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1. �������
G ������� Fq �	�! �"$#&%('	)+*-,/.�0 �	1 , F : G → G � Fq 2/354$6&7/8:9 G

;
Frobenius <�=?> 8�9 . G

;
F 4&@A9�B$��C�DFEG*�9 �H� 1 GF �I�H� ,J. 1 >IKML .

GF ;$NJO/P+;RQ	SHT *VU�W+X C � ;RY . NJO �[Z&\�] �_^ , ` ;RY .	aVb �Gc�d 8�9�e
>[f�g 9 .

Y .!aJb ;(h	i 4Aj KJ\ X , 1980 k 0l4 Lusztig m , n�o G
;/p-q m '/)r*(st 4 h	i �RuJv ^ , ` ;(wrp�q mAx '	)+*-s t X ,

p�q m '!)r*(s t 4�yVz�"${+9He > 4
@+| , }V~ ; �&� ,/. 1 ;$Y .!aJb ;$h/i �RuJv "R{H% .� "(#H%AU�WrX GF ;(Y .!aVb ; ] � f�g 9 m , �&� ,/. 1 ;RY .�aJb �[] �&8:9 }
~ T *��/�/����� �G�H�A\ Lusztig X$a�b!� ; � P ���	� ^$% . G

; a�b!� Ĝ > X , G �; g 9R� ; (G
;(�	�+;(��� 4A�/8�9 ) G- �(�/�	�	�!� � ;$� t > ^ \ �	 �"R#�9 .

ĜF = {A ∈ Ĝ | F ∗A ' A}

>���� . ĜF X F �J� *(aVb	� Z/� ;R� t f�g 9 . � A ∈ ĜF 4$��^ , �$� φA : F ∗A ∼−→A

� B$�&8:9�e > 4&@:| , A
;$ 	¡ � � χA = χA,φA

: GF → Q̄l m �	 F"$#�9 . χA,φA X GF

;$i � � 4V*�9 . n % , A m��/��f�g 9He > D�E χA XV¢�£�¤V�(¥ ��¦�KV\ , φA
;(§:¨ª©

4&@&EG* K . C(GF /∼) � GF ;Ri � � Z	� D�EI*�9 Q̄l «�¬ > 8�9 . C(GF/∼) 4/X Y .
aJb �G/®�¯/° Q�± > 8�9&@ L *r²�³+*	´(µ mA¶ 9 . Lusztig

;(Q!S&T *()�·+X(¸ ;$¹ |
f�g 9 . e ; � � X G

;/p�q m '	)�D�º&DH4�D	DJ»¼E oAv	½ 8�9He > 4$¾	¿&8�9 .

ÀJÁ
1 (Lusztig [L2]). G � '	)	,/. 1 , p � almost good ( Â�Ã!Ä , p > 5) > 8�9 . e ;

>ªÅ
(i)
� t

{χA,φA
| A ∈ ĜF} X (φA ��ÆrÇ 4 /®�È 8:9He > 4&@r| ) C(GF /∼)

; 	®
¯J° Q!± � *�8 .

(ii)
i � � χA,φA

� “ cJd 8�9 ” }V~ T *���ÉlÊrËÍÌ	Î mAÏ/Ð 8�9 .
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Ñ!Ò
. χA,φA

; cJd X GF ; }J~ Greeen � � ; c	d 4ªyJz�"(#r9 . }	~ Green � � X
GF ;&Ó � � ; � f �� �"-#�% i � � f�g | , Lusztig X+e(# m , � * ( j n | c	d&Ô	Õ
* ) � �	Ö ;$×�Ø ) t > ^ \AÙ/� T 4 N	Ú "(#:9He >�� Ú ^(% . ^GD5^/e	eª4AUªW mHgHÛ
\ , Lusztig

; � P f X , e ; , � *J� ��Ö ;(Ü | © 4V¢�£H¤V�-¥ ; � � ¡ m � Û-\�K 9 .

Green � � ; s t 4/X , e ; � � ¡ X uJZ 4 ¦JÝ "(# \�K 9 m , }J~ Green � � �$cVd 8
9�% � 4JX , e ; ¢!£�¤�� �[] �H8�9�Þ	ß m�g 9 . e ; U�W+X G m-� '/):*$s t 4(y�zH8
9 . (G m 7�à 1 ; s t 4/X$á/â T , ��f , Green � � ; s t X ` # f�ã 6 � .)

