ( 3656768-9	: +$E�i�� # �F� . 0�H w , Gcd( , )
� � � 
 J 2#
+��N � ;-2�0�:

H-� .

gap> Gcd(1234, 5678);

2

;�2��I�L� # � 3-5-7 8"9a:404i"\�	&� �M� s W N2M 
LY�_�0�\F� � 
 � 96� . 0�H w , ;�2 Print( )� ���*!	"�0�z'{ �%9�~	:  �V � � �/1�� ! � .

gap> Print(1234, "\n");

1234

(
( � � �A
 "\n"
� V6SBr�0�z'{ �AY�J�.a: %���� 
�!td�
Y�'� � 9I� . ( ! E6* % ��_6`6
 � ' �

���*!�"��4Z�[ dF� gap> 
"Y��).�YN:cE�" !$# % & ' .

gap> Print(1234);

1234gap>
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� Q � ;�2 $ (/
 ^ V � 7 1"2�
 ;/2�+�0�6�  \]������*/�-) ����� $ [	��+I0 �-\�
� -> 0 1 '� 
 � 9I� . 0�H w ;/2 f(x) = x3 0D:�H-�t;�2 f = cubed 0 6� 6\]�{� � , cubed:= x -> x^3; 0
9�~./�0 (“cubed”

� C{�.
��$� ).

gap> cubed:= x -> x^3;

function( x ) ... end

GAP
� v ;T2 function( x ) E�62 � u & %Q� . ����%�H | � � H{� (

� d 4 ). _�� , 3
B �

cubed(x)� ��� � u6� .

gap> cubed(5);

125

gap> cubed(37);

50653

��� R�T�*�;/2�0�6�  \]�(��)#�+� %'# � ��������\�� .

2 � ������� ��� ��!

"�#�$ %'&)(+*�,�-�. �0/�132547698;: , < =>< =�?A@9B�C�D7E06�254 %7F /7G (H->I5JAK �ML;NPO (
/�Q *�RS5.�T'U�-A. � . GAP 651WV9X ->Y � K �	G (P- , 2�4 % ZP[)\ /W]�^ .�_ 4`N	acb &)( . <
/�d9e ,

ZP[f\ /0g h�i`Nc<5/>j7O�i -�k5l �5mN3Q�n	oqp l � .

2.1 rtsvu)w�xzy

?A@>{565|�}�~ l , 4 ���5�96��tN>e ~ l dA�	�5�	�	� \ />2��q: %t����� NHO ( . d;N�h�� , �A� %��
pcO�� - 10 � . ~��d�=W/ % primes N��� %���� b Z�[f\�-�K�� .

gap> primes:= [2, 3, 5, 7, 11, 13, 17, 19, 23, 29];

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]

Z�[)\ 1��5D�E0Q0�5 0��¡6 . ~H¢�£ I ¤¥Z�[¦\¨§ £�N�©�ª�b�O	O	QA«A<7m -�¬ a�OA��DE %� �c® h�
2 ¯°:P/	±W�7Q98 � . � � 1 ZP[f\ /W²�³ -;ZP[f\´%��7.	µ� =W/�6�±W� Append Q>j ¶ l�� . d;N

h�� , 29 /0·�/0�A��1 31 N 37 698 � Q , primes /M³t¸ -;ZP[f\ [31, 37]
%����3® h0b ,

gap> Append(primes, [31, 37]);

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37 ]

±M� Append 1 ZH[f\ primes
- �5D7E 31, 37

%'® h�d�=W/ %�¬ aPO ZH[f\ primes N5acb�¹ K . �
i ,
ZP[f\ /W²�³ - � � /0n	� %����3® h � / - 1 , ±W� Add

% j ( .
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gap> Add(primes, 41);

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41 ]

ZP[f\
primes 1�� � primes[n], 8 � O�1���� 1, 2, . . . , n, . . . �/	±M� primes[ ] N�� � m7N�=�6� �

. d�NWh�� , primes /W²���L ~ 7 	�
c/� 17 1
gap> primes[7];

17

N5acb��°~ l�� . primes[7] 1��°N5acb & ( m�N'Q	6 � � . ��h�� , 3 � a'd : , ±M� -���� a'd`:P6� �
.

gap> primes[7]*3;

51

gap> Factorial(primes[7]);

355687428096000

primes[ ]
- G : , �9  p l d���� - �5D7E % ����mN3Q	6 � � . d;NWh�� , 41 /0·�/0�A��1 43

. /
6 , 43 1 ZP[f\ /W²�³7/���� -W���3® h�~ l�� . <�mM6���7±W� Length

- G : ,
ZP[f\ /W²�³7/����

Q��	�
PL %� : , <5/M·�/���� - 43
%!��l��

.

gap> Length(primes);

13

gap> primes[14]:= 43;

43

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43 ]

ZH[f\ /"$# %!% �;acb ,
ZH[ \�- � %�����K;� m�N�=W6 � � . d NMh�� 20 	&
3/0����1 71

. /�6 ,

primes[20]
-

71
% a�G ( .

K�� N
gap> primes[20]:= 71;

71

gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,,,, 71 ]

gap> Length(primes);

20

N .� . '�( . ?�@�{5Q 5 � . ~c¢�6AO � Q , m l 1 primes [15] L ~ primes[19] ��6�/ 5 � - �
QA *)`p l bAO . OtmN %,+ acbAO � . <vacb , primes 1�- p 20

%!.5� ZP[f\�-�.�
.

CAP
-0/7�5�tZP[f\ 11�¯�/�24365�768:9�;�/0< � (Array)

-�=$>�K��
. acL a?< � Q98t~3LA@�e n

/��CB ( < � /0·�D )
%!E e�b / L .	�>l � . ~ . O9/ -�F a ,

ZP[)\ 1M�*G9 *)qp l b;a3�h�� ,
F ¢. 	�H =5N:I� � . m l 1�J6K .L�M�- 1 /�/ O -,N L � Q , < l V�� - ����/ � primes[n] /�G (P-O B -!P � � %'&)(�_ 4 -RQTS %,U�V5K�� .
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acL a , 8 � 	 H56�/:� % �  K�� d�e - 1 , <�/�� -;Zc[f\ Q� *)`p l bAO .9�>l � . ~ . O`NHO (
mN - ��� K�� . d;NWh�� ,

ZP[f\
lll QA *)`p l bAO . O�����6 1 	�
c/�� % �5  K�� N

gap> lll[1]:= 2;

Variable: ’lll’ must have a value

� ZP[f\
lll 1�� %!. d . O . � % g h0b /�� /�L	�qN�
� %�� ¶ l�� . m l %����5� d9e - 1 , ��� 254 [ ] N�aHb ZP[f\ lll

%  *) acb / � . - p>1 0
-�.�

.

gap> lll:= [ ];

[ ]

gap> Length(lll);

0

<5/M³�1 , 1�¯ - � %�� ~�� � mN3Q	6 � � .

gap> lll[1]:= 2;

2

Z�[)\+-�� � lt� �����5�A� \ 1 ,
F ¢ . E��C2�6�=���d�� . ª�d�E��C2	/�=�/AQ����Wª�b7=���¶ . O .

��h��
gap> lll:= [true, "This is a String",,, 3];

[ true, "This is a String",,, 3 ]

�Ad58 ��Z�[)\ Q� 7/ Z�[)\ /Wn	� -A.9� m5N0=>6 � � . =Wª�N , NH¢�6�= . O�m9N - 1 ,
Z�[)\"!$#�%

<5/ ZP[)\ /0n	�`N�acb �	l�� mN�=�6 � � ( %& Z�[f\ ).
gap> lll[3]:= [4,5,6];; lll;

[ true, "This is a String", [ 4, 5, 6 ],, 3 ]

gap> lll[4]:= lll;

[ true, "This is a String", [ 4, 5, 6 ], ~, 3 ]

2 	 
H/('*)71 Z�[)\ lll / 4 	 
H/!��� -�ZP[)\ lll !�# %!�6� ��GNPO ( =�/�6�8;: , +�,�1>²	³
/�-�/7G (H-	.� . m	m�6 4 	 
3/ tilde ~ 1 , < m -/.*0 N�1 @0=M/�Q � ª�bAO � mN %!+ acbAO � .

m l 1*243 ª�N?(Lq: - �HO�Q , �th0��5*; -�6 b � � , 7�/Ab	ª�89¢ - ��9���Q58�ª�bA<�m -�: Q�d��
: ,
# Q�b�;9Q�6 � , <�/ ! (/(7�//; -,%=<	> ¢�6 !�?5K �A@ //B % ©�O�C�m"��� , D�E =$F�� � £¸(

. 8 � O1HG 7JIA@�K�D�L76 , M � N�N���D7E�Q�O L �AD9/ 0QP 6�R l b	O �AS - �AD !$# =UT _�K�'_=V7% ©�O 6WK /�=/W�O . < m - �AD9Q J�l d;N K�� N , <5/ J�l d	�AD�/ 0QP�- =XM � N�N���D�E
QAO � 1:��6 , < mAY���d	�AD5Q J�l�� mN -�. : , ... N�m l =W��d�%& ZP[f\ 698 � . mW/7G (H- %
& ZP[f\ 1�Z\[	/ #*]7. N0m�¸ -�^ Q9ª�bAO � .

”This is a String” /7G (H- 
J_9/�`�a % ” 6b5ª�d7=W/ %M� �c��c/d ( e�f ) NHO ( .
[f\�Z @65�1W·

/7G (P- acb , ]�g . ZP[f\ ( " # -�h / . O ,
� �v: F ¢ . 	 H - =���/ � ª�b�O � , 
*i�jTH9/*�5L

~ .� Z�[f\¨§ N�acb & ¶ l�� .
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gap> s1:= [’H’, ’a’, ’l’, ’l’, ’o’, ’ ’, ’w’, ’o’, ’r’, ’l’, ’d’];

"Hallo world"

gap> s1 = "Hallo world";

true

gap> s1[7];

’w’

ZP[f\ Q � h�~ l d;N � , <5/���� ������% �7/�	 H % #��5� { } 6�9  K�� mN - G :  *) K�� .

gap> s1 := lll{[1,2,3]};

[ true, "This is a String", [ 4, 5, 6 ] ]

gap> s1{[2,3]} := ["New String", false];

[ "New String", false ]

gap> s1;

[ true, "New String", false ]

²��7/� )�1 ,
Z�[f\

lll /W²��7/ 3 ��L ~ .9��� ( ZP[f\´% s1 N � G , NHO ( mN3698 : , ·71 ,
Z

[f\
s1 /�� 	�
AN 3 	�
 %�¬ aPO��5D7E�6�� �
	 h�G�NHO ( mN3698 � .

2.2 w�xzy�������
Z�[)\ Q � h�~ l b�O � N � , 1$@ Z�[¦\�%��t��- 1'^�/>�9�/ Z�[f\+- �/ ZP[¦\�%!�6��K�l �G�O .

gap> numbers := primes;; numbers = primes;

true

m l 6 ¬ aPO numbers NHO (	ZP[f\´- , primes /0�5D7E�Q K ��b � ª�d�m�N -�.7� . N�m�¸�Q , m (
a3b� ~ l d ZH[ \ numbers 1�=�N�/ ZP[ \ primes NP� # 1 0 , }tª�b�=c} l�. O±�� -�. ª�b�O�

. ( ������;7651 inseparable = ^ l ~ l�. O = ��(�� S NHO ( )
-�. ª�b�O � . primes /�� %�� hl � , numbers =�< l�-�� @'b � ¶`: , numbers

%�� h l � primes = � ¶ � . ?5B'D %��;� /�1��! 
=9N3/M�5DE %#" � aHb ¬ a�O I %�� � G (P.�_ 4�£	L�~ , <�/tN � - D9/ I �A6 � ¶5ªMb;ac��ª0b	1 ,K m�$ � J!%7698 � .

gap> numbers[3]:= 100;; numbers = primes

true

gap> primes[3];

100

m�/�G (�.�&!' Q�C;m � /	1 , V5X�/ &!(7- G � . <�=�< = Z�[)\ primes %  �) K�� N�O ( mN'1 , ?
@9B�CWD7E�/�)�* Z D9/58 � 	,+ - �� (primes p'¢ §�%���� b , primes ±�� /0�5D7EA1 K �b	< m-
-/. acb / ��NPO ( m5N3698 � . N�m�¸0Q , numbers := primes N K�� N ,

¬ aPO	,+71�� � p l �
numbers p3¢�/�0 S = primes pc¢�N�1$@ - p l b;ac� ( . m l 6�1 , 2

L Q*1$@21�3�465 %,. ª0bAO �
G (�. =�/�£�L ~ , numbers p'¢	Q /87 % j ( N primes p'¢	/�9 7 =;:�ª�b;a3� ( NPO ( ¶ � 698 � .

<>= acd@? %!.��- 1 F7( acdv~PO	O9£�¸ ( L . A�1 ShallowCopy NHO ( ±W�7Q8� � p l bAO � . F
O9±�� -A.� NB� l ~ l�. O5L ~ , C�O /A� � 80O - a3�;a�3 (6D , NHO ( mNc6 a�3 ( L .
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gap> primes[3]:= 5;; primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,,,, 71 ]

gap> numbers:= ShallowCopy(primes);; numbers = primes;

true

gap> numbers[3] := 100;; numbers = primes;

false

gap> primes[3];

5

ShallowCopy
- GMª�b � � 6 p l d ¬ a�O ZP[)\ 1 , =N'/ ZP[¦\ N ^�/�	,+ %,. 2 ,

<>= . Z�[f\´%
�t�

. primes p'¢�/�=N % � l d numbers p'¢51 , L �5acb ¬ aPO L � /0��� %�� � 6WK m9N -�.� .

2.3 ���

GAP 651 ,
h / . O ZP[f\ ( m l %��t.vZP[f\ N � (�§ 6 , 	�
�Q . � ,

E e�~ l d0��	 -� ¢56AO �
=M/ %���� NHO ( . d�£ a , mM/ _ 4 ZP[ \ % ����a3b � �5D�EAQJ1 @�����/�=M/�6�8 ��� n�Q98 � .

�;h���C(7Q���/ _ 4 , [2, 3, 2, 5, 4] 1 Zc[ \ 68 � Q	« m lt% 294°N5a'b�� � N , 	�
 %�� �� pcO�� -�� �b [2, 3, 4, 5] Q�254 -�.�� . GAP
- 1 ,

ZP[f\ Q�	�
 . � � pcO�� -� ¢	6AO �
(strictly sorted list) L F7( L %��   K�� ±W� IsSSortedList Q98 � . m l Q�� aPO � ,

ZP[f\ 1>254
N�acb & ¶ l�� . ��d � h�~ l d ZP[f\ L ~´254 %��t� ±W� Set Q98 � .

gap> number := [ 2, 3, 2, 5, 4];

gap> IsSSortedList(number);

false

gap> number := Set(number);

[ 2, 3, 4, 5 ]

gap> IsSSortedList(number);

true

±W� Set(number) 1 ZP[ \ number %�� h . O�mN - � � a3b / � . Set N�a3b�/ number
% � ��-

1 , ��j7/7G (H- � ��! p .5�>l � . ~ . O .

�qN�1#"�/7mN3Q , $�L�%�&UN(' \ / [f\'Z @�5 % �5DE�N Kt� ZP[)\�-W� O5b�=)� = K � . mW/ _ 4 ,

��	 1�$�L*%�&AN(' \�- ± K��,+�- -A��¡�698 � .

gap> animals := ["tiger", "puma", "giraffe", "panther", "tiger" ];

[ "tiger", "puma", "giraffe", "panther", "tiger" ]

gap> animals := Set(animals);

[ "giraffe", "panther", "puma", "tiger" ]

gap>IsSSortedList;

true

��i , 8 � DQ�254 -�� � l�� L F�( L51 in
- G : �  �6 � � .
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gap> "giraffe" in animals;

true

gap> "jackal" in animals;

false

2�4 -�¬ a�O*D %'��c® h ��- 1 , ±�� AddSet
% j ( . AddSet 1�<	/D9Q>2�4 -�� � l b�O � L F(

L %��  qa ,
� � l bAO .9�>l � , <	/*D % ��	 - acd	Q9ª�b � � . � � -���� a3d�254 % ¹ K . =a ,

<5/0DQ K 6 -�� � l bAO l � , =N	N�1 @�254 % ¹ K .

gap> AddSet(animals, "jackal");

gap> animals;

[ "giraffe", "jackal", "panther", "puma", "tiger" ]

gap> AddSet(animals, "panther");

gap> animals;

[ "giraffe", "jackal", "panther", "puma", "tiger" ]

"jackal" Q42���¢;N 2 	�
 -!� ª�bAO � m9N - � 
AaMG ( . 3 	 
c/�'J)�651 , "panther" 1 K 6 -��
� l bAO � /�6�254 animals 1 ��� a . O .

2�45QW �)�6 � � N , ·�1P2A4��	6�8A¸ ( . GAP 1�m l =	��= . ��m .3K . GAP
- 10±3� Intersection

( 
	¯ � ( ) N Union( �M254 ) Q�� � p l bAO � .

gap> wildcats := ["tiger", "panther", "lion", "cheetah" ];

[ "tiger", "panther", "lion", "cheetah" ]

gap> Intersection(animals, wildcats);

[ "panther", "tiger" ]

gap> Union(animals, wildcats);

[ "cheetah", "giraffe", "jackal", "lion", "panther", "puma", "tiger" ]

wildcats 132A46A1 . � Z [¦\ 6�8 � ¤ �0	�Q0<¸>ª>bMO . O § . < l- =�v~ � , ±>� Intersection#
Union /W¹ K ��1�2	4 ¤ ��	�QA<7¸�ª�b0O � )

-A. ªMb�O � mN - � � Kt� . m l 1 I /��D %�Kt�
N � ��� - j h���� - = � £�¸ ( .

2.4 ���

GAP 6�1 , ��� (Range) N�1,���7/ .�K ( � B ) ���A� � 698;: , ]�^ . E��C2�/ ZP[)\�-  . ~ . O .

m�/������ � %'I ¶ K / - ,
Z�[)\ N	aHb K �9b	/D %#- � � ¶v: - , [ �6� , � 2 � .. ²��6� ] N -

����%! Q98 � .
�#" 1M·�/%$�6 Y'&MK;� LDC2)(�� N'/	±�*76�		n698 � Q ,

�#" /,+#- S9. � N5a
b�1 , .´L;~0/��q: , 1, 2, · · · , 1000 N 1 � ��1�® aHb , ]5 9/�� 1000 ��6%243#���A� � 658 � . m�/�G(H-

, ����Q5. / _ 4 - 1 , � � � %7698 acb , [1..1000] N:��% ->I�K . V9X - � % 8 µ� .
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gap> [1..99999];

[ 1 .. 99999 ]

gap> [1,3..99999];)

[ 1, 3 .. 99999 ]

gap> Length (last);

50000

gap> [99999,99997..1];

[ 99999, 99997 .. 1 ]

1 	 
c1���� 1 / ��" , 2 	 
31%�#� 2, ²	³71���� −2 / ��" 698 � . m�m�6 , Length(last) N - O�d
/	1 ,

K � �/�� (=last)
% ±�� Length

-!�6� �;GN�O ( ��� 6 . �/�� %  �) Kt� m9N . �����56 �� /�6�% "t. j  698 � .