Lusztig
; � � 4�@:| , GF ;RY ./aVb ; ] �+X , C(GF /∼)

; aVb!� ;$ J¡ � � DME�*
9 Q/± > ,

Y .	a�b�DME�*�9 QJ± > ; ¬ ; �/äJå!ær�[] �H8&9�e > , 8!*ª»�ç i � � χA,φA

� Y .�aJb ;(è 4 h	é 8�9&e >!>G�-ê�f�g 9 . G
;	p�q m '!)+*(s t , GF ;$Y .!aJb �h�i 8r9Gë!ì f , Lusztig X�í�a!b Rx >$K »�#:9 GF ;�i � � � 2 v ^-% . (x Xªîï¤ð �Hñ � t X(GF ) �[òó� .) Rx X Delinge-Lusztig
; }�~ aJb RG

T (θ) >õô/ö *��ª÷ �Iø
ç ( ù�ú�m�û�\�K 9He > 4G¾!¿ ), ¸ ;$¡�ü �I� 8:9 .

(i) í	aJb Rx
; Z	� X C(GF /∼)

; /®�¯/° Q�± � *�8 .

(ii) Rx X GF ;$Y .�aJb ;-×!Ø ) t > ^ \ Ø	ý�T 4R�� �"$#+9 .
  4 , Rx

;(Y .�a
bHþ ;(h!é X Ù/� T 4�ÿ Ã E #�9 .

e ; @ L * ��� f , Lusztig X(¸ ; @ L *���� �	��
 ^(% .

Lusztig �� . ÆlÇ * Z	��� X(GF ) ' ĜF (x ↔ Ax)
;�� > 4 , ���l��� %�8�¢�£H¤/�

cx ∈ Q̄∗
l mªÏJÐ 8�9 .

χAx,φx = cxRx.

Lusztig ��� m é ] ^ , ¢�£�¤J� cx mª] ��"$#+9 > ,
 !¡ � � xχAx,φX

;-Y .�aJb�þ;-h!é m�� E[#�9 . χAx,φx mJcVd�f+Å # Ä , GF ;$Y .�a/blX Z:\�] � f+Å 9 . ` e f G
;/p�q m '	)+*(s t , GF ;$Y .�aJb ] � ; �!���/¤ªÎ�X-¸ ; @ L 4J*H9 .

GF ������� ��! À �#"�$�%�&(' :

(i) Lusztig ��� ;$é ] .

(ii) Lusztig ���r4 O #�9�¢�£�¤J� cx
; ] � .

(iii) }�~ Green � � ; cVd 4 O #�9�¢�£�¤V� ; ] � .

(i) 4Aj KJ\ X*)�+r4�@r| é ] "$# \�K 9 ([S3]). (ii) 4�j KJ\ X , aJb�� m Ó � �-, � �
f(.:Ã * K s t , g 9 K X��-/H8:9Gí!aJb m Ó � a/b ;$×!Ø ) t f(021 9Gs t *23 ,

 �4
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*-s t 4:^RD(5 E # \�K * K . (iii) X(Þ�³ T 4 G
;	pªq mAx '!)+*(s t �76:Ã 9IÞ�ß m8 o 9 . G = SLn 4Aj K	\ X�)�+ï4&@r| (F m split, non-split

; 3�çrE � ) ] �¼"$#&% .9 ; s t 4Aj KJ\ X , n�: h D Û-\�K * K .

G
;/p�q mAx '/)+*(s t � , a/b�� ; � P mªx '/)+*(s t 4 �<; ^ �>=	Õ ^ \!K 9He

> D�E ,
p�q m '	)r*(s t > Q�S&T 4 � , *��	���/¤AÎ �	6�Ã 9&e > 4J*�9 . ^ID5^/e ;

s t , GF ; í�aJb �rL$nM� �� _^$* 1 # Ä *MEG* K . í�a	blX p�q m '!)+*�s t 4r^ID
�/ M"R# \	K * K . ` ^ \ Luszitg 4H@A9 p-q m�x 'J):*Gs t ;GY ./aVb ; ¤@?�É�6 1 X ,

í!aJb � �	 &8�9 ; 4RÞ	ß:*(ìrX�A ô&f * K ; f�g 9 .
S�B f X$¸ ; )!· �DC�E ^$% K .

ÀJÁ
2. G = SLn, F X split � > 8+9 , 8�*A»+ç GF = SLn(Fq). "&ER4 p >> 0 >GF �

8�9 ( Â&Ã�Ä , p > 3n). e ; >ªÅ GF ; í�aJb m ^ID�9@H � �/ �"(# , Luszitg ��� mAv/½
8�9 .