� -HY4& a d ��" [1..9999] 1 , 8��H�06�j# 	6A8 � L ~ ,
�,"�! 0 1 [1, 2, 3 .. 999] N O (�� / Z[ \ -
	��M. O . GAP

- 1 ,
� h�~ l d Z�[ \ Q �," 6�8 � L F5( L %)�   K�� ±'� IsRange Q�8 � . �

d �)" Q Z�[¦\ NAa�b � h7~ l d _ 4 - <�/ I j % ��/9G ( . �8% .��-'I�K ±�� ConvertToRangeRep

Q98 � .

gap> a:= [-2,-1, 0, 1, 2, 3, 4, 5];

[ -2, -1, 0, 1, 2, 3, 4, 5 ]

gap> IsRange(a);

true

gap> ConvertToRangeRep( a );; a;

[ -2 .. 5 ]

gap> a[1] := 0;; IsRange(a );

false

2.5 For � ����� While � ���

for LD�2;N While L�DC2 % � � - j7Otm .WK mN3Q ?A@B0CWD�E - G ��� �7/ E e,� -�.�� . �0� ,

for LDC2	L ~ Y & aMG ( . pp
% � 	 L ~ .7� ZP[f\ N�a , <5/ ZP[f\�-�� � l bAO �'K �b�/0� 	 %� � 4�¶�� � mN % g h � . GAP 651 for LDC2 % j�ª�b�·�/7G (H->#�� .

gap> pp:= [(1,3,2,6,8)(4,5,9), (1,6)(2,7,8), (1,5,7)(2,3,8,6),

> (1,8,9)(2,3,5,6,4), (1,9,8,6,3,4,7,2)];;

gap> prod:= ();

()

gap> for p in pp do

> prod:= prod*p;

> od;

gap> prod;

(1,8,4,2,3,6,5,9)
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1 3&
3/('=)�6 ZH[ \ pp
%  6) a3b	O � . ��3 -- � } l�. OvN � 1 , return key

% � acb�·�/�3V
X -- O�bAO � ��G>O . ���0?�3�@ ;

%�� 2 > � . OCB`: , GAP 1�� >
% ¹ K £ � 6�«�� P � /('J)

£;N�E	� Kt� .
ZP[f\ /0�5D�E�698 � � 	 1 K �b�
��� 	 /���6 I p l bAO � mN - � � K�� . p'b� � prod

% j�ª�b�� % � � K�� . ������N�acb������ 	 ( )
%!��l b / � . 5 3�
HL�~ 7 3�
c��6	Q

for LDC2�698 � . p
% LDC25/ � ��N�a ,

ZP[f\
pp
-�� � l;� D %W� pcO�� - � � � �� :�£va ,

�

� prod
-�� L ~cL � bAOA� . do Q/LDC2�/	��/	'J)76 , do

%���- acd od; Q/LDC2�/)�°: % � � K�
. ?A@5B�CWD7EA1 do N od; / M9% p /���� - acd	Q9ª�b ,

� � � � � � mN -�.� .

For LDC2�/0��� S9.�- -71 ,

for
� � in

ZP[f\
do 'J) od;

698 � . for LDC2 - G : ,
Z�[f\�-�� e l��'K �b�/D -�F acb�'J)7Q@A83 p l�� (

ZP[f\�-�h Q98	ª
b�= , <�mW1 % � aHb # ª0b � lt� . ³6�(L � G (�- , m l Q	��8 A -�� /��5O�d<�� . /A658 � ). d
£ a , for LD�251 A83 K�� £ � 6:��1W¹vp . O5L;~ , 8 ~cL @�e � � + , % j� Kt�
� � # ±W� % � �
acb / L .5�>l � . ~ . O . !#" F /�7651 � � -> p,

ZP[ \
-> pp, '*) -> prod := prod*p;

698	ª�b ,
� �+ ,7Q � � prod

-- � > � l d .

����/�2 365�7�8:9�;7651 , for L9DC251M·�/ � %��t� /�Q01�¯698 � .

for
� � from ��� to ²!��� do 'J) od;

GAP / _ 4 , m l 1�$ - � �#" �`NHO ( ]A^ . ZP[f\�% g h0b�O � / - 	 �A. O . 2.4 $�6�%5�d ,
�

"t%�I�K �&$ . j  - acd�Q�h�� , mW/M]A^ .W_ 4�1 ,

for
� � in [ ��� .. ²!��� ] do 'J) od;

N - ��m9N3Q	6 � � . ��h�� , 50!
%

for LDC2 % j�ª�b � � K���- 1MV9X�/7G (H-�K�� .

gap> ff:= 1;

1

gap> for i in [1..50] do

> ff:= ff*i;

> od;

gap> ff;

30414093201713378043612608166064768844377641568960512000000000000

m	m�6 , for LD�2 % j�ª�b 1000 V9X5/M�A��/ ZP[f\ primes
%�� � 24365�7�8 %('�) acb / � .

gap> primes := [];;

gap> numbers := [2 .. 1000];;

gap> for p in numbers do

> Add(primes, p);

> for n in numbers do

> if n mod p = 0 then

> Unbind(numbers[n-1]);

> fi;

> od;
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> od;

m	m�6>j�ª�bAO � i  �1 � � 7 \ [�����[ /�� � O ��698 � . 2 L ~ 1000 ��6�/W�7/ ZP[f\ numbers% � � Kt� . �� 2 1M���7£�L ~ , ����/ ZP[f\ primes /W²�� -0/ � . · - numbers L ~ 2 6�� lt�
� %(.��	� ��K�� . 
 ª�bAO � �76 2 /0·71 3. < m�6 3

%
primes / ZP[f\�-'® h , numbers L ~ 3

6�� l�� � %(.���� ��K � . numbers
- 
�ª�bAO � ·�/W��1 5. < m�6 5

%
primes

-'® h , ... mW/����%� :+¹ K m9N - G�:´���7/ Z�[)\ primes Q�� ~ lt� . 2 3*5�708A/�# - if Q 6 b � dAQ , m l 1
fi: N�� -�. ª�b����J
 �

if '*)=� % ��� Kt� . G : 
�� . if 'J) -�� O	b�1M·_ 3.2 $�6�E Y�Kt� .

· - while LDC2 -W� O5b Y &MK�� . while LDC2�/ - � i�1
while ��� do 'J) od;

/ � % N � . While LDC251����7Q6�5d�p l�� B`: , 'J)�/�� % LDC2�6	�`: P��5� . for L9DC2;N�1#"-
while L5DC251 od;

- G :0��� K � .

·�/0�t1 ,
� ht~ l d0�� /���°N .7� ��� %�K �7b�o e � 2 3�5�768�6�8 � . m5mM61 , �	� / I

primes
%�" �°a3b � � K � . for L�DT2 N while LD�2�Q ( � ��� �A4�¶;p l b�O � / - � 
	a'b��

aPO .

gap> n := 1333;;

gap> factors := [];;

gap> for p in primes do

> while n mod p = 0 do

> n := n/p;

> Add(factors, p);

> od;

> od;

gap> factors;

[ 31, 43 ]

gap> n;

1

����/ I Q58 � Bq: , n := 1333
%�� h � m�N - G�: F ¢ . � n

-�F aHb7=c���W�Q E  �6 � � . while

L9D�2�1M��� p
%	�  vacdtN � , <�/��7Q p 6:� ��� lt� L ,

K7. ¶J2 n /M���M� - p Q���� J�lt� L% � � Kt� / - j ¶ l bAO � .

�A��/ It%�" � K�� = ( � � /:� N5acb , ������� % o�e � 24365�7�8 %�� �7b / � . p N p+ 2 Q)
- �A��/�N � , (p, p+ 2)
% �����A� NHO ( . ���	�A��1 O BM� .� 5K�� N�!	" p l bAO � Q , ��£$# &

1 p l b�O . O .

gap> twins := [];;

gap> for p in primes do

> if p+2 in primes then

> Add(twins, [p, p+2]);

> fi;

> od;
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gap> twins;

[ [ 3, 5 ], [ 5, 7 ], [ 11, 13 ], [ 17, 19 ], [ 29, 31 ], [ 41, 43 ],

[ 59, 61 ], [ 71, 73 ], [ 101, 103 ], [ 107, 109 ], [ 137, 139 ],

[ 149, 151 ], [ 179, 181 ], [ 191, 193 ], [ 197, 199 ] ]

gap> Length(twins);

15

m�/���651 , � �	���7/ I twins 1 Z�[¦\ [p, p+2]
% ��(`N Kt��ZP[)\ -�. ª�b�O � . �AdM³ � / Z[)\ 1 , primes

%
200 V	X5/M��� N�aHb , twins

%� �`p ��d�+ ,�658 � . 200 V5X5/M��� -�F aHb�1 ,

15 ��/����	�A�7Q .� 5K�� m5N3Q0(�L � .

p5~ - , p, p+ 6, p+ 12 Q��A��/tN � , (p, p+ 6, p+ 12)
%�� ���A� NPO ( mN -�Kt� N ,

� �	�A��1M·
/7G (H- � �`p l�� .

gap> trios := [];;

gap> for p in primes do

> if p+6 in primes then

> if p+12 in primes then

> Add(trios, [p, p+6, p+12]);

> fi;

> fi;

> od;

gap> trios;

[ [ 5, 11, 17 ], [ 7, 13, 19 ], [ 11, 17, 23 ], [ 17, 23, 29 ],

[ 31, 37, 43 ], [ 41, 47, 53 ], [ 47, 53, 59 ], [ 61, 67, 73 ],

[ 67, 73, 79 ], [ 97, 103, 109 ], [ 101, 107, 113 ],

[ 151, 157, 163 ], [ 167, 173, 179 ] ]

gap> Length(trios);

13

2.6 w�xzy������
	���

2.5 $�6�� 	 L ~ .� ZP[f\ pp %  *) a , pp
-�� � l�� D�/�� % � � acd . A�1 GAP

- 1 ,
ZP[f\�-

� � l�� D�/�� % � � K�� ±W� Product Q�� - � � p l bAO � . m l % �9O � N ,

gap> Product(pp);

(1,8,4,2,3,6,5,9)

gap> Product([1..15]);

1307674368000

2 	 
H/:��1,�	��/ Z�[f\ [1..15] - ±W� Product
% � � acb�O � . m l 6 , 15! = 1307674368000 Q� ��6 � � . ��� - ±W� Product 1 , <5/ ZP[f\ /0D - ��QA *)`p l bAO � B`: ,

ZP[f\ /0D K �b -
¶�d � � % � � K�� /�698 � .
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�Ai ,
Z�[f\ /D - �Q� 0)qp l b�O l � , 1�"�/�±�� Sum Q>j;h � . ��h�� , 1 + 2 + · · ·+ 100 = 5050

1MV9X5/�G (H--��5� .

gap> Sum([1..100]);

5050

 - G ��� - = � ±M� N9a3b List Q8 � . ±W� List 1 ZH[f\ N'±M� %�� ��N�a3b . 2 , <9/5±W� %ZH[ \ /�D -�� � p$��b0� ~ l��tZH[ \ % �°N5a3b�¹ K . �;hA� , V�� 6)�a3d�G (c- cubed
% ±M�

f(x) = x3 N K�� N
gap> cubed:= x -> x^3;;

gap> List([2..10], cubed);

[ 8, 27, 64, 125, 216, 343, 512, 729, 1000 ]

K�. ¶=2 , 2 L ~ 10 ��6�/W� x
-�F a , x3

%�� �d ZP[f\ Q��~ l � . ±W� Product
#

Sum 1 ,
� �

N�acb ,
ZP[f\

[2..10] N'±�� cubed
%��t� m9N�=�6 � � .

gap> Product([2..10], cubed);

47784725839872000000

gap> Sum([2..10], cubed);

3024

< l � l , ±W� cubed L ~ ��~ l d ZP[f\ [ 8, 27, ..., 729, 1000 ]
-�F	K�� ��N	� % � � acb

O � .

��� / Z3[ \ primes Q*� h�� 1000 V�X9/A�	� -F a�b	 �) p l b�O � Na'b , <�/ #AL`~�� 7/
��� - 8 ( D %/� : 6 a3b ¬ d - ZH[ \ % � :Hd�O . mM/�G (H. N � ±M� Filtered QWjvh � . ±M�
Filtered 1 ZP[f\ N , D %�� : 6WK � � % � h � ±>� N % ,

� � N�acb .5� . ��h�� , 30 V5X5/0�A� %� : 6 aHd �>l � , ±W� x -> x < 30
% j ( .

gap> Filtered(primes, x -> x < 30);

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]

V���%	�5d � ( Z�[)\+%�� � � � { }
% ©	O	£A< ( . m�/ � � 1 Z�[)\ /,�T� %�� � N�acb , <�/!�T�-0/7�5��ZP[f\ /0D % ��N	acb0¹ K .

gap> primes{[1..10]};

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29 ]

2.7 ��� y �������

GAP 651 , �
	
� �� N�11���/0DL ~ .� �t. ZP[f\´% � � K�� . ( j  �� ,
� Nt� \ LvG :H1�3JN

� \ L7Q *�R -�.� .
� Nt� \ L�1M· ->Y'&MK�� 3 � /M]�g .W_ 4`N�acb &)( .)

gap> v := [3, 6, 2, 5/2];; IsRowVector(v);

true
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IsRowVector( ) 1 � h�~ l d ZP[f\ Q 3JNt� \ L7L F�( L %��   K�� ±W��698 � . GAP 1�3JNt� \
L -�F aHb ,

®  ,
[ � 7�D0� ,

P � % � � K�� .

gap> u := [1, 3, -2, 4];;

gap> v + u;

[ 4, 9, 0, 13/2 ]

gap> 2 * v; v * 1/3;

[ 6, 12, 4, 5 ]

[ 1, 2, 2/3, 5/6 ]

gap> v * u;

27

· - 3 � %  *) K�� . GAP 6	11 @ - p %!. ª�d ZP[f\´% DqN K�� �t. ZP[f\´% ��� NPO ( . d;NWh
� , ·71 3 3 3

� /�3 � %  *) K�� .

gap> m := [[1,-1, 1],

> [2, 0,-1],

> [1, 1, 1]];

[ [ 1, -1, 1 ], [ 2, 0, -1 ], [ 1, 1, 1 ] ]

gap> m[2][1];

2

3 � m / (i, j) �T(�1 m[i][j] 6 � h;~ lq� . d`N0h�� , 3 � m = (mij) / (2,1) � ( m21 1
m[2][1] = 2 N .� . ¯��9/7G (H- , 3 � 1 ®  ,

[ � 7�D0� , �4 %!.5� . d	£ a ,
>���. Qv~	� ��


Q98A¶ .��>l ��(���1A6 � . O .

gap> n := [[3, 4, 6],

> [0,-2, 1],

> [2, 4, 1],

> [1, 0, 1]];

[ [ 3, 4, 6 ], [ 0, -2, 1 ], [ 2, 4, 1 ], [ 1, 0, 1 ] ]

gap> n * m;

[ [ 17, 3, 5 ], [ -3, 1, 3 ], [ 11, -1, -1 ], [ 2, 0, 2 ] ]

gap> m * n;

Vector *: <right> must have the same length as <left> (3)

m * n / � ��651 ,
� N��/�� ��
�QM4�¶ . OvN3O ( /�6 � 3 @ %��Aµ ~ l , ���"����L7DC2 -�� µ/>

� l b�ac� ( . ��i@3 � N N � \ L�/�(���=����9658 � . aHL�aWm�/ _ 4 , 2=3 ª�N���� . m9N0=XCtm � .

gap> [1,0,0] * m;

[ 1, -1, 1 ]

gap> m * [1, 0, 0];

[ 1, 2, 1 ]
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²���/��71�1	¯/�3N � \ L N23 � / � �9£�Q , 2 	 
H/���6�1�1	¯ , m�/��6	76�3 � N63JN � \ L % L��� m9N31�6 � . O . A1 GAP 1 [1, 0, 0]
% � N � \ L N�� . aHb , 3 � Nc/(� %� �`aHb � lt�

/A658 � .
¤ � � O m9Nc6	1�8 � Q , ���96�m ( O (����t%#- O�d�~ , ! � 1 GAP � # p�a��>8;:����

¢ ).

GAP 1!�	� � �	V�� - �TB 0 6	/ � � % � � N	aPb�O � . dtNWh0� , ��� p
-�F a ��� Z

%
pZ 6��7ª

d
	C' $ Z/pZ 1 0�-�.� . m l % � B 0 , 8 � O1�²��7/ U����� 3�$ - 2 . ¢	6 � 3�$ 0 , NHO	O ,

CAP 6	1 GF(p) N I�K . GF 1 � 3 $ 0 (Galois Filed) / 8 6�8 � . dtN�hM� , GF(5) 1,�A� % 5 6 �ª
d:' : {0, 1, 2, 3, 4} - mod 5 6��`N:� %  0)vaPd�=�/�6�8 � . G7:���� - GF(p) /��TB�·��@� ¤ n ·��
� ) 1 q = pn �7/D %!.�� ��B 0 GF(q)

%  �) K�� . ��B 0 GF (q) / �4 �� GF (q)−{1} = GF (q)∗

1!�5� q − 1 /�
&��� -�. : , <5/ � �CD % GAP 651 Z(q) N I�K . (q Q���� p / _ 4 , Z(q) 1M�A�
p /��!/���N��9� lt� .)

�	������(qN Kt� 3 ��� Nt� \ L - ��B 0 GF(q) /D Z(q)^i � [ � 7�D N	acb�L �5� mN - G : , 3��� Nt� \ L���� B 0 ����(qN K�� 3 ��� N � \ L - ��� a , < m>6 � ��� 2te � G! #" K�� mNcQ	6� �
.

gap> m * One(GF(5));

[ [ Z(5)^0, Z(5)^2, Z(5)^0 ], [ Z(5), 0*Z(5), Z(5)^2 ],

[ Z(5)^0, Z(5)^0, Z(5)^0 ] ]

m�m�6 One(GF(5)) $,� B 0 GF(5) %�$� D 1 �'&�( . GF (5) = {0, 1, 2, 3, 4} )*(�+�, , -�(/.�" 10�1 .�2 , 34+!��5�6�.73�)�"�8!9 , Z 5;: Z/5Z "'<�=�(/.73>)'"�?�. . 5 %
�A@���$ 2
0>1 .�5B:

Z(5) = 2 )DC�E�F�8'G . 3�%�=�H!� {0, 1, 2, 3, 4} %AI 0 &7JLK�M�6'+�, , N
O Display P�QSR .

gap> Display(m * One(GF(5));

1 4 1

2 . 4

1 1 1

3�+>2UT�)V%�=�H m %�WYX�Z�P mod 5
0�[ E�M]\>^�_ GF(5) `�%�=�H�aY?�. ( bVced . $
fhg�P'ij (/. ). k]l Z(2) m Z(4) P�5�6�.�) ,

gap> Display(m^2 * Z(2) + m * Z(4));

z = Z(4)

z^1 z^1 z^2

1 1 z^2

z^1 z^1 z^2

n�o ?�3A)'aY$ , Z(4) P z
0�pUqsr!t F , z %>u�)�K�F�v�w7.�=�H!P�x q]y K�F!z*+/.]% 0A1 . .

{ t :|+�M
=�HU5B:|}�=7H!P�~/.4�7~�� , �D�Sd�5e:|��Z��#�Sd�P
~!.V�A� 0 , � y7� 8!R#a'���>as=
?Y��+/. .
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gap> sm := m{ [1, 2]}{[2, 3]};

[ [ -1, 1 ], [ 0, -1 ] ]

gap> sm{ [1, 2]}{[2]} := [[-2], [0]];; sm;

[ [ -1, -2 ], [ 0, 0 ] ]

��� ����0 � , 3 ��=7H m 5B: 1 =�� , 2 =���) 2 H�� , 3 H��sP
	�� 0 ~�E�M 2 � � }�=�H sm P'vUw
F�G�. . 2 �� ���>0 ��3�R]K#F]~�E]M 2 �]=�H sm

�
2 H��4PVH���� d�� [[-2], [0]]

0�p�qVr!t M
=�H!P sm ��K�F�x q�� K�F�GU. .

��� a�N�� K�M�N
O���K�F , GAP � { t :|+�M � ���>�
 O!P�!#"�$/.]N
O Order( ) P�%�E�F�GU. .