ÑVÒ
. I-JHf X , "&EG4 �/���V¤�Î (ii)

; ¢!£�¤A� cx
; ] � n�f é ]Hf:Å % >LK HH% m ,

eG#H4Aj K/\ X ` ;Rw n :*M ^IU�W m � Û(\!K 9�e >[m h D Û % ; f , e/e f X Ü | gVÃ
oON�P 4�^ \	�_� .

� ^Je ; ¢�£H¤�� m�] � frÅ # Ä , SLn 4ªj KJ\ X (i), (ii), (iii) m�Z
\Vã 6 Å , QFÛ-\ Y .	a/b m�uVZ 4 �:n 9He > 4/*�9 .

2. R�S descent TVU ���

G
;!p�q m�x '�)r*-s t 4 � í�a/b � �! �8:9�W�X > ^ \ , e!e f X(í�a/b >ZY�[

descent > ; �ª÷ �D\ � ^J@ L . nªo Y�[ descent
; �! �D�E �:� 9 . G � ( ,	. > X �

EG* K ) Fq �!�� �"(#�%('	)�0 ��1 , F : G → G � ��/�8:9 Frobenius <J= > 8+9 . ]�
m ≥ 1 4-��^ , F m : G → G � Fqm 2!3ï4��	8+9 Frobenius <V= > 8:9 . e ; >AÅ ,

GF m ;
F �	� * Y .!a/b ;�^ � X , GF ;(Y .!a/b ;@^ � 4 }�_ 8�9�e >�m 5 E # \�K

9 . e ;a` � ir;(� t ; ¬ ; �A÷ �	b H+9 ; m(Y�[ descent ( g 9 K X , Y�[ lifting)
; �

P f�g 9 .

x, y ∈ GF m 4$�¼^ , y = z−1xF (z) > *�9 z ∈ GF m mªÏ/Ð 8�9 >�Å , x > y X F
�	�

fHg 9 >IK�L . GF m

/∼F f GF m ;
F
���/ir;(� t � N 8 . m = 1

; s t , F
���	i X ,c ¹r;-�	�/i 4ª8ed�* K . e ; s t ,

�/�/ir;$� t ��� 4 GF/∼ > N 8 . f É�Î <�= >IK
»!#�9 GF m

/∼F D�E GF /∼ þ ; Z	��� NF m/F m ¸ ; @ L 4(�	 �"$#:9 . G X s '	)r*; f , Lang
; � � 4&@+| x ∈ GF m 4$��^ , x = α−1F (α) �D� %A8 � α ∈ G mAÏ/Ð 8�9 .
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x′ = F m(α)α−1 >[�?�A> , x′ ∈ GF f�g | , �-/ x 7→ x′ m�Z!��� NF m/F �hg�i 8�9 . `
e f , ShF m/F = N∗−1

F m/F > ^ \��(��<�=

ShF m/F : C(GF m

/∼F ) → C(GF/∼)

m �	 �"R#�9 . ShF m/F �	Y�[ descent <V=?>IKFL .

@ � 5 E # \�K 9�@ L 4 GF ;$Y .!aJb m C(GF/∼)
;$Q!± � ÿ Ã 9 . } © , GF m ;

F �	� * Y .�a/b+D¼E ¸ ; @ L 4r^ \ C(GF m

/∼F )
;-Q�± mO� E�#:9 . j , σ = F |GFm

> ^ , GF m > σ f 8 v "$#&%@k � m
;�lnm 1

〈σ〉 > ;Oo ¯ µ G̃F m

= GF m

〈σ〉 ��6�Ã 9 .

GF m ;
F �!� * Y .�a	b χ X G̃F m ;-Y .�a!b χ̃ 4�pnqM"�# , χ̃ �7r�s i GF m

σ 4t � 8r9�e > 4�@l| , GF m

σ � ; GF m ��� *J� � χ̃|GFmσ m�� E[#+9 . e�e f , Z����
GF m

/∼F' GF m

σ/∼, x 7→ xσ, 4H@:| C(GF m

σ/∼) > C(GF m

/∼F ) m���} u "R# , χ̃|GFmσ

X C(GF m

/∼F )
; � >Dv *ª{:9 . χ̃|GFmσ XA¢�£�¤��R¥ ��¦!KV\ χ

; p � ;RÜ | © 4H@HE
o , ` #�E ; Z	��m C(GF m

/∼F )
;$Q!± � ÿ Ã 9 .

¸ ; )	· m )�++4H@:| � E�# \!K 9 . ����f X (IrrGF m

)F f F �J� * GF m ;RY .	a
b ;$� t � N 8 .