\>^�_ �&� PsX�Z'�($/.�=�H �
 OU�
\>^ 0A1 9)� � 8!R#aY?�. .

gap> Order(m * One(GF(5)));

8

gap> Order(m);

infinity

��� ��� � , =�H A = m * One(GF(5))
�
 O�2 8, *,+;9 , Am = I �s?�. � } � O�2 8

0A1 .73-�
P�. K�F�GU. . � ����0 �
/�OY=�H m

�
 O�2�0�^�1 071 .73-��P�. K�F�GU. .

� y a#=�H>a]N�$�.32�4 � NVO�P 1�5 F&6!z . =�H A
�87Yp =�H tA PVvAw�.�a�� , N4O TransposedMat

P4QSR .

gap> TransposedMat( [[ 1, 2], [3, 4]]);

[ [ 1, 3 ], [ 2, 4 ] ]

gap> TransposedMat ( [ [1..5]]);

[ [ 1 ], [ 2 ], [ 3 ], [ 4 ], [ 5 ] ]

2 �� ����0 � , [[1..5]] � [1, 2, 3, 4, 5] PV=��9��d����($!. 1 = 5 H � =�H�P�:�$ . K�M�2�E
F<; �&7�p =�HU� 5 = 1 H � =YH�aY?�. .

n �7�  =�H In �YN
O IdentityMat(n)
0 :'=*+/. . +YM , m = n H ��> =�HU�YN
O NullMat(m,n)0 { t : +/. .

gap> IdentityMat(3);

[ [ 1, 0, 0 ], [ 0, 1, 0 ], [ 0, 0, 1 ] ]

gap> NullMat(2,3);

[ [ 0, 0, 0 ], [ 0, 0, 0 ] ]

? ��=�H A = (aij) a
@ K , Tr A =
∑

i aii P A
� dBADC�� (trace) �DGLR . Tr A ��N'O TraceMat

0

!<" 0�q . .

gap> TraceMat([[1,2,3], [4,5,6], [7,8,9]]);

15

gap> I:= IdentityMat(3);;

gap> TraceMat(I);

3



21

? ��=�H A
� =�H � detA 6�8�� =�H A

��� O r(A) ��;]+��]+>N'O DeterminantMat, RankMat
0

!<" 0�q . .

gap> a:= [[1,2,-1], [2, 5, 0], [3, 3, 1]];

[ [ 1, 2, -1 ], [ 2, 5, 0 ], [ 3, 3, 1 ] ]

gap> DeterminantMat(a);

10

gap> b:= [[4,1,2], [3,-1,4], [-1,-2,2]];;

gap> RankMat(b);

2

K�5BK , =�H � m � O � !<"U���
	���as=�H � �
	�
�Ua����7G7FYGU. ��0 , 1 q ?������ � =AH � !
"UaY�����Y2�5�5�. .

?�� =�H A a�@ K , A
��� =�H A−1 �&� � 8!R#a
xU6�,>8sG .

gap> a^-1;

[ [ 1/2, -1/2, 1/2 ], [ -1/5, 2/5, -1/5 ], [ -9/10, 3/10, 1/10 ] ]

2.8 � �"!$#�%
&('

GAP
0 ��)�*>5 ��* C,+7P�-�./�>a�021�=43�F#6ez65
7��7K4F , 8�9;:=< ( 0
1 ) 2�>�i�=D+>FYG�. .

�D� dB�@?BA
8UR#a , A�C�C bDT#��Z�D�E�F�G���d ( A�C8CSb X�Z �#G R ) 5B: 0Aq F�GU. . K�5hK7�*�
d � ��Z�D�E�F2G<� d 2 primes[1], primes[2]

� 8�RDa8�H7aA8
E
F { t :JI�. � �LK�?B9 , A�C8C
b 0 � , WYX�Z>2�k]l
M�N 0�O�P =4I/. .

�!t ,"QSR!6Ya�N&$/. * C/+�P@T�U K�F#6/z�aY�

gap> date := rec(year := 2003,

> month := "June",

> day := 14);

rec( year := 2003, month := "June", day := 14 )

�($/. . 36I 0 , year, month, day PsX7Z'�($/. A�C�C b 22V�W'=4I>M . A�C
CSb � WYX�Z/P O�P $
.�aY� ,

gap> date.year; date.month; date.day;

2003

"June"

14

�($�I�,�8'G . A�C�CSb � I�a , =7:sa�X K*G * C/+�P A�C�CSb ��K�FYR!6[Z t .73 ��T 0�q . .

gap> date.time := rec(hour:= 19, minute := 23, second := 12);

rec( hour := 19, minute := 23, second := 12 )

gap> date;

rec( year := 2003, month := "June", day := 14,

time := rec( hour := 19, minute := 23, second := 12 ) )
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3 � 8!R#a ,
� � � ��� KDG * C/+�P[R!6[Z t F A�C8CSb P��YX'=L3>F�GBzs��6���2��
� ��K�F A�C�C

b � IYa � �7?
	��#2 1 E�M�5��2I>FBK + R . ;��7?

.U� , N
O RecNames a�8�9�A�C�CSb � WYX�Z
P O�PA0Aq . .

gap> RecNames(date);

[ "year", "month", "day", "time" ]

�/t ,���� Q ��* C/+�P��!w�F�T�U K�F#6Bz�8�RD?

.�a , A�C8CSb��
\�� 0A1 . .

3 � ��������� �"!�#%$

3.1 &('*)(+-,�.

/�0 a hello, world. �2143UP�x;zsN
OU��� � 8!R#a�V�W =4I!. .

gap> sayhello:= function()

> Print("hello, world. \n" );

> end;

function ( ) ... end

GAP
� N'O��6587�F89 ��: � � 769
; � 8!R ?>T ��0 , <7,�I!.-� 1�=�2 � F q F�>�?�P�@�= K , A�.

�B7�9�;�a
C�E�FYGBz . D;z � �.�N]O ��E P�F�$�2 , ` ����0 � Print >G?!P�@�= $B. ��HA0A1 . .

$�?Y�GI 2 =�� 0 hello world � /�0 a
x q , �7G 0�J = “\n” $/. .

N
OU�&� � x � 0 x�5�I/. .

function ( �O ) >�? end

+
K , function
0 N�OUP�L�MLK , ; �
N�� ( )

� I�a�N
O � �O OQPR7�S�C�+UT>P , C�9UV 04W o E]F
x;z . �O � OU�]` � 8�R#a 0 X 0 TsG�G;K , Y�X 0 T[Z'=4I/. . function( )

��NR\ aY��]�^�CYg69
P�x�57?�G . ;�g�_47�`�� � N a end; �*x;z�3-�'a�8�9aA8b�$/. . V�W K�M�N
O sayhello

� IUc�Pd .�aY��� � 8!R#a�$/. .

gap> Print(sayhello, "\n");

function ( )

Print( "hello world. \n" );

return;

end

sayhello
��NR\ a J =�e6? "\n" P
*�6�?�G � , endgap>

� 8!R#a ,
� N��

end � � � GAP
� ;Ug

9�;Sd gap> 2�*�?�2AE�FBKB+ R .

� K�z6V�W =4I>M�N
O sayhello P
@�=�$/.�aY� sayhello(); �*xU6�,>8'G .

gap> sayhello();

hello world.
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3.2 If
���

� ��� ��/�O � ?�� P���V�$/.���.�N
O!PYV�W<$/.�;�g�_47�` 0A1 . .

gap> sign := function (n)

> if n < 0 then

> return -1;

> elif n = 0 then

> return 0;

> else

> return 1;

> fi;

> end;

function( n ) ... end

gap> sign(0); sign(-99); sign(11);

0

-1

1

��.�N]O sign(n) ��/�O n 2 ? ,
� +�M7� 0 a/K�M�27E�F E 1,−1, 0 P�F�$ . 3�3 0 Q/�YI>FYGU.� 2 if >�? 0A1 . . if >�?��&� � x � 0 :'=4I , 	�
!a�8�E�F��I��!PUe�V $/. .

if 	�
 then >�? elif >�? then >�? else >�? fi

elif ��TBI \ � else if P�*�? 5 M���� 0 , �7a
GBz *���I>F�TsG�G�2 � N � , else
0�q I�E����Uw

. . ��-A27?76;I�� , 2.5 � ����� 8!R#a elif T else T���� 0�q . .

� ��� � b E/c&� � IYa , T>K � � I 0! a#"UE�MB: � R $/.�5 �#G R%$ 0 ,
 P'&�(�Ks?�G�8hR#a)* 0 $ K�5�6�. , T>KB;�I 0�+ �[��E�MB:3; R C>E��-,�Ih. , T>KB;�I 0!+ �[��E�MB:��/.�aY?7E�F#05 . , T�KD;YI 0 T + �[�7E]M/:21Ua'3�. , T�K3;�I 0 T + � �AE]Mh:54!a76���8/9 , T�K ;�I 0 T + �

�7E�M!:-. �6��: 9�P
$�. , ..., �DG R � 2 1 E�M . T�K + � �AE]Mh:#� Y<;�T'=AE�F�G�.,��3 \ P d .
��>@?BA2cBTY36I 0#C 5>.��V�]C�E]F�G�?�GU8!R 0A1 . . ;�T
;�T�. ����: 94PUK�F C 5/:V?�57E�M@D� $���E�6�?�G75B: � N�� ���>2 � �!F/G \��>5�T�Z�5B:V?�G72 , �'a�5/z�36I�2�H�I �A? if J�1 01 . .

3.1 � 0 , N
OU�87�9�; �!K�� 8!RD?�T � � �L=�E�M�2 , N
O!PYV�W�$/.LM F � , N 4OA c>245 7<PU5 9Q � d �#R�S a76���8T9!3 �sPsi j $!. . function(a, b, c) ��N�O>2�LBM =LI�M���U 0 , N,4��>3BI
: ��R�S 5B:L�O a, b, c P7V t F#� R/S as= z . end >4? 0 ;�g6_47�`�2�A8bBK]T,� ��R/S a
C
I
.�2 , ;�g�_�7�` �!W I 0�X�Y PZ t F#0 5 F@[!.73-��T 0�q . . ;�I>2 return >�? 0 , ` ����0 � ,

;�I���I -1, 0, 1 ��\�a
J4@ R�S a
C�E�F@[!. ��0A1 . .

2.1 � 0�]T^ �D� d�a�*�G7F!_/`AMY2 , CAP
0 ��N
O�PYV�W�$!.�1ba � I 0 ; � N
OcA c�P4Q Rs3-��20Aq . . 3 I�� , a��9�79*2!d�5!e�2#d�5 �DG R�f�g��]T-hYl�a�*>?�2�E]F�G�.Y8�R �Y2 , i�j � 0 V�W

=4I�M�OYH!P�k R�� q ? � ��$B3�l�.nm�.�2�8sG . � y���� �po�q!r Q cLs]O�H�P�! "�$!.�;�g�_47B`0A1 . .
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gap> fib:= function(n)

> if n in [1,2] then

> return 1;

> else

> return fib(n-1) + fib(n-2);

> fi;

> end;

function( n ) ... end

gap> fib(15); fib(20); fib(30);

610

6765

832040

3�3 0 � ,
� � 	�
 fib(1) = 1, fib(2) = 1 �!oTq�r Q c�s�O�H � iTj � (5 = � ) P { t .��>6 0 ,

fib(n) P8$T`AF�!#" K#F!z4I!. . KD5hK[;�g�_67B`Y���;z�F]x q�� G>6@I � ,
]�^ >�? � ��E�M6;�g�_

7�` � �,C�; � ;�O�����Z-$/. . ;�3 0 ;�g�_47�` � ��� , *,+;9 !<"�������	Lz'?7E�FhK8+ R . �
��
� G�!<"!P
$h.�M�w�a�� , M � t ;�g�_�7�`���	 z'?�E�F�T ]b^ >G? 0 ��?!z , � 9aF Ka>�?hP4Q/E
M�;�g�_�7�`�a!K�M]�>2�8sG O ��� O�P T .

3.3 ���� '

� ��� � 2 * � /�O a, b
� � 1����YO gcd(a,b) P��<C ���]c/b ����� ��P;>7G�F�! "�$��
;�g�_�7

` 0A1 � .

gap> gcd:= function(a,b)

> local c;

> while b <> 0 do

> c:= b;

> b:= a mod b;

> a:= c;

> od;

> return c;

> end;

function( a, b ) ... end

gap> gcd (30,63);

3

a � b
� � 1�����O!P�v�w���aY� , � (a,b) P a’ = b � a P b

0�� E�M� 9 b’
� � (a’, b’)

0
p�qVr!t �,�DG R���~�P!� 9 F K , b’ 2]f�g]aY?YE�M � q�� b 2 � 1��"��O�P { t � . 3 I�P
@
#AaV=
?�6 R�� $��,� , !<" �W I 0 b

��E P%$'&'=L3>F#6hzVMAwYa ,
� R�K�F�T�TUR)(�*
�O c 2!�
*�a�?

� . 3 � �O�� , N�O � V�W�2]xA5�I�F�G+� � R�S , *-+e92587pP�589 Q � d ��R�SA0���H i j P8%�*

O 0A1 � . 36I�P�;Ug�_�7�` � @Uw 0 local c; ��K4F6L�M�K , ,�-�."/ �#G R . 0�1��OU� ,

1 z�+0
gcd(a,b)

��R�S�0���H i j P�% * �Y0 , 2 ��R�S>0 ?BAL�O c P4Q/E�FUT43�5U��6 ��?�G . 36I��
1�7�?�3-� 0 , function

� V�W��"8 =4I>F�G���56� A*Z 0 V�W K�M �7K�FUT�I�c���9 t F�G�?�G � 2
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� 0A1 � �Y0 , 0�1��O�a!K�F#6�6���3�I�: ��R�S>0���� K�F�� q ?Y�O!P4Q t � �Y0A1 � . � ����0

�O c
�UE 2��j�KV?�G!3-�'P d F���KDG .

gap> c:= 7;;

gap> gcd(30,63);

3

gap> c;

7

0�1��O!P4Q/E�F , o/q�r Q c�s
O�H � �
N/8�9 ��� ��� G O K#5BK ��N�8�9 -
	U?�TG;�g�_47B`7P�~
�73-�42 0�q � .

gap> fib := function (n)

> local f1, f2, f3, i;

> f1 := 1; f2 := 1;

> for i in [3..n] do

> f3 := f1 + f2;

> f1 := f2;

> f2 := f3;

> od;

> return f2;

> end;

function( n ) ... end

gap> List([1..10], fib);

[ 1, 1, 2, 3, 5, 8, 13, 21, 34, 55 ]

4 � ���������� #������

GAP
0 N
OAm ;Ug�_�7�`7P�V�W K�F!T , ( G GAP P
A8b�$�I��U36I : � N�O�m(;�g6_47�`����
� =

I>FBK +�G , ��aVQSR�� q �<+YM
V�W KV?�6 ='?76;I���?h:V?�G . +YM�!<"�=4I>M * C/+�T�A8b ��?2�
a�� =LIAFhK +;R . ( G V�WLK#M�N�OYm ;�g�_�7B`�P GAP a
��I6K�a;0�� =J3 , 1
 ��* C�+YP GAP

a"! H 8-+�3 ��MAw�aY�po$#�� �!PBR +!z Q���?76;I���?/:V?�G . � y o%#�� � � Q�G���P'&�(&$�� .

4.1 Read

�ht � , 2.5 � 0 � F q M*)YO/P�!�"�$ ��;Ug6_�7�`�P�T�U KVF<6 q MYG � $ � . ; � �. , +-,Y?/.* q2+&C>P4Q/E�F , � � 8!R#abo%#�� � myfile.g P�~�� . ( 02143��'�!a .g 0 ?UzVFUT � G ).

###### myfile.g ######

primes := [];

numbers := [2 .. 5000];

for p in numbers do ### prime numbers less than 5000
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Add(primes, p);

for n in numbers do

if n mod p = 0 then

Unbind(numbers[n-1]);

fi;

od;

od;

o%#�� � � I 0 � , >�?U��@�=�=4I�?�G �Y0 , ��N � 8!R#a primes := [];; � 2
� � ]�^�CYg69�a�$

���
*U��?�G . +�M GAP
� I 0 � # ��9�������� �
	hq P
$ � . WY= 0 # � y �&0���= I�� �Y0 #

P4Q/E�F6;�g�_47�`�a�CBS�9 d�P�*U6�� � 2��� 0A1 � .

gap> Read("myfile.g");

�($��73-�'a>8�9 , myfile.g
���
� 2 GAP a"! H 8�+YI�� . �Ua , �D�Sd primes aY� 5000 � y7�

)YO � :�2�� t :LI�� . ;Ug�_�7�`AP���� $ ��
. ,
�ht � 5,000 P 10,000 a/K�M75�E�M;:#o$#��#�

myfile.g P���� KDk�3 � � G . 36I�� GAP
� I 0 ����~��UP�$���8�9#� , � �
5Aa'��� 0A1 � .

? 6 , ADZ�> � o$#��#� myfile.g P GAP
��� I
` 5 �>a A�����a�! H 8,+�3 �73,��T 0>q � . �#C

` * q�A���d'�4abo2#�� � .gaprc P�~�9 , 3�3]apo%#�� � � ! H 8 H m ,
� z|QSR V�W�P
� y�� 8!R

a
x�G7F#6>6��>8sG . GAP ��������a ��� a .gaprc P ! H a]GBz �Y0 , 3�3 0 �
*>? * C�+�2�$T`�F
GAP a"! H 8,+YI�� .

�!t �

Read("myfile.g");

a:= [[1,2,-1], [2, 5, 0], [3, 3, 1]];

b:= [[4,1,2], [3,-1,4], [-1,-2,2]];

4.2 PrintTo

4.1 � 0 ! " KDM 5000 � y�� )�O � � � d P * C�+��YKDF;T�U K#F�6/z'a�� , N'O PrintTo P#Q R . 1.6

�!a � F q M�N
O Print � �! G�� ,
/�0 a�"�I � $�#��;9Vabo%#�� ��a
x q<� $'�#G R�3-� 0A1 � .

N
O PrintTo �

PrintTo( filename, obj1, obj2 ... )

� x � P8% * . obj1, obj2, ... �po%#�����a
x q#� $�D�E�F�G���d�P�:�$ .

gap> PrintTo("primelist.g", primes);

36IUa�8�9 , �*�Sd primes ���
� 2 , o%#���� primelist.g a * C/+ ��K�F�T�U =4I�� . ��a_/`��
N
O AppendTo � �! G�� , PrintTo

0 �B@�=�=4I���M2�>a * C/+�2�`Yx q =4I , ��N ��* C/+�2*���
=LI�� � a
@ K , AppendTo

0 � , �
N ��* C�+ �
N \ a � K G * C�+�2�RU6 Z t : I�F�G!z�3 � 0�1 � .

4.3 AppendTo

AppendTo �
e�VeK�M<o$#[� �Ua * C/+YP�$��2RU6[Z t F�T�ULK�F�GBz4N
O�P�:�$ . � y7� x � P�%�* .
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AppendTo( filename, obj1, obj2 ... )

5 � ���������

5.1 	�
�

@�� � � ��Z � P p�r � �DG R . GAP �7��� � a'�7�>a p�r � P7k Rs3-�42�� q � .

gap> s8 := Group((1,2), (1,2,3,4,5,6,7,8) );

Group([ (1,2), (1,2,3,4,5,6,7,8) ])

3 I�a78U9 , GAP � �]r (1,2) ���<; p]r O 1,2,3,4,5,6,7,8) aA8'E]F��]X =LI�M p�r � (Sn, n� 1
�

��Z � ) P s8 ��KDF2V�W�$�� . (1,2) � (1,2,3,4,5,6,7,8) � 8 �#@�� � S8 P
�]X�$�� � � , S8 2 GAP

�2V�W�� q MU3-�'aY? � . � N , @�� � S8 P7k R#aY� , �>a s8 PB<2� � 3 �>8'G .

GAP �7� � s8 ����.���K�F�V�W =4I�� . ;�3�� � s8
�
 O!P�����aY� , ��. ����� X�O!P { t �]N

O Size P���>�$�� . � y7� 8!R#a |S8| = 8! = 40320 2�� : I�� .

gap> Size(s8);

40320

� # � A8 � S8
���7p�r�� � _ �7K�F2V�W'=4I���2 , S8

� ! [ � (derived subgroup) aY?�E�F�G � .

( " . G P � � $ ��� q , xyx−1y−1(x, y ∈ G) ����X�=4I�M G
� ��Z � P G

�#! [ � �#G�R .) GAP

aY� { t : I>M � � ! [ � P
!<"�$��]N
O DerivedSubgroup 2�>�i =4I>F�G � . ;U3���� y7� 8!R#a
���>a � # � a8 22V�W�� q � .

gap> a8 := DerivedSubgroup(s8);

Group([ (1,2,3), (2,3,4), (2,4)(3,5), (2,6,4), (2,4)(5,7),

(2,8,6,4)(3,5) ])

gap> Size(a8); IsAbelian(a8);

20160

false

� # � A8 2 p�r (1, 2, 3), (2, 3, 4), (2, 4)(3, 5), · · · �B��X'=LI>M � ��K#F2V�W = I , a8 � M�NA2YR!6U:
I>M � �%$�� . 3�3�� 2 =�� � :�.U� , $Uz�+�����X � P�:��hK�F�G � � �%$�E�F , a8

��� P � ��x7G
F�G+� � �7�Y?]G�3 �Va�"�i<$�� . A8

�8 O�� 20160 �&$��
5h: � P � ��x�G7M/: 1
>?�3 �Va�?�� .

��X � aA8"�B:�.�2�'6Y�aU�
�A2 � G75
Z>5 ��� \ R . ��X � P { t �73 �'aA8�9 � �U� � a�(�V =LI
��5B: , ��. a8 P�:�.�$���aY�>36I��#)YZ*�%$�� . :�+%,�aY��J
I�?�G�2 , C�9&-#.�C�+YaY� � F ���
2Y� dDc��,=LI�F 6 9 , �"*>?�� q a'�"*�? � P�Q/E�F,C�9&-#.�C�+]2�!#"UPU@�= K#F/zLI�� � �&$�� .

N 4 � �4a d t ?�G ��3 \ ��1��?�/&0>27?�=LI>F�G � � ��$%1 .

�V��M t , 3�E�5�z � K G � 2�� q M � �Y5h: , ��X � ? � ��66I�z<=�GU3 �'PUM>�
K ,
� F ��� P'x q� K#F d M�G �DG R32&4�a�5/: I�� � TLD65��7$�� . ;��7?�� q ��N
O Elemnts( ) P#Q R'3 �42�� q
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� . K�5BK ,
� w � w�N'O Elements P s8 m a8 a�@LK�F�� H 8!R&��K#F7�]G�6�?�G . ����?��	��a�?

��
-��2.�G&�%$�� .

gap> s3:= Group((1,2), (1,2,3));

Group([ (1,2), (1,2,3) ])

gap> Elements(s3);

[ (), (2,3), (1,2), (1,2,3), (1,3,2), (1,3) ]

GAP � � s3 P �2. ��K F�k R���� , s3
�
� � $�>a��	������� ��� � . ` � Y. , $����O�3 1, 2, 3

a�N&$����7x � $����%$�� .

� 6 GAP a�� ,
{ t � I�� ��� 5�C � � � � �! ��"7��V�$��$#�% IsAbelian

� >'&)(LI��*�+� .
�

#'+ A8 , �.-0/ � + �%$����1� , 243�5 � � �  �.6$7�8 (false) 9:�  <; �>= �*�0?A@ .

B 66�>CD�*� s8 C a8 E	#$7F@�GDH'I>J'K , ,
� �*L�I�+DI>M�NDOP9�Q���R�S)(UT , VPE>W'X�Y>71Z.9��[.\ @ . ]F^*_ , a8 E , a8

��` % 20160 I�+ [.acb , d*N*e	f�+ [ , �0g 9 g  M�N�O � R�Sh(UT ,

s8 E , , L�I>i�?	+ � a8 E'j!@D9 g  M�NDO � R�Sk(UTA@ .

G "�lnm$+o97c@ . p�% p E�qrQ�s , G I ` %A"utc@wv�xDI p y'" pm "A97c@ . G E , ` % pm Iz�{ + � S	|oQ , L0T~} , 7��!s G
[0�0� E	j!@ . Z�I��  j z�{ +A" G I (p-) ���wN z'{ + (Sylow

subgroup) 9 g  . GAP E , ���uN z�{ +c"�J'K�7F@>#$% �>� &k(UTDs g @ . �*��+ A8 I 2- �!�uN
+ (p = 2 I$�	��� ,

gap> syl2 := SylowSubgroup(a8,2);

Group([ (1,8)(5,7), (2,6)(5,7), (3,4)(5,7), (3,5)(4,7),

(1,2)(6,8), (1,3)(2,5)(4,8)(6,7) ])

gap> Size(syl2);

64

syl2 , A8 I*�.�nI 2 �P��N'+c"��!7 . L	T [ , , a8 E ,$�.� I 2 �P��N'+ � S�|!7)@0Yn�  :� .

G = A8, P = syl2 9��1� . G , 2 ����N0+�����I���� X E �*� E!� b��'� 7A@ . 2 ���uN0+ , 7��!s
G
[*�'�n[!a @ � } , X , ���DI G ���F�	j$7 . Z�Z [ �	�D�!j0�*  � } P �u¡�¢ G ����I � % ,

|G|/|NG(P )| E���£'7F@ . ¤�Y1Q ,

NG(P ) = {g ∈ G | gPg−1 = P}

, �*� I ��� E'#$7F@ P ∈ X I�¥0�0¦�+ [.a @ . NG(P ) � P I G E>�n§�@u¨'©'¦�+ (normalizer)

9 goª . «�¬DI��® � } , G I 2 ���uN0+PI ��¯�, ,X I ��¯ , 7nj'°.± |G|/|NG(P )|
[*² ^P}UTF@�Z

9�³ { @ .

GAP E , H � G I z*{ +´9µ7�@�9 \ , NG(H) �uJ	K*7A@$¶ ¯ Normalizer(G,H) ³ � &h(T.s g @ .

L�Z [
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gap> norm := Normalizer(a8, syl2);

Group([ (1,8)(3,4), (2,6)(3,4), (3,4)(5,7), (3,7)(4,5),

(1,6)(2,8), (1,7)(2,4)(3,6)(5,8) ])

gap> Size(norm);

64

Z�Tc� b A8 I 2 �!�uN0+nI ��¯P, , |G|/|NG(P )| = 20160/64 = 315 9�j!@ .

90Z*� [ ¨'©	¦�+ NG(P ) , P ��¡!¢ G I z�{ + [.a @ . ¬!I>J'K � } |NG(P )| = |P | = 64 j'I [ ,

NG(P ) = P 9�j!@�Z.9�³ { @ . 7nj'°�± , norm = syl2 ³ � b�� � . Q � Q , ��� GAP E��A�*Z.9	�[!\ @ .

gap> norm = syl2;

true

= , ��
� [ , j�����Dj�I [ , Z�In� ª E��k��9���!³*¨´Q g ����� g � �����P@�Z�9uE'j!@ .
; ^

, 2 ¨´Q g 8 . ( � . + ,���� [ � , � ��� I��! ,#"%$ s g @�Z!9uE&�'&�7F@ . � ��� I��� ,u��' b
� a1b)( @>I [ , L�Z�Y.§�*.s+�-,!� [!\ j g .)

¨'©	¦�+´9qPE'j!@/.�5~9�Q�s	0!³ a @ . H � G I z	{ +~97F@D9 \

CG(H) = {g ∈ G | ghg−1 = h for any h ∈ H}

� H I G I*�D§�@�1�2>¦�+ (centralizer) 9 goª . CG(H) , NG(H) I ¨'© z�{ +�E'j�@ . GAP E
, 1#2>¦�+A��J'K�7F@>¶ ¯ cent(G,H) ³ a @ . 6'¤ G I�1#2 (centre)

Z(G) = {g ∈ G | gxg−1 = x for any x ∈ G}

��J'K�7A@>¶ ¯ Centre(G) � a @ .

gap> Centre(syl2);

Group([ ( 1, 8)( 2, 6)( 3, 4)( 5, 7) ])

gap> Size(last);

2

gap> cent := Centralizer(a8, Centre(syl2));

Group([ (3,4)(5,7), (3,5)(4,7), (2,3)(4,6), (1,2)(6,8) ])

gap> Size(cent);

192

G �ul�m�+~97F@D9 \ , G I>i�?	+A� [G,G] 9 ��7 . G I z�{ +nI�3

G = G0 ⊃ G1 ⊃ · · · ⊃ Gn ⊃ · · ·

� Gn = [Gn−1, Gn−1] E!� b ��
~Q , G I>i�?�3 (derived series) 9 goª . l�m$+nI�4�5Dj�67#8c9�Q
s	-�9�+�³ a @$³ , i�?�3 , -�9�+�E'j!@$¤�:*I�,!��;�<F� ² ^�@ . G I i�?�3D³>l�m�=�I$V , > ` +
{1} E&?�@	7F@�Z.9 , ��6 b�a @ n� 1 E�q~Q�s Gn = {1} 9�j�@�Z!9�³ , G ³	-�9PE'j.@$¤�:	I#A�5B { ;�< [.a @ .
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GAP , ² ^P} T�¤$+nI>i'?�3A��J'K�7F@>¶ ¯ DerivedSeries( ) � � $ s g @ . ]F^0_ ,

gap> DerivedSeries(cent);

[ Group([ (3,5)(4,7), (2,5,3)(4,6,7), (1,3)(2,5)(4,8)(6,7),

(1,2)(3,5)(4,7)(6,8), (3,4)(5,7), (2,6)(3,4),

(1,8)(2,6)(3,4)(5,7) ]),

Group([ (2,5,3)(4,6,7), (1,3)(2,5)(4,8)(6,7),

(1,2)(3,5)(4,7)(6,8),

(3,4)(5,7), (2,6)(3,4), (1,8)(2,6)(3,4)(5,7) ]),

Group([ (1,3)(2,5)(4,8)(6,7), (1,2)(3,5)(4,7)(6,8),

(3,4)(5,7), (2,6)(3,4), (1,8)(2,6)(3,4)(5,7) ]),

Group([ (1,8)(2,6)(3,4)(5,7) ]), Group(()) ]

gap> List(last, Size);

[ 192, 96, 32, 2, 1 ]

��� [ + cent I�i*?	3D��J0KkQ , �.°�TP@ z0{ +n�w7'��s����1QUs g @ . Q � Q , ZUT [ ,�� ±
	 � ±�	
Q�s	*�k} g I [� V � , , i�?�3PE
�	TF@�+�I ` ¯ ���'�!s ��� 8���� � $ s a @ . Z�T , G =cent

97F@D9 \ ,

G = G0 ⊃ G1 ⊃ G2 ⊃ G3 ⊃ G4 = {1}
[.a

$ s ,

|G0| = 192, |G1| = 96, |G2| = 32, |G3| = 2, |G4| = 1

�  oQ�s g @ . Q�¤�³ $ s , G =cent , -�9�+ [.a @ . L0T [ , a8 I>i�?�3 ,�� ª j!@$Y�� ª � .

gap> DerivedSeries(a8);; List(last, Size);

[ 20160 ]

Z�T , , G = A8 I>i�?	+D³�6'¤ A8 E���£´Q , Q�¤�³ $ s0i�?�3 ,

G = G0 = G1 = G2 = · · ·

9�j!@�Z!9��u&��)Q�s g @ . Z�T [ , g ��6 [ ¤ $ s+� {1} E , ?�@ [!\ j g I [ , G = A8 , -�9�+[ , j g . � , n ≥ 5 IF9 \ , An , -�9�+�E , jF}wj g Z!9�³��~} T�s g @ . L0T�³ , 5 0�«�¬!I$� ¯��� �DE��PI! ��.³$S	|~Q�j g ( y"�o9#%$'&'KPE.� $ s 9A§*j g ) 9 goª d0N0e'f , (n��d�I� '®DI!�) E'j $ s g @ .

p ¯ p Ewq)QUs (Z/pZ)n E ��* jw+D�,+.-.d$N�e>f (p) + (elementary abelian group) 9 ghª . (Z/pZ)n

, lPm�� Z/pZ ¬nI n 0 � e 6�� f0/ � I�132�+1E�41jh}�j g . Z.Z [ ����+ a8 I%1!E	0�IA�ª E�+5-Fd�N�e�f76µ+1�	��
!7h@ . GAP , ² ^$T�¤*+A³�+5-Fd�N�e.f.+ � � ª � �#,n��7h@	¶ ¯
IsElementaruAbelian( ) � � $ s g @ .

gap> elab := Group((1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,7)(6,8),

> (1,5)(2,6)(3,7)(4,8));;

gap> Size(elab);

8

gap> IsElementaryAbelian(elab);
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true

elab , (Z/2Z)3 E �!* j�+-nd*N*e'f�+ [.a @ . 9$Z'� [ GAP
[ , J'KDI ��� ��TF@�+ , , 7��!s

� ���![ � � TF@ . Z�T , ,
� j b *�´} g Z!9 [.a @ . ��Q a8 C elab ID� ª E ,

a } � � :>��
��
TD¤$+P³��'sF�:TP_ , L.I�� � [ � g s �n} $ ¤ � ³ { � b
	 g . Q � Q GAP , �'s*?!¤0+F� elab

9���rQ�sA�UTDj g . L0T , ,
a @�+A� G 9�� g ¤ b H 9�� g ¤ b 7F@�� ª E , elab , >�E ² ^n} T

¤>+A���~Q  �7������.j�� � (identifier) E����	j g � } [.a @ . +�L.I%�$I�E�� � ���P§!@*E , ¶ ¯
SetName ��� ª .

gap> SetName(elab, "2^3"); elab;

2^3

«'V , J'KDI�� �D[ elab ³.�'T�TD_ , GAP , L0TP��� ��� E.�'@��� [ , j�� , 2^3 9�� g sA�UTF@ .

Q � Q , GAP EDZ0±F}�I����F���c^�@w����E�� , 2^3
[ ��j�� identifier elab ����°�j�§�Tn_�jc}wjg

.
g �:� ��I� PE � � � � 2^3 ��!�§�@�Z!9�� a @�I [ , � � Y!§ [ � ��" � ��I� A�$#�% [!\ j g� } [�a @ . Z*±�} � }�I&�� '� identifier (elab), GAP

� }�I = ; ��� � (2^3), 9�� g { §�@ A5
³ a @ .

G =a8, H =elab 9�Q�s0¨'©	¦� NG(H) �uJ'K�7F@ .

gap> norm := Normalizer(a8, elab);

Group([ (1,5)(2,6)(3,7)(4,8), (1,3)(2,4)(5,7)(6,8),

(1,2)(3,4)(5,6)(7,8),

(5,6)(7,8), (5,7)(6,8), (3,4)(7,8),

(3,5)(4,6), (2,3)(6,7) ])

gap> Size(norm);

1344

Z�T [ , elab I>¨�©�¦( o9�Q�s ` ¯ 1344 I& norm ³&)��kQ�¤ . �	�AE H � G I z�{  ~9U7c@D9 ,

H I	¨�©'¦� N = NG(H) � H �$¨�© z�{  9�Qws$¡+*�,- ( .0/� ) N/H ³���
1�:T)@ . 2�3
ϕ : N → N/H, g 7→ gH �u�54�6 ��* � ² ^'@ . ϕ � , H E��	@�798�j�6 ��* (natural homomorphism)

9 goª . GAP �#0�ID� ª E�Z�I:6 �!* 2:3A����
�7F@ .

gap> hom := NaturalHomomorphismByNormalSubgroup(norm, elab);

<action homomorphism>

gap> f := Image(hom);

Group([ (), (), (), (1,2)(3,4), (1,3)(2,4), (1,2)(5,6), (3,5)(4,6),

(1,4)(5,7) ])

gap> Size(f);

168

�:;=<:³56 ��> hom ���	
'7A@$¶ ¯ [.a @ . � I�?0@ ��j�� ,  BA$¨'x , ��E { bC	 g �(� [�a @�³ , Z
T�Y!§�D g 99E b � ��� g j�� �h��I�E&F(G*7A@ . By I B �$x�H(I [ 7 .

�(J�6 �!* ³	�.6�@D9 , L�I�3 (image) 9�Q�s$,: D³	��
��UTF@ . ,: nI	� ��� �&K	/~9�Q�s$�L�UT�sg @$³ �.a ��6 [ .�/$MPI��'� � 9�Q�s�I&N�� [.a @ . 6 ��> I�O (kernel) ���	
��UTF@ .
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gap> ker := Kernel(hom);

Group([ (1,2)(3,4)(5,6)(7,8), (1,3)(2,4)(5,7)(6,8),

(1,5)(2,6)(3,7)(4,8) ])

2:3 ϕ E!�'@ � x ∈ N I�3 ϕ(x) �P�uX , y ∈ N/H I � 3 ϕ−1(y) � , L0T��0T0�ID� ª Eu�L�UTF@ .

gap> x := (1,8,3,5,7,6,2);; Image(hom, x);

(1,5,6,3,7,2,4)

gap> coset := PreImages(hom, last);

RightCoset(2^3,(2,8,6,7,3,4,5))

Image(hom,x) ³�3 ϕ(x) � ² ^'@ . y = ϕ(x) ∈ N/H E�qhQ�s PreImages(hom, y) ³ � 3 ϕ−1(y) �² ^*@ . ϕ : N → N/H
[	a @ � } , ϕ(x1) = y 9�j�@ x1 = (2, 8, 6, 7, 3, 4, 5) ∈ N E�� b ϕ−1(y) = x1H

(H E.�	@���.(/-M��F9µ� �TA@ . L>T.³�v�V�I#� [�a @ . Z	Z [ �$N�7�� \ � , GAP �u�	� � � GAP

7��DI$©�$AE!� $ s��
	!I [ , x1 ³�A��~Q���v�PE�� $ ¤ x 9U��£´Qwj g 9 goª Z!9 [.a @ . Q � Q ,

�0±���� x 9 x1 � H I ��� .�/$M�E�¡P6$TF@:��� [� L0T+�#0�ID� ª E�) � :A} TF@ .

gap> rep := Representative( coset );

(2, 8, 6, 7, 3, 4, 5)

gap> x * rep^-1 in ker

true

3 ;=<�I�����³ 2 xx−1
1 ∈ H ³ � � 7F@�C���C�8F9 GAP E�� ª s g @�°.§ [ , L0TnE�q´Q�s , GAP ³

2 8 b 8h9 ; ^>s g @>I [�a @ .

.�/� f= N/H �	>��� �E'j!@ . Z�Z [ >��� ~9�� 7 { 7��´9-> `  �«���E�¨'© z�{  A� � ¤�j g  
InZ!9 [ , Z�T�«�¬0� { 9 [!\ j g p��
�DID� ª j ��I [!a @ . l�m& nI�� �P�"!��A@��$# ��%)��I>�
� >��� PE�&�'�7F@ . GAP � ² ^P} T�¤& D³�>��� � � ª � ��(��!E&,!�*7F@ .

gap> IsSimple(f);

true

gap> IsomorphismTypeFiniteSimpleGroup( f );

rec( series := "L", parameter := [ 2, 7 ],

name := "A(1,7) = L(2,7) ~ B(1,7) = O(3,7) ~ C(1,7) = S(2,7)

~ 2A(1,7) = U(2,7) ~ A(2,2) = L(3,2)" )

gap> SetName( f, "L_3(2)");

) 8DInZ.9�j	³1} , l�m�>��� �E���*-� � ³>� g s g @ .

IsomorphismTypeFiniteSimpleGroup( f ) ��l!m	>��$ f E�� g s g @ � � � � 8 � d,+.-$7A@$¶
¯ [.a @ . f ��D�/AE'°'¤ $ s�0�H�E�11�:T , 2 Qw6>T�s \ ¤��43 g  [!ahb , L	T65PE�%h�uI�� � ��
$ s g @ . Z�Z [ � f = L_3(2) (F2 ¬!I 3 0-;3 [ , ;3��.³87 I%��I$����I�j�7� ; SL3(F2) �n�

� ª Z!9�E�7F@ .

H =elab I�¨*©>¦� N =norm ���	
�E�� b , H E �>� E�� $ s �0� 7�@ . H � 8 � I � � }�j�@U���[�aFb
, Q�¤'³ $ s N �!ZuI 8 � I � I&K�9���: \$; Z!Q , < Q � Q , N I � ��7	�.s H I	> `�� �*¥

�*7F@>I [ , �6=!E�� 7 � I � I5K�9�E'j!@ ) 6 ��> φ : N → S8 ³0i � TF@ . GAP
[ � , H �">�?DI
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� g ¤u���~9�Q�s � ª I [ (Elements(s3) I�������� ), H I � I&K�9nI$���B� 7 8nE 8 0'q��� S8

9 � �
	 [!\ @.Z!9uE���N�7F@ . Z�Z [ H ³�d*N*e�f� [.a @�Z!9 � } N I �'� I H ��I���m�� ,

8 � I � ����s�¥0�07F@ . Q�¤'³ $ s H ⊂ Kerφ
[.a1b

, ( 6 ��> �0 PE!� b � 6 ��> φ1 : N/H → S8

³ ( } TA@ . N/H = L_3(2) �	>��� nj'I [ , φ1 �	>54
[.a @ .

2:3 φ1 I�3 K = Imφ1 �'¶ ¯ Action E!� b 0�ID� ª E�%:A} TF@ .

gap> op := Action (norm, elab);

Group([ (), (), (), (5,6)(7,8), (5,7)(6,8), (3,4)(7,8), (3,5)(4,6),

(2,3)(6,7) ])

gap> IsSubgroup(a8, op);

true

gap> IsSubgroup(norm, op);

true

K = op ³ S8 I z�{  ~9�Q�s ( }T�¤ . � [ , �!9��!9 norm � S8 = s8 I z�{  [.a $ ¤DZD9����g �*L ª . L�Z [#( } T�¤& K ³ a8, norm I z�{  �E	j $ s g @ � � ª � !��A@ . �0±���� norm E
¡�6$T1@�Z�9�³ { TP_ a8 ��CF@ A5+��j g ³ , ¶ ¯ IsSubgroup( , op) ��� $ s*���������n��� g� :*s g ��90Z*�	E , �	N���������8�jF}��� wf!N6-!�"������8�I�#�$ ��³ a @ .

� ��Q�s N = norm I z�{  K = op ³�)��hQ�¤ . Z�Z [ H ∩K = {1} ��) � :.@ .

gap> IsTrivial( Intersection (elab, op));

true

gap> SetName(norm, "2^3:L_3(2)");

¶ ¯ Intersection(elab, op) ³ � ' z�{ 9�Qws ( }:T1@ z.{  H ∩ K �0�!
.71@ . 0 g [ ¶ ¯
IsTrivial ( ) E!� b ,

² ^P} T�¤& D³�> `  {1}
� � ª � � ,!�*7F@ .

«�¬!I>J	K��*6F9&:.@D9
N/H ' K, K ⊂ N, H ∩K = {1}.

Z�TF� b , N ³ H 9 K I � �&% H oK E���£*7A@�Z.9�³>i � T�@ . ( �$N .  N ³ H 9 K I � �
% H oK

[.a @D9�� N = HK, H / N , H ∩K = {1} ³ � b�� �cZ!9�� goª . Z�I$�'� , ���~9�Q�s
N ' H ×K

[.acb
, N I � g � g = hk, h ∈ H, k ∈ K 9U�-N!�!Eu�L�UTF@ .)

5.2 ')(+*-,/.

 G I � g, g′ � h−1gh = g′ 9�j!@ h ∈ G ³>S*|�7�@D9 \ ,
�*�D[.a @�9 g'g g ∼ g′ 9 ��7 . g ∼ g′

� �10 ¶32 [�aFb , L�I �30 MP� �>� M (conjugacy class) 9 g´ª . x−1gx � gx 9#��'7 . LDZ [ g ∈ G

��¡!¢ �	� M � gG = {x−1gx | x ∈ G} E!4Aj1}wj g . G � � ' z�{ I.j g �	� M�I540�!� (disjoint

union) E { 9L�UTF@ .

G =
∐

g∈G/∼

gG
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¤�Y1Q , G/ ∼ � G I �*� MPI ( �'� � I>�0���A����7 .
� E ,

(5.2.1) |G| =
∑

g∈G/∼

|gG|

³ � b�� � . � g ∈ G E�q~Q , ZG(g) = {x ∈ G | x−1gx = g} � g I�1#2>¦( (centralizer) 9 goª . �
g ∈ G E�q~Q

|G| = |gG||ZG(g)|

³ � � 7A@ . (5.2.1) 9 ���Ds

(5.2.2) 1 =
∑

g∈G/∼

1

|ZG(g)|

³ ( } TA@ . (5.2.1) 6'¤�� (5.2.2) �ul�m& G I�M���k9 goª .

�ws*�	�$ G = A8 I �*� MPI � 8�� ccl ��0�ID� ª E ² ^P} T�@ .

gap> ccl := ConjugacyClasses( a8 );

[ ()^G, (1,2)(3,4)^G, (1,2)(3,4)(5,6)(7,8)^G, (1,2,3)^G,

(1,2,3)(4,5)(6,7)^G, (1,2,3)(4,5,6)^G, (1,2,3,4)(5,6)^G,

(1,2,3,4)(5,6,7,8)^G, (1,2,3,4,5)^G, (1,2,3,4,5)(6,7,8)^G,

(1,2,3,4,5)(6,8,7)^G, (1,2,3,4,5,6)(7,8)^G,

(1,2,3,4,5,6,7)^G, (1,2,3,4,5,6,8)^G ]

gap> Length (ccl);

14

G � 14 � I ��� M�E { 9 � Tn@ . GAP ��� �u� MD���>� � ����9 ��� :�s , ]n^�_ , gG = (1, 2)(3, 4)G =

(1,2)(3,4)^G I�� ª E:�� 07n@�³ ,
��� M.Iw��� � Y	§0� � b �DQ ¤ � $ ¤P} , ¶ ¯ Representative( )

��� $ s ,

gap> rep := List (ccl, c -> Representative (c));

[ (), (1,2)(3,4), (1,2)(3,4)(5,6)(7,8), (1,2,3),

(1,2,3)(4,5)(6,7), (1,2,3)(4,5,6), (1,2,3,4)(5,6),

(1,2,3,4)(5,6,7,8), (1,2,3,4,5), (1,2,3,4,5)(6,7,8),

(1,2,3,4,5)(6,8,7), (1,2,3,4,5,6)(7,8),

(1,2,3,4,5,6,7), (1,2,3,4,5,6,8) ]

97A@ . 1 ;=<�� ,
� 8 � ccl I���5�p c E0L�I$�'� � Representative(c) �uq��1�	��s�
�¤.E � 8

� � � Tk9 goª ��� [.a @ . � �*� Mn³ ��� I � � }wj!@ � �!�F@>E�� ,

gap> List(ccl, Size);

[ 1, 210, 105, 112, 1680, 1120, 2520, 1260, 1344, 1344,

1344, 3360, 2880, 2880 ]

List(ccl, Size) � � 8�� ccl I��5�p < Z�T � � 8�� �nE , L�I � 8���9�Q�s�I�����!�uq��1�	�
s � 8���� � @ ��� [.a @ .
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gap> Sum(List(ccl,Size)) = Size(a8);

true

E.� $ s (5.2.1) ³�) � :�} TF@ . ¬�I � 8�� [ ]F^0_ 3
� <�I �*� M'� , 105 � I � � }�j!@:��� [�a

@ . L�I � �u��s$�� oQ�¤!§�Tn_ ,

gap> Elements(ccl[3]);

97�Tn_!� g . Z�Z>E�� ��� � � � j g ³ , ����I a @"0B� 7 {![ C $ s$*�s���� g .

GAP
[ ��]A^*_ ,

�
g = (1, 2)(3, 4) I�1#2>¦( ZG(g) �

gap> Centralizer(a8, (1,2)(3,4));

Group([ (6,7,8), (5,6)(7,8), (3,4)(7,8), (1,2)(7,8), (1,3)(2,4) ])

gap> Size(Centralizer(a8, (1,2)(3,4)));

96

gap> 96 * 210 = Size(a8);

true

E!� $ s0J*K [.\ @ . |gG||ZG(g)| = |G| � ) � :A}µTA@ . ���'� � g ∈ G/ ∼ E�q�7A@ 1/|ZG(g)| I �
8�� �

gap> inv:= List(rep, c -> 1/Size(Centralizer(a8,c)));

[ 1/20160, 1/96, 1/192, 1/180, 1/12, 1/18, 1/8, 1/16,

1/15, 1/15, 1/15, 1/6, 1/7, 1/7 ]

E!� $ s ( } TF@ . L�Z [ (5.2.2) �!³�) � :A}µTF@ .

gap> Sum(inv);

1

� �.�!E!Z�I��P� � \ �)Q�s$*P@D9 ,

1 =
1

20160
+

1

96
+

1

192
+

1

180
+

1

12
+

1

18
+

1

8
+

1

16
+

1

15
+

1

15
+

1

15
+

1

6
+

1

7
+

1

7

v�DI��DI {�� I>x \ � � }���^>s , Z�I��B� � j b �
	 +���� *j'¶�2 � [.a @ . �0*�E 1/20160 E{ ¯ 1/N (N � 20160 I�� ¯ ) � g �:� ��� j g ��¯ ��11^>s���4P� 7E�7F@�ZD9�����^>s$**Tn_D�g
. L ª�� >!j�� [ ��j g Z.9�³$ !91�UTF@$Y�� ª . M���B� � >!j���Dj	³c} l�m& nI � �����UT�¤
q����F���5�DEu���'7F@>¶ 2 �Dj'I [.a @ .

 G I � g E�q´Q�s , gn = 1 9�j�@�v���I>¨�I � ¯ n � g I ` ¯ (order) 9 g~ª . g I ` ¯ � g
[ �� �UTF@ G I z�{  nI ` ¯ Eu��£'7F@ . GAP

[ � , g = (1, 2, 3)(2, 3, 4, 5) E�q~Q�s

gap> Order((1,2,3)*(2,3,4,5));

6
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9UJ'K [!\ @ . �)9U��I �*� MAE�¡P6$TF@ � I ` ¯ �$��� [.a @ . Q�¤�³ $ s�� �*� MPI$�'� � I ` ¯
³ { T�_�7��!s�I G I � I ` ¯ ³ { @ . � �*� MAE�¡P6>TF@ � I ` ¯ I � 8 � ��0�In� ª EcQ�s ( }
TF@ .

gap> List(ccl, c -> Order(Representative(c)));

[ 1, 2, 2, 3, 6, 3, 4, 4, 5, 15, 15, 6, 7, 7 ]

10
� < , 12

� <�I �*� MPI$�	� � � ,

gap> Representative(ccl[10]); Representative(ccl[12]);

(1,2,3,4,5)(6,7,8)

(1,2,3,4,5,6)(7,8)

[.a @ � } , ) � E ` ¯ �*L0T��0T , 15, 6 E	j $ s g @ .

«�¬!Iu�® [ , Order, Size, Length ³�� g { } T�s g @�Z�9uE���N~Q$� ª . GAP
[ � , Order � � I` ¯ ��N5�07A@ . �*��Ew����Ew¡P6�T�@ � I �'¯ � Size E!� bµ² ^P}µTF@ .  G I � I �'¯ � ¯ �	�� [ � ` ¯ 9 grª ³ , GAP

[ �����nI$�'�~9 ��� E Size
[ J�K�7F@�Z!9uE���N�7F@ . Length � � 8

� I�DL������7 . ]F^*_ �*� MPI ��¯ � �*� MPI � 8�� I�DL��9�Q:s ² ^P} TF@ .

5.3 �����
	���������

B
class � 112 � I � � }�j�@ A8 I �$� M´9��P@ . L>T0� ,

�0� MDI � 8 � ccl I 4
� <�E a @ � } ,

gap> class := ccl[4];

(1,2,3)^G

gap> Size(class);

112

X = class � 112 � I���� � �>��� [�a1b , G = A8 ³ X E����D�!E �'� �A@ . G � 112 � I���I5K
9A��: \$; Z��DI [ 6 ��> ϕ : G→ S112 ³	�	
��TF@ . �*�PE�Z�ID� ª j� G

� } q �� Sn ��I56
��> � G I��
�! �"$# g�g , n �w����I�0 ¯ # goª . L�Z [ , G = A8 I 112 0�I5K�9����!³ ( } T�¤
Z%#uE'j!@ . �*�� A8 �	>��� Pj'I [ , ϕ �	>54�6 ��>

[.a @ . G ' Imϕ � A8 I S112 ��I'& :�(
*D� ² ^�@ . GAP

[ � op = Imϕ �#0�ID� ª EAQ�s ( } TF@ .

gap> op := Action(a8, AsList( class ));

<permutation group with 6 generators>

gap> Size(op);

20160

S112 �
)�x�j� nj	I [ , op I�� ��� � � ���.E �)��Y�§ [ ��x�*!j�Z+#�E0j.@ . Q � Q  +��±.	��,#
)
�hQ�s g @ . Z�Z [ ,

� I�� ª E��#� Action(norm, elab) #��h�U�D° b E AsList(class) E!� $ s�*� M class �>L�I � � }wj!@ � 8���E�K \ 9F^0¤>V , Action �
�:;rQ�s g @�Z%#uE���N
�F@ . L0T
� , GAP

[*�*� MF��)��-�F@ � 2+��A��~Q����Ds�I � �!� :!@��>I [ ��jA� , �.� (
� 8 � ) #.Q�s ²

^�} Tn¤ � ³ �*� MPI!.
.P� b ��J�KD³0/k�ujD@ � } [!a @ . Q � Q ,  D³*x \ ��j�T�_�j�@�1 � , �
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�$#�Q�s���s.��)!���A@�I�� �  PE	j�@ # g~ª I%���%:0s ) 8Dj���j'I [�a $ s , L ª Q�¤&N�� � }#� ,

��� #�Q�s$�!�$# g $ ¤��#�D�.j � 2P� GAP ���F§.� ª #����´Q�s g @>I [.a @ .

l�m& G ³u�.� X E��
�n�!E ��� Q�s g @ # �F@ . |X | = n # �F@ # , Z�I �'� E!� b G I n 0�I
K�9����.³ ( } TF@ . X I z�{ ��� ∆ ³
	������#�� , ��NDI g ∈ G E�q~Q�s

∆g = ∆ .'¤�� ∆g ∩∆ = ∅

³ � b�� �1Z%#�� grª . X E 1 < |∆| < |X | #�j�@��P��+�6 ∆ ( 7�A [ j g �n��+#6��.³0S�| �c@ #\
, G �������!�.j&K�9� [.a @ # g�g , L�ID� ª j��n� +#6$³>S'|rQwj g # \ , ����� [.a @ # goª .

∆ � G I��n��+#6�# �F@ # , ∆g �'.'¤�n��+ 6 [.a1b , {∆g | g ∈ G} E.� $ s X � � ' z�{ I�j gg �:� � I��n��+#60I&40����E { tL�UTF@ (X I { tA� ² ^�@��n��+#6>Iu���A���n��+#6�� # goª ).

(5.3.1) X =
∐

g∈StG(∆)\G

∆g (disjoint union)

¤�Y1Q StG(∆) = {g ∈ G | ∆g = ∆} � ∆ I.¥*�>¦� ( �!� ∆ ���
*PE �1@ � g ∈ G I>��� )
[!a

@ . LPZ [ ���n��+#6'��� # *!jFQ�s���� Y = {∆g | g ∈ StG(∆)\G} ����^�@ # G � Y I0¬DE��.X
�!�D�DE ��� �F@ . G ³�����!�!jF}�_ |Y | < |X | j�I [ , � b 0 ¯ I�� g m 0DI5K�9����D³ ( } T
@ (m = |Y |).

x ∈ X I'¥$�u¦- StG(x) � H #U����# , G I X �.I �>� ³ �0�!�'j!Z
# � } , X � (G I �*� (�* [ )

��.(/-MDI���� H\G # � �5	 [�\ @ . � � , ∆ ���D�6+&6 # �A@ # x ∈ ∆ Euq´Q�s StG(x) ⊂ StG(∆)

³ � b � � . ( ��= , g ∈ StG(x) jA}�_ , x ∈ ∆ ∩∆g � b ∆ = ∆g). Y �"��.(/:MPI���� StG(∆)\G #
� �5	L� TF@ . Z�IDZ%# � } , G ³����.� [�a @�Z #�# , �!��I�¥0��¦� StG(x) = {g ∈ G | xg = x} ³
G I���x z�{  [!a @�Z #�� ��0 E'j!@ . (H ³ G I��.x z�{  #�� , H ��¡!¢ G I z�{  P³ G #
H «���E�S	|rQwj g Z%#�� goª .)

a8 I X =class �nI$K�9!��� op E! F� ª . GAP � K�9.�0�D³����n� � � ª � � ,
"´Qus1��T
@ . Q � Q�L!I.¤ :.E�� op I �.��# {1, 2, . . . , 112} ��� $ \)b # �D�
�%$ A 5D³ a $ . ]h^'_: 
Group((2,3,4)) ����� [1..4] = {1, 2, 3, 4} E � �'� Q�s g $nQ , {2..4] E � �'� Q�s g $ . op �
��� [1..113] I0¬��DI �'� # **TP_ , � 113 � a8 I �'� I.¥0�
��E'j $ scQ . ª . Z�I �'� ���
�
�!E'jF} ���n��+#60I��®+��& ��[!\ j g . L�Z [ GAP

[ �#0�I�� ª E��h� .

gap> IsPrimitive(op, [1 .. 112]);

false

V � I [1 .. 112] ³ �	� op � 112 � I��.Iu��� ��I5K�9 # *�jFQ�¤*¬ [ , ���!� � � ª � ��� ª sg $>I [!a $ . ''�)(*�������+ # grª Z #uj'I [ , �.� class E�� 7�A [ j g ����+#6>³0S'| �,$ .

GAP �*L�ID� ª j��P��+#60I�1 [ ��¯ ³>v��DI��n� +#6	�$�!X , ��� class � (5.3.1) ID� ª E { 9
�-$ .

gap> blocks := Blocks( op, [1 .. 112]);

[ [ 1, 7 ], [ 8, 14 ], [ 15, 21 ], [ 10, 26 ], [ 24, 40 ],

[ 2, 13 ], [ 3, 19 ], [ 49, 54 ], [ 5, 31 ], [ 4, 25 ],

[ 16, 27 ], [ 22, 28 ], [ 57, 70 ], [ 12, 38 ], [ 36, 42 ],
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[ 43, 48 ], [ 6, 37 ], [ 44, 53 ], [ 9, 20 ], [ 17, 33 ],

[ 73, 77 ], [ 55, 60 ], [ 51, 64 ], [ 47, 68 ], [ 46, 63 ],

[ 11, 32 ], [ 29, 35 ], [ 45, 58 ], [ 18, 39 ], [ 50, 59 ],

[ 80, 90 ], [ 76, 89 ], [ 106, 109 ], [ 101, 104 ], [ 84, 91 ],

[ 67, 72 ], [ 30, 41 ], [ 78, 82 ], [ 75, 85 ], [ 74, 81 ],

[ 93, 96 ], [ 97, 100 ], [ 61, 66 ], [ 95, 102 ], [ 94, 99 ],

[ 83, 87 ], [ 108, 110 ], [ 23, 34 ], [ 52, 69 ], [ 88, 92 ],

[ 111, 112 ], [ 98, 103 ], [ 62, 71 ], [ 56, 65 ],

[ 105, 107 ], [ 79, 86 ] ]

blocks � class I��D�6+�6��n� ² ^�$ � 8 � [.a $ .
� 8�� I � � �����!6 � ³ 2 � I � � }wj $��

��+#6'E'j $ s g $ . ]1^	_ , blocks[1] = [1, 7] ³���#:�DI�P��+#6 ∆ � ² ^ $ . 4�I��P��+#6
[8,14], [15, 21] j � � , ���!s ∆g (g ∈ G) E!� b)( } T-$ . GAP E����%� g s$**Tn_

gap> Length(blocks[1]); Length(blocks);

2

56

Z�TB� , class ³ 2 � I � � }�j�$��D�6+&6 56 � I�4DE { t��T!¤nZ #u��N5��� $ . LPZ [�� E����.¤
� ª E� op ���!��+ 6>I���� Y ( = blocks) E �	� � � $�Z #wE�� b , 
hQ g K�9	�'� ϕ1 : op→ S56

³ ( }µT $ . Imϕ1 � op1 #:�c�!# , �*�$ G = A8 I S56 �!I�&+: (�* a8 ' op1 ⊂ S56 ³ ( }µT $ .

gap> op1 := Action(op, blocks, OnSets);

<permutation group with 6 generators>

Z�Z [ ��N!�-$�Z #�� ,
� 8 � blocks �$� � Q�s g $ � ��� �6 � ( �
�n��+#6 ) ���.� [!a $ � } ,

L>T´}�I �D�6+&6	�'� # *�jFQ�s� op � �	� � �nj�§�TD_	jA}�j g . OnSets � ( ���DI���. b I0¬�E
 A� �'� �	�Pj � g + # g~ª ��� [.a $ . 
oQ	� ( } T�¤:K�9� op1 �����!�!E'j $ .

gap> IsPrimitive( op1, [1 .. 56]);

true

L�Z [�� I��®FE!� b , op1 E>�D§�$�� �.I�¥0�>¦( M1 ����x z�{  �E'j�$ . op1 �>�	�� A8 # �
* [!a $ � }0ZwTAED� b A8 I!�.x z�{  M ³ ( }T $.Z�#�E�j
$ . Q � Q	� op1 � S56 I z�{
 #.Q�s�� � Q�s g $>I [ , A8 I!�.x z�{  F� � �!��E��k�u¤ :�E�� �!* ϕ2 : A8 ∼−→ op1 �!���kQ ,

M = ϕ−1
2 (M1) � %:	j�§uTn_�jF}wj g . G = A8, H = op ⊂ S112, H1 = op1 ⊂ S56 #��1� . � � I�
� ��� g � �P_ ,

ϕ2 : G
ϕ

−−−−→ H
ϕ1

−−−−→ H1

³ � * ϕ2 = ϕ ◦ϕ1 : G ' H1 � ² ^�$ ( � �'� I'¤�:5253nI�� � I�> � ³ � E	j $ s g $�Z+#uE ��N .)

«�¬!I�-D�� 8�� GAP
[ �#0�ID� ª E
�:;1�UT-$ .

gap> ophom := ActionHomomorphism(a8, op);

<action homomorphism>

gap> ophom1 := ActionHomomorphism(op, op1);

<action homomorphism>
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��� ActionHomomorphism E!� b a8 I�K�9���� ϕ =ophom, op I5K�9���� ϕ1 =ophom1 ³	��
��:T
$ . ϕ2 = ϕ ◦ ϕ1

[.a $ � }

gap> composition := ophom*ophom1;;

E.� b , ϕ2 =composition ³*��
 [.\ ¤ . H1 I0� x = 2
[ I�¥$�$¦$ M1 = StG(x) � stab # � $%#

gap> stab := Stabilizer(op2, 2);

<permutation group of size 360 with 5 generators>

E!� $ s H1 I ` ¯ 360 I���x z�{  M1 ³	�+.�$ . M = ϕ−1
2 (M1)

[.a $ � }

gap> preim := PreImages( composition, stab);

Group([ (2,5,7), (1,4)(2,7), (2,6,7), (1,3)(5,7), (6,8,7) ])

E.� b , A8 I���x z'{  M =preim ³�).�)Q�¤ . A8 I ` ¯ ³ 20160
[�a $�Z+#u� �P^�$ # ,

` ¯ 360

I� M ³���x z�{  �E*j $ # goª I(� ,
� �:� \ Z%# [.a $ . M � A8 E����.s�� $ � E���� g  [a1b j	³1} , L0T��w¡!¢ A8 I z�{  ��S	|rQwj g I [.a $ . Z�T � A8 ³�>��� [.a $�Z #wI���� [a � ª � . <��	��j*³1} , >��- DI�;�< ��¨*© z'{  �³�S	|oQ�j g Z # [.a $ s , >�j $ z'{  PE�� g s

� � ��
 $ s g j g . Q � Q >��� PE>� g s(� z'{  DI$S*| ����!E �!m �T-$�Z+#��u¬!I������  ��
Q�s g $ .)

�0� M class
� }µ�*� � c1 � �.X , c1

[ � � �T-$���=� A� xx #:�c� . a8 E$��§�$ xx I$¨	©*¦� 
#�Q�s ( } T,$ a8 I z�{  A� K = sgp # �,$ . K � ` ¯ 360 I z�{  [.a1b , �B� M # �*� E'j
$ , ��± g−1Kg = M #�j�$ g ∈ G ³>S	| �-$ .

gap> c1 := Representative(class);

(1,2,3)

gap> xx := Group((c1));

Group([ (1,2,3) ])

gap> sgp := Normalizer(a8, xx);

Group([ (1,2,3), (5,6,7), (5,8)(6,7), (4,5,7,6,8), (2,3)(5,7,6,8) ])

gap> Size(sgp);

360

gap> RepresentativeAction(a8, sgp, preim);

(2,4)(7,8)

RepresentativeAction(a8, sgp, preim) ³ �'� � ² ^�$ � g ∈ G �#*��A§�$ ��� [.a $ . ZwT1�b
g = (2,4)(7,8) ³ ( } T-$ . �6= , K � �*� E!� b �rQ�s$* $ #

gap> sgp^(2,4)(7,8) = preim;

true
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E!� b , Kg = M ³�) � :A} T-$ .

6
� �������	��
�������

6.1 ����� �
	�������� �
')(��! 

f.N#"�+ 6 � �%$uN�(���'&'I�� ª E �.� �n���)(�� 9 � { Q:s [�\ $ 26 � I�� �.� � < �*$wN���#�W
	'�P� �,+��	�Ds , �-(.I/.����n° �Ds�;~�10	N32 [.a $ . � ,

�.� ��I��3(�� , 4 (Green), 5 (Red),6
(Blue), 7�. (Yellow), 8 !6 (Pink), 9 (White) :;. { §+�UT�s g $ # �-$ . «'V , .P��� �=<,: ,

G, R, B, Y, W, P ��� ª Z%#>: �-$ . .'¤ , ?)@F�	¥0���-$$¤�:�: , f!NA"�+#6 � �,$�N���� �B:%&)<
� ª :�K � T�s g $ # �-$ . ¤�Y1Q

� ( ⇔ G, ¬)( ⇔ R, �B( ⇔ B, CB( ⇔ W, �'( ⇔ P, D-( ⇔ Y

[�a $ . f�NA"�+ 6 � ��$�N���<�*�9B� �,(,<�1�2B: a $���$uN��.�>+ � ��j g #�Q�s�E g < [ ( ��=
:��DZF< ` K [ <!=HG�³/I,$$³ , �'.!:'j $ s g $$m b #�% [!\ j g . &)<D� ª :�H(IP��� ª # , �0�
ZF<&H(IB��=JG
�-$ ) «'V+��1#2B: a $ �,$�N��-:!� $ s'K,<%(-</.��	¥0�hQ�s ��^�$ . K�Z [ �'L!�
:;+k�M<(� 20 � < �,$�N�� [.a $ . K,<)N 8 � � � � �B</O+�B: a1b , P b < 12 � � � � �B</Q=<0¬
:MR $ s g $ . Z�T~}u�JK0T
�0T�O+� �,$�N�� , Q �,$�N���#�W�	FZ%#>: �-$ .

�
�
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�
�
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�
�

��

�
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Figure 1. f!NA"�+#6 � �,$�N�� (3× 3× 3)

f!NA"�+#6 � �,$�N�)</+ \ � , S���1#2 #��-$��-( [ < 90 T=<!=JG [�a $ . K0T´}u� , x, x′, y, y′z, z′

#VU��cZ #>:�� $ . x � x Sn�!1�2 #�� $ G ( [ <�=/G , x′ � x SP�!1 2 #�� $XW3( (Y (*� [ <�=/G
( «�� � � �D���
� . x, x′, y, y′, z, z′ �1Y b[Z Q�s ( } T $�*�9���f.NA"�+�6�*�9$#]\ ª . f!NA"�+�6�*
9+� 20 � < �)$uN�)<�=/G-! \ K�9$# *
$�Z%#�� [.\ $ . Q � Q$Z'Z [ � , �,(*¬-<_^ � <$¨ � > � �`

48 � : �,&)<n� ª : �=a ��!F§ , x, . . . , z′ ��Z]bo}1< 48 H�I=<5K�9 # *Dj�� . K�9 x, x′, y, y′z, z′[ � � �cb�¤ S48 < z�{  A�;d�e�f ���hgji=k>e-	1l # goª>m #>: �-$ .
x_1, x_2, y_1, y_2, z_1, z_2 � G, Y, B, W, R, P �JK'b �%b 1�2$# �,$nC = b < 90 T =Ho #
�-$ .
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1 2 3

4 R 5

6 7 8

9 10 11

12 W 13

14 15 16

17 18 19

20 G 21

22 23 24

25 26 27

28 B 29

30 31 32

33 34 35

36 Y 37

38 39 40

41 42 43

44 P 45

46 47 48

Figure 2. f � "�+#6 � �,$ � ��< ��� &
gap> x_1 := (17, 19, 24, 22)(18, 21, 23, 20)(6, 25, 43, 16)

(7, 28, 42, 13)(8, 30, 41, 11);

gap> x_2 := (33, 35, 40, 38)(34, 37, 39, 36)(3, 9, 46, 32)

(2, 12, 47, 29)(1, 14, 48, 27);

gap> y_1 := (25, 27, 32, 30)(26, 29, 31, 28)(3, 38, 43, 19)

(5, 36, 45, 21)(8, 33, 48, 24);

gap> y_2 := (9, 11, 16, 14)(10, 13, 15, 12)(1, 17, 41, 40)

(4, 20, 44, 37)(6, 22, 46, 35);

gap> z_1 := (1, 3, 8, 6)(2, 5, 7, 4)(9, 33, 25, 17)

(10, 34, 26, 18)(11, 35, 27, 19);

gap> z_2 := (41, 43, 48,46)(42, 45, 47, 44)(14, 22, 30, 38)

(15, 23, 31, 39)(16, 24, 32, 40);

gap> cube := Group(x_1, x_2, y_1, y_2, z_1, z_2);

gap> Size(cube);

43252003274489856000

m b�:.� b f � "�+ 6 � �*$ � �� H =cube ³ ` ¯ 43252003274489856000 < S48 < z'{  �#���s�)
���-$ .

m < )�xDj ` ¯ ��� ¯ { 9 �-$ # ,

gap> Collected(Factors(last));

[ [ 2, 27 ], [ 3, 14 ], [ 5, 3 ], [ 7, 2 ], [ 11, 1 ] ]

� ( $ . �nj'°.± , |H | = 227 · 314 · 53 · 72 · 11.
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«�� ,  H =cube < 48 � �B< �'� ( K�9���� ) � � �	� !��!s g � . .����'� { 9F��%: $ #

gap> orbits := Orbits(cube, [1..48]);

[ [ 1, 14, 17, 3, 48, 9, 22, 19, 41, 38, 8, 27, 24, 46,

11, 33, 30, 40, 43, 6, 32, 35, 16, 25 ],

[ 2, 12, 5, 47, 10, 36, 7, 29, 44, 13, 34, 45, 28, 4,

31, 37, 42, 15, 26, 21, 20, 39, 23, 18 ] ]

gap> List(orbits, c -> Size(c));

[ 24, 24 ]

# 2 � <$�	��: { 9
�-$ . ¯ In� �'�!s	**b������ $�� ª : 1
� <]<��'��³JO � ��$ � �)<&K�9��
	 (

	Vb-$w�'��� , 2
� <]<�����JQ �,$ � �)<5K�9��
	���	Vb-$������� $ . ��� ,

m b�	������ �"! , #
�"!�#%$�& m #>: � $ . ' � ")(�*,+.-,$ � ��/ cube <�/�0�12��3�46587:9�;�: cube </O�<6��"=
<:>�?A@VQ���"=B<:>�?B�/KHb�CHb�D�EGF�H"IB7 .

6.2 JLKNMBOQP�R�SUTWVYX)O�Z\[

]�^
, cube _�`�<6)� orbits[1] =�_:a\b)c"d2�eH�IG7 . fV : H → S24 � H =cube _ orbits[1]

=�_6a\b)c�dA@"f , HV = Im(fV ) =cube1, fV =hom1 @hgji . Hv �k���\l)mAn6okprqts�u�mLv�wA@
$�& .

gap> cube1 := Action(cube, orbits[1]);

<permutation group with 6 generators>

gap> Size(cube1);

88179840

gap> hom1 := ActionHomomorphism(cube, orbits[1]);

<action homomorphism>

xhy F��Gz , a\b)/ HV = cube1 ⊂ S24 @|{�}�~���� fV = hom1 : H → HV ����465L7 . orbits[1]�
H \��_ �L@������L	e��� HV _�>\? ���\��� �"�"7 . ��� , ��_\9�;����"; �6�2�G& . ��� �)�L��"� Fk�G76Fe��fh9 x @ ��� $ .

]�^
cube �
���2;�7�@ ,

gap> IsTransitive(cube, orbits[1]);

true

@ � z���_���� � � $ . ¡ x ��H)¢�_k£G¤6� cube1 F � 7�@

gap> IsTransitive(cube1, orbits[1]);

false
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@ � ¤�� ,
�����

!! @ $�& x @eF � 7 . ����� � ¡Y& $�&��	��
���������:�)¤��\9 ] F ����� & x @:�
��7����Y@������ ��@)fh�\$Y� y 7:_�!���7�� , "$#&%�� ��' ����(�fh�L@ ]*) &,+\� z . - � cube1

_:>�?�. ��/ F [1..24] F � ¤6�6$B7 . orbits[1] _ ]�] ! � , >\?0. � [1..48] _&102�3�4BF6587� $�_�! ����� F ��� � � $�_�!���7 . ¡ x !&9�: f,;��6< y b*=�� ,

gap> IsTransitive(cube1, [1..24]);

true

@ 587�@ , cube1 _:>�?�� ����� !���7 x @ ���N��;G� y 7 . ;>!�9
f , ;�!�9Lf .

? _6g�@NFBAN¤6� cube1 _ [1..24] =�_ ������� >�? ��C fh�BD"� � � ) &|����EF=�GG& .

gap> corners := Blocks(cube1, [1..24]);

[ [ 1, 6, 22 ], [ 2, 14, 18 ], [ 3, 15, 20 ], [ 4, 12, 16 ],

[ 5, 10, 21 ], [ 7, 9, 23 ], [ 8, 11, 24 ], [ 13, 17, 19 ] ]

H ¤6� , cube1
� D�� � ! �)� i , IJ%LKNM�(�* � 3 DB_ ? �
� � 7 . orbits[1] @ [1..24] @�_POQ c

1 14 17 3 48 9 22 19 41 38 8 27 24 46 11 33 30 40 43 6 32 35 16 25
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

FRGBz , block [1, 6, 22]
�&? _�S�T>UWV [1, 9, 35] F�O Q f , [2, 14, 18]

�
[14, 46, 40] F

O Q 587 . ��X"��YGFGf%� , 8 DN_�K$M�(�*:��ZP[J\�_ 8 DN_�`�<�F�O Q 5G7 x @h�P2���7 ( ] 4 ^�_ ).H ¤:� x%y �h_�KLM"(�*�_�a\b � Z>[J\�_�`)<"_:a6b2F�O Q f , `RKLM�(�* �6a��W� � $ cube1 _ ?��
O Q 587 `�<�F:gLV"7�`�<�-��B��K)_�bPc2F�O Q 587 .

d _�]�_RGB& F , 2×2×2 D�_)-��e�JK��G� � 7�ZP\N�6E$=�7 .
x�y �Wf,g -��e�JKB@h��h�i�(Wj -��6�

KL@h��k�+ y �6$27%'R�*l�(�* + -J�B��K�_Pm�n�o$!"��7 . p�F�q�I�9LGG&�F HV =cube1 ��EF=)7 x
@ � ��@�_�'R�*l)(�* + -�����K)_BrLsYzhF , `�<�-J�B��K�_6�"�
� � 7 ftg -J�B��K��eu & x @�F �
7 . HV !)_ ��v ? a1, a2, b1, b2, c1, c2 w , ¡ y C y�x�y , z y , { y , | y , p y , z y !)_ 90 }�bPc
F�O Q 5G7 .

�
��

�
��

�
��

�
��

�
��

�
��

Figure 3.
ftg -��B��K (2× 2× 2)

orbits[1] @ [1..24] _&O Q _N��@�F ftg -��B�JK)_&~L��]��k��X�F������\g
i . � x F&�N=:96��v?
a1, a2. . . . , c2 _�c0� � x�x F��0��9BS�T>UFV6_N��@�!)_ ftg -J�B��K)_&a)>NFB���Afh�\$27 .

HV =cube1 _�K$M�(�* _�3�4"=�_:a\b�c"d ϕV : HV → S8 _B�G� ImϕV =cube1b @%g
i .
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20 11

1 4

2 23

6 15

7 13

3 8

17 21

24 12

10 18

16 22

14 5

9 19

Figure 4.
ftg -��B��K)_&~���]

gap> cube1b := Action(cube1, corners, OnSets);

Group([ (3,7,8,6), (1,2,5,4), (4,5,8,7), (1,3,6,2), (1,4,7,3), (2,6,8,5) ])

gap> Size(cube1b);

40320

cube1b
�
S8 _&102�/L!���7 . ��[ , GAP _ � £����G���8¤6� ,

gap> Factorial(8);

40320

H ¤6� , S8 _��	� � 40320 ! , ¡ y � cube1b _��
�GF&���)5L7 . HV ' S8 w v�Z f��6{�}�~����
ϕV : HV → S8 w ����= 9 .

d F KerϕV F��"$"��H"I*G8& .
]�^	� � ϕV =blockhom1 � GAP F�

����� .

gap> blockhom1 := ActionHomomorphism(cube1, cube1b);

<action homomorphism>

KV = KerϕV =ker1 F��"$"��H"I��\�FGG& .

gap> ker1 := Kernel(blockhom1);

<permutation group with 7 generators>

gap> Size(elab);

2187

gap> Factors(Size(ker1));

[ 3, 3, 3, 3, 3, 3, 3 ]

gap> IsElementaryAbelian(ker1);

true
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xhy ! , ker1 w � � 37 _ ����� ����'�/BF � 7 x @ w 2���¤69 . 5 � s�� KV = KerϕV ' (Z/3Z)7

w v z Z6� . 	Jp�_�
���
����{����

(6.2.1) 1 −−−−→ (Z/3Z)7 −−−−→ HV
ϕV

−−−−→ S8 −−−−→ 1

w�� � y 7 .

KV F �6$6���)F��
f�i�H�I�7 . ~)��n ϕV

� K�M:(�*e_�p�=)_ea�b
@6f|��4��*� y 9 _&! , KV = KerϕV� `�K$M�(�*���{�� � 3�4�@)f ��������587 . ¡ y � ,
ftg -��B��K)_&`�`�<���{���� 465876m\bL!! 

7 .
ftg -0�B��K�!)_Ba#"���E%$�5G7�@h¡�_LGB& � m\b � `�`�<0!)_�`�<�-0����K)_�bPcNF'& � � � $x @ w 287 .

H ¤6� KV

� `�`�<�!)_�bPc��
����v � y 7 / (Z/3Z)8 F'( ] y 7*) KV ' (Z/3Z)7 w
(Z/3Z)8 _ ) _LGG& � 102�/����e3�4Yf�GG& .

]�^
, 8 DN_�`�<��

[1,6,22], [4,12,16], [8,11,24], [3,15,20],

[7,9,23], [13,17,19], [5,10,21], [2,14,18]

_�+�SBF-,�IB7 .
x%y � �Wf�g -����JK)F�g�$)��.�!�/L+ y 9�`"< w�0 z 4 &eGB& F-,�I�9N�k_�! "7 .

i S21 _�`)<0!�_ 120 }�_6|Lb�c2� εi @�c�5 . ε1, . . . , ε8 w (Z/3Z)8 _:�Pv ? �6�$=�7 . ε1 =(1,6,22),

ε2 =(4,16,12) F�OAfh�

gap> (1,6,22) in cube1;

false

gap> (1,6,22)(4,12,16) in cube1;

true

� ] z , ε1
�

cube1 F-( ] y ^ , ε1ε
−1
2

�
cube1 F-( ] y 7 x @ w 287 . 3�$%4*= y + , ε1ε

−1
2 ∈ KV

w v z�Z\� .
f,g -J���JK�_&O%5%6 G2z ε2ε−1

3 , . . . , ε7ε
−1
8 � KV F7( ] y 7 � ^ !� )7 . -8��N�"; �

�27�@ ,

gap> (4,16,12)(11,8,24) in cube1;

true

gap> (11,24,8)(20,15,3) in cube1;

true

gap> (7,9,23)(3,20,15) in cube1;

true

gap> (13,17,19)(7,23,9) in cube1;

true

gap> (19,13,17)(5,10,21) in cube1;

true

gap> (5,21,10)(14,2,18) in cube1;

true

	JpWGBz , ε1ε
−1
2 , ε2ε

−1
3 , . . . , ε7ε

−1
8 w KV _ �>v ? �B�N= ,

(6.2.2) KV =
{
(ελ1

1 , . . . , ελ8

8 ) ∈ (Z/3Z)8 |
8∑

i=1

λi ≡ 0 (mod 3)
}
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@ � 7 x @ w �N��;G� y 9 .

I)�2F���{���� (6.2.1) w 2
� 587 x @ , 5 � s�� HV w (Z/3Z)7 @ S8 _������ S8 n (Z/3Z)7 F��

�GF � 7 x @k�6��¡A& . ��f������BF � 7�@ 5 y + , HV

�
S8 @e��� � 102�/B� (
� � ^ !� 
z ,

x _
1J2�/ � `�<�-��B��K"_ ( b>c � f�_ ) a�bN_:{J\A@)f�� � � y 7 � ^ !! �7 . ¡ x ! ,8 D2_ `�<�_�3
4 [1,2,3,4,5,7,8,13] _:a\b�@)f�� � � y 7 HV =cube1 _&102�/G� comp1 @ 587 . 3�$�4W=)7�@
comp1

�
, [1,2,3,4,5,7,8,13] _63�4�@)fh�)_� 4���/BF � ¤6�\$27 . ¡ x !

gap> comp1 := Stabilizer(cube1, [1,2,3,4,5,7,8,13], OnSets);

<permutation group of size 40320 with 8 generators>

FRG2z , S8 @e�
	 ���G���"� cube1 _&1�2�/ comp1 w 4�� � y 7 . ϕV : HV → S8 _ comp1 =�_���� {\}GF � 7 . -�8

gap> Action(comp1, corners, OnSets) = cube1b;

true

H ¤�� , ϕV _ comp1 =�_��� � �e� comp1 ∼−→S8 ���L= ,
x%y G2z (6.2.1) w 2

� 5B7 x @ w�� � y 7 .

��� , �����GF � 7 x @k�h�N�";�76F � , comp1∩KV = 1 !� �7 x @�@ , HV w KV @ comp1 !6�>v �y 7 x @���� y +��6$ .

gap> Size(Intersection(comp1, ker1));

1

gap> Closure(comp1, ker1) = cube1;

true

	Jp�! , HV ' S8 n (Z/3Z)7 @ � 7 x @ w �N��;B� y 9 .

���
. ���NF�O�56/ Sn @���bk/ Z/rZ @h_�� �!� , 5 � s� Sn @ (Z/rZ)n @h_������ Sn n (Z/rZ)n

(Sn

�
(Z/rZ)n F�a\bA@)fh�:>�? ) � G(r, 1, n) @|c)5 ( "$#&%�' /�@�fh�)_�(�T ). (Z/rZ)n _ �>v ?)

ε1, . . . , εn @ 587�@�"������ Sn nEr

)
G(r, r, n) @�c)5 . 9��
f Er

�

Er =
{
(ελ1

1 , . . . , ελ
n) ∈ (Z/rZ)n−1 |

n∑

i=1

λi ≡ 0 (mod r)
}

!\4���� y 7 (Z/rZ)n _&102�/L!� �7 . G(r, r, n)
� �	� n!× rn−1 _�"$#&%*'6/BF � 7 . 	Jp�_�(�T

_N��@�F , HV ' G(3, 3, 8) @|c � y 7 .

6.3 +2MBOQP�R�S T.VAX�O�Z [

d F cube _�.-,�. orbits[2] =�_:a\b�c"d ) H"IG7 . fE : H → S24

)
H =cube _ orbits[2] =

_:a\b�c)d @)f , HE = Im(fE) =cube2, fE =hom2 @%g
i . HE

) #�l�m n6okprq sNu�m8v�w @%$�& .
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gap> cube2 := Action(cube, orbits[2]);

<permutation group with 6 generators>

gap> Size(cube2);

980995276800

gap> hom2 := ActionHomomorphism(cube, orbits[2]);

<action homomorphism>

.�'��8l�(k* + -J���JK�/ HE w � � 980995276800 _�/�@�fh�k��465G7 . HE =cube2 _ oribts[2]

=�_:>�? ������� !� �7��L� ,
x @e��YGF�KLM�(�*62 �

w !!""7 .

gap> edges := Blocks(cube2, [1..24]);

[ [ 1, 11 ], [ 2, 16 ], [ 3, 19 ], [ 4, 22 ], [ 5, 14 ],

[ 6, 8 ], [ 7, 24 ], [ 9, 18 ], [ 10, 21 ], [ 12, 15 ],

[ 13, 20 ], [ 17, 23 ] ]

orbits[2] @ [1..24] @�_&O Q c � d _LG2&%F � 7 .

2 12 5 47 10 36 7 29 44 13 34 45 28 4 31 37 42 15 26 21 20 39 23 18
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

x _&O Q cBFRGBz ,
d _�.2-�����K)_&~L��] w�� � y 7 .

1

14 3

7

5

2 10

18

24

21 20

23

19

13 8

15

11

6 16

22

17

9 12

4

Figure 5. .2-��B��K)_&~���]

xhy GBz , `�K$M�(�* w 12 DN_�.2-��B��K�F6O Q fh�\$27 x @ w 2���7 .

HE =cube2 _�K$M�(�* _�3J4"=�_:a\b�c"d ϕE : HE → S12 _B� ) ImϕE =cube2b @%g
i .

gap> cube2b := Action(cube2, edges, OnSets);

Group([ ( 7,11,12, 9), ( 1, 2, 4, 6), ( 3, 6,10,11),

( 2, 5, 9, 8), ( 1, 3, 7, 5), ( 4, 8,12,10) ])

gap> Size(cube2b);

479001600
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cube2b
�
S12 _B102�/L!� 
z ,

x @e��YGF 12!
) ��� fh�

gap> Factorial(12);

479001600

cube2b ' S12

) � 7 . �8F , ϕE : HE → S12
� {"}�~2���jF � 7 . ϕE =blockhom2, KerϕE =

KV =ker2 @%gLi . KE =ker2
) ��� f&GG& .

gap> blockhom2 := ActionHomomorphism(cube2, cube2b);

<action homomorphism>

gap> ker2 := Kernel(blockhom2);

<permutation group with 11 generators>

gap> Size(ker2);

2048

gap> Factors(Size(ker2));

[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ]

gap> IsElementaryAbelian(ker2);

true

	0p�F�GNz , ker2 w ��� 211 _ �%��� ���\'�/�!� )7 x @ w 2��"¤�9 . KE ' (Z/2Z)11 !� "7��L� , �
{����

(6.3.2) 1 −−−−→ (Z/2Z)11 −−−−→ HE
ϕE

−−−−→ S12 −−−−→ 1

w�� � y 7 .

KE ' (Z/2Z)11 _e0"1 ) 32;�GG& . .N-����JK�_Ba " ) �27 x @eF�GBz , KE

�
(Z/2Z)12 F ( ] y 7 .x�x F�`�vJ2 Z/2Z

� .2-��B��K)_ 180 }�bPc2F�O Q 587 .
x @e��YGF 12 DN_�K$M�(�*\F d _LGG& �

+�� ) < y 7 .

[1,11], [3,19], [7,24], [5,14], [2,16], [9,18],

[10,21], [17,23], [13, 20], [12,15], [6,8], [4,22]

x _�+��R! 0 z 4N¤:9�KLM"(e*6F�O Q 5G77.�-0�6�0K � ZP[�\�_��&!�I
	
�� )�� 7��k_�F � ¤:�:$N7 .

� ] z , 0 z 4N¤ 9�.�-0���JK)_ ��a
��� � ) y ���
	�!� )7 . i S21 _�KLM"(�* F�O Q 5G77.�K$M"(k*
_ 180 }�_JbPc ) εi @%gYi . ε1, . . . , ε12 w (Z/2Z)12 _ ��v ? ) �F=)7 . ε1 = (1, 11), ε2 = (3, 19) F
O�f

gap> (1,11) in cube2;

false

gap> (1,11)(3,19) in cube2;

true
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H ¤6� , ε1 /∈ KE , ε1ε2 ∈ KE !� �7 . ε1ε2, ε2ε3, . . . ε11ε12
� {���'R� l)(�*,+.-J�B��K"_ �>!�O�5 �

��a ) � ;�7 x @ �
� , εiεi+1 ∈ KE (1 ≤ i ≤ 11) @ � 7 x @ w 2���7 .
xhy GBz ,

KE =
{
(ελ1

1 , . . . , ελ12

12 ) ∈ (Z/2Z)12 |
12∑

i=1

λi ≡ 0 (mod 2)
}

w�� � y 7 .

I���F , ��{��� (6.3.2) w 2
� 5B7 x @ , 5 � s�� HE w S12 @ (Z/2Z)11 _&�����BF � 7 x @ ) ��5 .

gap> comp2 := Stabilizer(cube2, [1,2,3,4,5,6,7,9,10,12,13,17], OnSets);

<permutation group of size 479001600 with 8 generators>

gap> Action(comp2, edges, OnSets) = cube2b;

true

`)<)->���0K6_���4j@ �tYNF , cube2 _��:F S12 @h��	 � � ) �\��1>26/ comp2 w 4�� � y , ϕE : HE →

S12 _ comp2 =�_� � � �k� comp2 ∼−→S12

) �N=)7 .
H ¤6� , HE ' S12 n (Z/2Z)11 w�� � y 7 .

x
� _�(�T�F H =�+ ,

xhy �
HE ' G(2, 2, 12)

)��	� 587 .

6.4 MBOQP�R�SUTWVYX)O�Z\[�
���

'��Fl6( *G+ -��t�0K�/ H
�

48 <�_�a:b\/R!  8z , ¡�_ 48 < w�� 9���_!,&. orbits[1] @ orbits[2]

F�2 � 5B7 . H �L��� � � y 9 orbits[1] p�_�a6b�/ w HV !� 8z , orbits[2] p"_�a6b�/ w HE !
 �7 . fV : H → HV , fE : H → HE

) x � !\4%��fh9 {�}�~��k��@ 587N@ f : H → HV ×HE , g 7→

(fV (g), fE(g))
��� }�~��e� ) �L=�7 . ϕV : HV → S8, ϕE : HE → S12

) x � _�GB&%F � 7 .
d _�]��) EF=)7 .

(6.4.1) f̃ : H
f

−−−−→ HV ×HE
ϕV ×ϕE

−−−−−→ S8 × S12

S8
�����

{1, 2, . . . , 8}, S12

) ���
{9, 10, . . . , 21} F�� 587ea�b�/�@%�"� S8 × S12

)
S21 _&1�2�/�@

� � 5 . A(S8 × S12) = (S8 × S12) ∩ A21 @%g
i (A21
�

21
d _���r�/ ). A(S8 × S12)

�
S8 × S12 _� � 2 _&102\/BF � 7 .

d ) �)5 .

(6.4.2) f̃(H) ⊂ A(S8 × S12).

-�8 g = x1, x2, . . . , z2 F�O�f%� , ϕV ◦ fV (g)
� � � 4 _���b a6bBF � 7 .

xhy �
ϕ ◦ fV w b&c )�� �

fh9:`�<�-��B��K)_:a\bL!� �7 x @PGBz ����_�/ C !� �7 w , �����N��;RGG&:@ 5 y +

gap> hom11 := hom1*blockhom1;;

gap> Image(hom11, x_1); Image(hom11, x_2);

(3,7,8,6)

(1,2,5,4)

gap> Image(hom11, y_1); Image(hom11, y_2);

(4,5,8,7)
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(1,3,6,2)

gap> Image(hom11, z_1); Image(hom11, z_2);

(1,4,7,3)

(2,6,8,5)

��YGF , ϕE ◦ fE(g) � ] 9���� 4 _���b:a\bL!� �7 .

gap> hom22 := hom2*blockhom2;;

gap> Image(hom22, x_1); Image(hom22, x_2);

(7,11,12,9)

(1,2,4,6)

gap> Image(hom22, y_1); Image(hom22, y_2);

(3,6,10,11)

(2,5,9,8)

gap> Image(hom22, z_1); Image(hom22, z_2);

(1,3,7,5)

(4,8,12,10)

p�_�/ C �
� g = x1, x2, . . . , z2 F�O�fh� , f̃(g) = (ϕV ◦ fV (g), ϕE ◦ fE(g)) ∈ S8 × S12

� � � 4 _��
b6a�b2_��N!! �7 .

H ¤6� , f̃(g) ∈ A(S8 × S12). x1, x2, . . . , z2
�
H _6��v ? !! �7 �j� ,

x y GGz
(6.4.2) w�� � y 7 .

I��2F

(6.4.3) H ' f(H) = A(S8 × S12) n ((Z/3Z)7 × (Z/2Z)11)

) ��¡�& . 'R�8l)(�*,+.-��B�JK�/ H _k0�1 � (6.4.3) FRGBz ��{2F�(0q � y 7 .

(6.4.2) GBz , H ' f(H) ⊂ (ϕV × ϕE)−1(A(S8 × S12)).
x�x !

(ϕV × ϕE)−1(A(S8 × S12)) ' A(S8 × S12) n ((Z/3Z)7 × (Z/2Z)11)

�
HV ×HE _

� � 2 _&102�/BF � 7 . ¡ x ! , H =cube _ � ��@ HV ×HE = cube1× cube2 _ �
�N_��>2 ) ��� fh�

gap> Size(cube) = Size(cube1)*Size(cube2)/2;

true

xhy GBz f(H) = (ϕV × ϕE)−1(A(S8 × S12)) @ � z , (6.4.3) w v z Z\� .

I��2F�'��8l)(�*,+.-��B�JK�/ H _ �&; ) H"I��\g x & .

gap> Center(cube);

Group([ ( 2,34)( 4,10)( 5,26)( 7,18)(12,37)(13,20)

(15,44)(21,28)(23,42)(29,36)(31,45)(39,47) ])
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5 � s�� , H _��&; � {1, g} �
� � 7 .
x�x !

g = (2, 34)(4, 10)(5, 26)(7, 18)(12, 37)(13, 20)(15, 44)(21, 28)(23, 42)(29, 36)(31, 45)(39, 47)

�
, 12 DN_�.2-��B��K ) {�� 180 }���¤2i�z � 5 � � 2 _Pm\bL!� �7 .

6.5 �������	��
���

'��*l�(k*�+ -0���JK�/ H
�
x1, x2, y1, y2, z1, z2 �L� ��v � y �\$)9 . �L=2� y 9 H _ ? ) x%y �h_

��v ? _���@)f%��c)5 x @ ) EF=��\�FGB& .
xhy w '��8l�(�* + -J����K�_ ���	�����6F � ¤69��N�&�

� )�� �2FGfh� ? _����2F�� ? � �L7����Y@%$�&�������_! #"�$0�#%�F'& � � � $ .

]�^ `�< ) ¡�&P= 7 x @ �2� �";\7 . H _���v ? x1, x2, y1, y2, z1, z2 _ HV !6_t� ) ¡ y C y a1, a2, b1, b2,

c1, c2 @%g
i�@ 	�X"_LGG&%F � 7 .

gap> a_1:= Image(hom1, x_1); a_2 := Image(hom1, x_2);

( 3, 8,13, 7)( 9,15,11,17)(19,23,20,24)

( 1, 2, 5,12)( 4, 6,14,21)(10,16,22,18)

gap> b_1 := Image(hom1, y_1); b_2 := Image(hom1, y_2);

( 4,10,19, 8)( 5,13,11,16)(12,21,17,24)

( 1, 3, 9,18)( 2, 6,15,23)( 7,14,22,20)

gap> c_1 := Image(hom1, z_1); c_2 := Image(hom1, z_2);

( 1, 4,11,20)( 3, 6,16,24)( 8,15,22,12)

( 2, 7,17,10)( 5,14, 9,19)(13,21,18,23)

HV _ ? q = a1b1a
−1
1 , r = c−1

1 b−1
1 c1b1

) EF=)7 .

gap> q := a_1*b_1*a_1^-1;

( 3, 4,10,24)( 5, 8,15,16)(11,20,12,21)

gap> r := c_1^-1*b_1^-1*c_1*b_1;

( 3,24,20,11,15, 8)( 4,10,16, 5,12,21)

q, r ∈ HV _ ϕV : HV → S8 =�_B� ) ��� 587�@ ,

gap> qq := Image(blockhom1, q);

(3,4,5,7)

gap> rr := Image(blockhom1,r);

(3,7)(4,5)

gap> rr*qq;

(4,7)

�NF rq _�� � S8 _�' b ) �$=�7 . � ] z rq � b&c )���� 5 y +�'6b2F � 7 . rq ��( )*) $)�6�N7�@
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gap> r*q;

( 4,24,12,11,16, 8)( 5,21,10)

5 � s�� rq
� KLM)(�* [4,12,16] @ [8,11,24] F�O Q 5G7 `"< ) � b�f , K�M"(k* [5,10,21] F�OQ 587�`�<�_�bPc ) � "�� x 5 . Figure 4

) ^�_ fh� , rq = (c−1
1 b−1

1 c1b1)(a1b1a
−1
1 ) w ftg -��B��K)_

0 z 42¤ 9�� `�<)_:a\b�!� "7 x @ w 2���7 . 'R�8l�(�* + -J�B��K�_&O�5%6N�8� , ��v ? a1, b1, c1
)

� ��F'&B_ ��v ? @ � z b*=)7 x @�FRGGz�� � _ 0 z 48¤69 2 `�<�_ � _:a\b w ��Y8FGfh� � � y 7 .�
g ∈ HV

) � 7 . ϕV (g) ∈ S8

� xhy � _�'\bN_��$! ) V"7:_�! , g F6{N�
� rq 	 )�
 z � f�FV"7x @eF�GNz g′ ∈ KV = ker1 F�m�n�5G7 x @ w !!")7 . ( 3"$�4F=�7�@ , rq 	 )�
 z � f � ?\5G7 x @�F
GBz ,

ftg -��B��K)_&`�`�< ) ( bPc )�� $"� ) �Af $ ��aNF!�B¤6���G7 x @ w !!""7 ).

¡ x ! g ∈ KV @��4Yfh�$G�$ . ϕV (rq)
� '\b����
� , (rq)2 ∈ KV !� �7 .

gap> (r*q)^2 in ker1;

true

��� fh�6�27�@ ,

gap> (r*q)^2;

( 4,12,16)( 5,10,21)( 8,24,11)

5 � s!� (rq)2
�

3 `�< [4,12,16], [5,10,21], [8,24,11] gNV�7 120 }2_B{Nb�c$!! �7 . �0[ ,

a1, b1, c1
)
c1, b1, a2 F � z�b*=�� ,

gap> r_1 := a_2^-1*b_1^-1*a_2*b_1;

( 1,12,22,16, 6, 4)( 5,13,21,17,10,19)

gap> q_1 := c_1*b_1*c_1^-1;

( 1,10,19,12)( 4, 6, 5,13)(16,22,21,17)

gap> r_1*q_1;

( 4,10,12,21,16, 5)(13,17,19)

gap> (r_1*q_1)^2;

( 4,12,16)( 5,10,21)(13,19,17)

¡ x ! , (r1q1)
−2(rq)2

) ��� 587�@

gap> (r_1*q_1)^-2*(r*q)^2;

( 8,24,11)(13,17,19)

xhy �
, @ � z7 �¤69 2 `�< [8,11,24], [13,17,19] !)_�{ 120 } , | 120 }�_�bPc�!� �7 . ��v ?) � z�b8=)7 x @�F�GBz , {���_ 0 z 4B¤69 2 `)<R! ,

x _$GG& � m\b ) >G7 x @ w ! " � , ¡ y � w ,

KV

) �Pv�5G7 .
H ¤�� g ∈ KV

�
, (r1q1)

−2(rq)2 _Bn�_ ? _!�R! ) V�7 . 	0p�_���>�!�`"< � {�� ( b
c
� (G; � ) �Yf $ ��aNF!�B¤6���Ai x @ w !!""7 .

pV : H → HV

)
HV ×HE �8� HV =�_�}�� ) H F!$�8f%9��k_B@|527 . KerpV = H ∩HE ' A12 n

(Z/2Z)11 !� �7 .
� ] !"_�
�N�
� g ∈ Ker pV ( � � 5"I���¡�&\¤6�\$27 ) @)fh�NG�$ . u = (x2

1y
2
1)

3

@%g
i .
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gap> u := (x_1^2*y_1^2)^3;

( 5,45)( 7,42)(18,23)(26,31)

gap> Image(hom2, u);

( 3,12)( 7,17)(15,19)(23,24)

H ¤6� , u
�

Figure 5 F�g$V"7 .2-��B��K [7,24] @ [17,23]
) < y b*= , [3,19] @ [12,15]

) <y bW= , & � 5)I�� � 4 587em\b�!� "7 . ϕE ◦ fE(u) ∈ S12

� '6b 2 D�_��BF � 7 . ϕE ◦ fE : H → S12� {6} � _�! , A8 _�{���_ ? ) u _ ��� ? $Li ����_ � ( _�� ) @�f%�k0Jv�!�"�7 . ¡ x ! g F u _ �
� ? 	 ) � ��F��NV"7 x @�FRGBz , ϕE ◦ fE(g) = 1, 5 � s�� g ∈ (Z/2Z)11 @�!!""7 . bPc )�� $"�*.
_ ��a � ) {���¡ &\¤69�� �2F � 7 .

I �GF , (Z/2Z)11 _ ? ) H _6��v ? ) �8¤6�6dLs�¡�& . v1 = y−1
1 (x2y1x

−1
2 y−1

1 ) @hg " , u _ ��� ?
w1 = v−1

1 uv1
) EF=)7 .

gap> v_1 := y_1^-1*(x_2*y_1*x_2^-1*y_1^-1);

( 3,27,33)( 5,21,45)( 8,24,46,32,25,30,40,38,19,43,14,48)

(26,28,31)(29,47)(36,39)

gap> w_1 := v_1^-1*u*v_1;

( 5,21)( 7,42)(18,23)(26,28)

gap> Image(hom2, v_1);

( 3,20,12)( 4, 8)( 6,22)(13,15,19)

gap> Image(hom2, w_1);

( 3,20)( 7,17)(13,19)(23,24)

w1 _ fE !)_B� � , .2-��B��K [7,24] @ [17,23]
) < y b*= , [3,19] @ [20,13]

) x _*+���!&<y b*=)7 . ��[ , v2 = x−1
1 z−1

1 x1y
2
1x

−1
2 y−1

1 @%g " , u _ ��� ? w2 = v−1
2 uv2

) EF=)7 .

gap> v_2 := x_1^-1*z_1^-1*x_1*y_1^2*x_2^-1*y_1^-1;

( 1,46, 9,40,35,14)( 2, 4,47,12)( 3,25,33,19,27, 8)( 5,26)(10,39,37,34)

(21,29,31,28,36,45)(24,32,30,38,43,48)

gap> Image(hom2, v_2);

( 1,14, 4, 2)( 3,19)( 5,22,16,11)( 6,12,20, 8,15,13)

gap> w_2 := v_2^-1*u*v_2;

( 5,28)( 7,42)(18,23)(21,26)

gap> Image(hom2, w_2);

( 3,13)( 7,17)(19,20)(23,24)

w2 _ fE !�_B� � , .N-J����K [7,24] @ [17,23]
) < y bW= , [3,19] @ [13,20]

) x _�+
��!6$ y
b*=)7 . ¡ x !

gap> w_1^-1*w_2;

( 5,26)(21,28)

gap> Image(hom2, w_1^-1*w_2);

( 3,19)(13,20)
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5 � s � w−1
1 w2

� I�	����GF  �7 2 D2_�.B-J�B��K ) ��a ) aN�*� ^ F6¡ y C y 180 }Lb>c����L7 .

�BF w−1
1 w2 ∈ (Z/2Z)11 !! �7 . '�� l�(�*,+.-��B�RK)_PO 5�62�
� I 	��
�BF  �7 ) � � 2 DN_*.

-��B��K"F��"$"�2����Y2_Pm\b w ( ��v ? ) � z�b*=)7 x @�FRGBz ) 0JvL!!"�7 . (Z/2Z)11
� xhy � _

m6b2F�GNz��>v�� y 7�_�! , /���.N-��6�JK ) ( b&c ] !�(2; � ) {���� f�$��"aNF �2¤ �:$Li x @ w !
""7 .

x%y ! g ∈ H
� ��v ? _��$!�c�� y , ����F!����� w ��v)587 .

6.6 �����8MBOQP�R�S T.VAX�O�Z (3× 3× 3)

� �8l
	�������B�0K )�� v�fh���N7e`�������K w�� ! ��� i , XJ]�_LG��%F ��� FRG ¤ ����E � y �
�27�@ 5G7 .
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Figure 6. ���Bo � �8l�	�����J�B��K (3× 3× 3)

x _��>4 , `"< ������K8@ .!������K"Fk����� � x @�mRsjz � � w , �B;"�0����K"Fk����� � ¡)_���a�!
_ 90 }�bPc
�tE�$�587$# " w � 	�7 .

� ] !)_�/ C �L� , %"&"_ � �Wl
	���'�J�B��K�( H
�
S48 _

102)(�@)f � � v � y ���27 . ¡ x ! , 6 DN_ �&;*���B��K)_ , ¡ y C y 90 }�bPc2F�4NsB��� , 24 D�_���
, {49, 50, . . . , 72}

) UWV$+ = , S72 _&102)(�@)fh�,���Po � �8l�	�������B��K�( H̃
)�� v)587 .

H _ ��v ? x1, . . . , z2 F�O
Q 587 � �8l"	�������B��K)_ �">2FRG ¤6�P` y _ �&;����B��K)_JbPc w

� � � y 7 . ¡ x ! H̃ _ ��v ? @�fh� xx_1, xx_2, yy_1, yy_2, zz_1, zz_2
) d _LG��%F:g
i .

gap> xx_1 := x_1*(49,50,51,52);;

gap> xx_2 := x_2*(53,54,55,56);;

gap> yy_1 := y_1*(57,58,59,60);;

gap> yy_2 := y_2*(61,62,63,64);;

gap> zz_1 := z_1*(65,66,67,68);;

gap> zz_2 := z_2*(69,70,71,72);;

¡ x ! H̃ = excube
) 	�X"_LG��%F:4��\587 .

gap> excube := Group(xx_1, xx_2, yy_1, yy_2, zz_1, zz_2);

<permutation group with 6 generators>

gap> Size(excube);

88580102706155225088000
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H × (Z/4Z)6 _&1�2)( H̃ _ � � ) 3�4Yf&G�� . p : H̃ → H
) } � H × (Z/4Z)6 → H _ H̃ =�_�*�

@ 587 . p(xx1) = x1, . . . , p(zz2) = z2 GBz , p
� {\}�~����GF � 7 . K̃ = Ker p @%g
i .

d _���{����) EF=)7 .

(6.6.1) 1 −−−−→ K̃ −−−−→ H̃ −−−−→ H −−−−→ 1

x�x ! K̃ = H̃ ∩ (Z/4Z)6 !� 
z ,
] 9

gap> Size(excube)/Size(cube);

2048

gap> 4^6;

4096

G2z , K̃
�

(Z/4Z)6 _ � � 2 _B1�2�(NF � 7 . K̃ _ � � ) H)IN7 . (Z/4Z)6
�

, ` y !�_ 90 }Rb�cNF6OQ f � ��7 .
�

, 6 D�_ y _�+�S ) 0 z 4�¤�9 y � &�F'. ) ��� 5B70G!� F�4�; , ¡)_:�&v ? ) ε1, . . . , ε6

@�587 . +0S2_�3G;�[��
� ε1 = (49, 50, 51, 52) w x1 FBO
Q f , ε2 = (57, 58, 59, 60) w y1 F&O

Q 587
@)fh�$G � .

x _8@�"

gap> (49,50,51,52) in excube;

false

gap> (49,50,51,52)(57,58,59,60) in excube;

true

gap> (49, 50,51,52)^2 in excube;

true

H ¤6� � �8l�	�������B�JK)_&O�5�6N�
� , ε2i ∈ K̃, εiεi+1 ∈ K̃ w v z Z\� .
xhy GBz

(6.6.2) K̃ =
{
(ελ1

1 , . . . , ελ6

6 ) ∈ (Z/4Z)6 |
6∑

i=1

λi ≡ 0 (mod 2)
}

w�� � y 7 .
xhy !P� Q H̃ _ � � � 2��"¤69 w , ��{���� (6.6.1)

� 2 � f � ��_�! , (6.6.1) �RV>! �
� � z���� w�� 7 . ¡ x ! H × (Z/4Z)6 _&1�2)(A@)f �)_ H̃ _LG2z
	�� � c�� )��� fh�6�27 .

]�^
d F�� � 587 .

(6.6.3) (Z/3Z)7 × (Z/2Z)11 ⊂ H̃.

-�8 , (11, 24, 8), (20, 15, 3) ∈ HV

�
[1..24]⇔ orbits[1] FRGBz (25, 19, 8), (11, 17, 6) ∈ S24 F�O

Q
f , (7, 24), (14, 5) ∈ HE

�
[1..24]⇔ orbits[2] FRG2z (7, 18), (4, 10) F�O Q 5G7 .

x _8@�"

gap> (25,19,8)(11,17,6) in cube;

true

gap> (25,19,8)(11,17,6) in excube;

true

gap> (7,18)(4,10) in cube;

true
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gap> (7,18)(4,10) in excube;

true

H ¤�� , (25, 19, 8)(11, 17, 6), (7, 18)(4, 10) ∈ H̃ w 2���7 .
� �Fl 	$�  ���t��K�_�O�5*6��8� , (Z/3Z)7,

(Z/2Z)11 _ ��v ?�� 5�I�� H̃ F'( ] y 7 . G ¤6� (6.6.3) w v z Z\� .

(6.6.3) GBz d w�� � y 7 .

(6.6.4) H̃ ' H̃1 n ((Z/3Z)7 × (Z/2Z)11)).

x�x ! H̃1 = H̃ ∩ (A(S8×S12)× (Z/4Z)6)
�
A(S8×S12)× (Z/4Z)6 _ � � 2 _B1�2�(R!� )7 ( �����

!�_ (Z/4Z)6 _�>\? � � � � >\? @�5G7 ). H̃
) 3N;"7�9";�F � , H̃1 _ �

� ) 32; y +RG � . A8×A12�
A(S8 × S12) _&102�(L!� �7 x @�F�� � fh� d ) �)5 .

(6.6.5) A8 ×A12 ⊂ H̃1.

]�^
A(S8 × S12) _ H =�_��B;��"� )�� \ � Fe3B;�7 x @ �
�|�2;)7 .

gap> Orbits(comp1, [1..24]);

[ [ 1, 2, 3, 4, 5, 13, 7, 8 ], [ 6, 14, 15, 16, 21, 17, 9, 11 ],

[ 10, 18, 20, 12, 19, 23, 24, 22 ] ]

gap> Orbits(comp2, [1..24]);

[ [ 1, 2, 3, 4, 5, 6, 17, 13, 9, 12, 10, 7 ],

[ 8, 16, 18, 19, 22, 14, 23, 20, 15, 21, 11, 24 ] ]

S8

�
comp1 @)fh� HV _ �\F&-�d � y 9 .

H ¤6� , S8

�
,
d _�+���UWVB� y 9 8 DN_��N_:a\b�@)fh�

� � y 7 .

[1, 6, 22], [2, 14, 18], [3, 15, 20], [4, 16, 12], [5, 21, 10], [13, 17, 19], [7, 9, 23], [8, 11, 24]

orbits[1] _>p�! � , O Q cBFRGBz

[1, 9, 35], [14, 46, 40], [17, 11, 6], [3, 33, 27], [48, 32, 38], [24, 30, 43], [22, 41, 16], [19, 8, 25]

@ � 7 . ��YGF S12

�
comp2 @)f � HE _���F&-�d�� y 7:_0! , S12

� +���U*VB� y 9 12 DN_��2_:a
b�@)fh�>-�d � y 7 .

[1, 11], [2, 16], [3, 19], [4, 22], [5, 14], [6, 8], [17, 23], [13, 20], [9, 18], [12, 15], [10, 21], [7, 24]

orbits[2] _>p�! �

[2, 34], [12, 37], [5, 26], [47, 39], [10, 4], [36, 29], [42, 23], [28, 21], [44, 15], [45, 31], [13, 20], [7, 18]
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@ � 7 .
x y G2z ,

� =P+ 3 D�_�`)<��0�6�JK [1,9,35], [14,46,40], [17,11,6] F ��5G7���� 3 _
��b a\b � H _ ? @)fh� (1, 14, 17)(9, 46, 11)(35, 40, 6) @|c � y 7 . ¡ x !

gap> (1,14,17)(9,46,11)(35,40,6) in cube;

true

gap> (1,14,17)(9,46,11)(35,40,6) in excube;

true

�>YjF 3 DG_�.����B�LK [2,34], [12,37], [5,26] F	�\5Y7�� � 3 _��Wb�a�b � H _ ? @�f��
(2, 12, 5)(34, 37, 26) @|c � y 7 . ¡ x !

gap> (2,12,5)(34,37,26) in cube;

true

gap> (2,12,5)(34,37,26) in excube;

true

p)_'/ C�� S8 @ S12 _ ( � � i\@k�,� ��_ ) � � 3 _ �Jb�a�b w H̃ F ( ] y 7 x @ ) ��� 527 . @ x &�! ,

A(S8×S12)×(Z/4Z)6
� � �|�\F , S8×S12 _ � � _�>�?�FJG�z �PmJ!% \7 . H̃1

�
A(S8×S12)×(Z/4Z)6

_ � � 2 _&102)( � _�!:� � z , S8 × S12 _:>�?�!��0mNF � 7 . fh9 w ¤6� S8 _�5)I��)_�� � 3 _��
b a\b , S12 _�5)I��)_�� � 3 _���b a\b w H̃1 F'( ] y 7 x @ w 2���7 . ��r)( � � � 3 _���b a�b
FRG ¤6� ��v � y 7:_�! ,

xhy GBz (6.6.5) w�� � y 7 .

��� (6.6.1) @ (6.6.5)
) 4$sB��� , H̃1

�
(A8 ×A12)× K̃

) � � 2 _&102)(A@)fh��(
� x @ w 2���7 .

� z _����
	2_&r�c ?�� ,
� =P+

g = (1, 14)(9, 46)(35, 40)× (2, 12)(34, 37)× (49, 50, 51, 52)

!��N=G� y 7 . � 1 � w `�<!�0�B�RK [1,9,35] @ [14,46,40] _�'�b , � 2 � w . �J�B��K [2,34]

@ [12,37] _�'\b , � 3 � w �&; ���B��K)_ 90 }�bPc�!� �7 .
xhy FRGBz ,

(6.6.6) H̃1 =
(
A8 ×A12)× K̃

) ⋃(
(A8 ×A12)× K̃

)
g

@|c � y 7 .
x _�/ C � d _�G��%F� y + , GBz �\�� i � 7 .

�
,

ψ1 : A(S8 × S12) → A(S8 × S12)/(A8 ×A12) ' {±1},

ψ2 : (Z/4Z)6 → (Z/4Z)6/K̃ ' {±}

F�G2z
~��e� ψ1, ψ2

)�� ��G7 . ~��e� ψ : A(S8 × S12)× (Z/4Z)6 → {±1}
)
ψ(a, b) = ψ1(a)ψ2(b)

FRGBz � ��87 .
x _8@�" , H̃1 = Kerψ w v z�Z\� . 	Jp�_�/ C ) ] @�;�7�@ ,

(6.6.7) ���&o � �8l�	�������B��K�( H̃
�

H̃ ' H̃1 n ((Z/3Z)7 × (Z/2Z)11)
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!��N=2� y 7 .
x�x F H̃1 = Kerψ

�
A(S8 × S12)× (Z/4Z)6 _ � � 2 _&102)(L!� �7 . �2F ,

|H̃| =
1

24
(8!× 12!× 38 × 212 × 46) = 88580102706155225088000.

I��2F , ���&o � �8l�	�������B��K�( H̃ _ �&; Z(H̃)
)�� ;6�\g
i .

gap> Center(excube);

<permutation group of size 4096 with 10 generators>

H ¤6� Z(H̃) _ � � � 4096 !� �7 . g
) x � _�G��%F H _ �&;�_ ? @ G7�@�"

(6.6.8) Z(H̃) ' 〈g〉×K̃

w v z Z6� . -�8

gap> g in Center(excube);

true

gap> (49,50,51,52)(57,58,59,60) in Center(excube);

true

gap> (49,50,51,52)^2 in Center(excube);

true

2 S 1\@ 3 S 1 _����
� , (6.6.2)
) � ��9)_L@e��Y2_�
�$! K̃ ⊂ Z(H̃) w � =)7 . ¡ x ! 〈g〉×K̃ @

Z(H̃) _ � � ) ��� fh� (6.6.8)
) � 7 .