ÀJÁ
3 ([S1], [S2]). G � p�q m '	)+*-'!)!,/. 1 > 8�9 . e ; >ªÅ�w h � Å�K m0 mAÏ

Ð ^ , m0
; ¥ � f�g 9�@ L **x	¿ ; m 4(�¼^ \ ,

{ShF m/F (χ̃|GFmσ) | χ ∈ (Irr GF m

)F} = {Rx | x ∈ X(GF )}

m ¢�£�¤J�-¥ ��¦�KJ\Av | ½ j . ( �y��f X , e ; @ L * m � sufficiently divisible * m

>�KML e > 4ª8�9 .) 8�*ª»�ç Y-[ descent 4�@r| GF m ;RY .	aJb�DFE�² ³�* Ø f GF ;

í!aJb m(� E #�9 .

Y�[ descent X � ç�z�{ p�q mªx '	) ; s t f � ¿n| �Iø j . ` e f ¸ ; ���+X ` #
ì � ²Í³ f X/* K�: z L .

R�S descent �  . G XR'	)!,/. 1 , m X sufficiently divisible > 8�9 . e ; >ªÅ ,

{ShF m/F (χ̃|GFmσ | χ ∈ (Irr GF m

)F} = {χA,φA
| A ∈ ĜF}

m ¢�£H¤��$¥ ��¦�K/\ªvJ½ 8�9 .
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Y-[ descent ���:X , GF m ;GY .	aVb ; Y-[ descent 4H@A9 =&m (
p(q m�x '/) ; s t

f � ) í	aVb ;G�-} � ·�%ª8le >-� ß � ^ \	K 9 ; f�g 9 . ` e f � ShF m/F (χ̃|GFmσ) �
GF ;$Y .!aJbl4 h	é 8�9He >�m�~ ßr4J*H9 . ¸ mªv | ½ j .

À!Á
4 ([S4]). G = SLn, F X split � > 8:9 . e ; >AÅ , � χ ∈ (IrrGF m

)F 4��_^ ,

ShF m/F (χ̃|GFmσ)
;(Y .!aJb&þ ;$h	é m ( ¢�£�¤V�R¥ ��¦�KJ\ ) � E #�9 .

� � 4
;h� � 4�X GF ;�Y .Va�b ; A ô * h�i m ÞJß�4�*!9 . ` ;	��;7���#� SL2(Fq)� Â�f�v���v���� . GF = SL2(Fq), G̃F = GL2(Fq) �-� , Fq

�����2�
2 �y�����D��� .

T ⊂ B
�

G̃
�

F �������n� ������ ¡� , F - ���2� Borel ¢�£�¤ ��¥ �7�e� . W =

N eG(T )/T =〈s〉 �y¦¨§ , ©�ª s «�¬�®�n� F ���#�����¯�°�y��  � Ts �G±®� . ² � ��³ ,

G̃
� �y�¯�´����  T1 � T F

1

�*µ�¶�·��
θ1 «*¬¸�	� , Deligne-Lusztig

·��
RT1(θ1) ¹�º» § ,

RT (θ) = Ind
eGF

BF (θ̃) = ρ,

RTs(θ
′) = ±ρ′

�V��� . generic � θ, θ′ «D¬��V� ρ, ρ′ �hµ ¶ «(��� . ²�²*« ρ
��¼�½O¾ ±O¿�� deg ρ = q+1,» À

deg ρ′ = q − 1 �	��� . ²-²7� ρ, ρ′ � GF Á ��Â�Ãn�7ÄnÅ � . Æ��hÇ�È � θ, θ′ «*¬É�
� � , ρ|GF , ρ′|GF

��µ�¶ «���� . �DÊ2� , ¦�� θ = θ0, θ
′ = θ′0 ¹OË�Ì ¥�Í�Î �h� , ² � �(³ ,

ρ|GF = ρ1 + ρ2

ρ′|GF = ρ′
1 + ρ′

2

�G£�Ï¨Ð�Ñ�� . ²-²�� , ρ1, ρ2
��Ò «*Ó � (q + 1)/2, ρ′

1, ρ
′
2

�@Ò «*Ó � (q − 1)/2
�

GF �
µ�¶�·-� «��y� . GF ��µ�¶�·-�e� £-ÔZ���	� � , ²	Ñ���Ì��Õ�£n�y¦��(¹ , Ö�× descent
�*Øa�	Ù�Ú �n�-�h����� , ρ1, ρ2 Û , ρ′

1, ρ
′
2

�OÜ �¸ÝßÞ � à�á ���7â�ã�¹yä��æå	� . çy��ç
�O²	Ñ¨è	é ·��e� , G̃F é�ê�ë�� Ò-ì �y¦�§ , í�é à�á ¹ Í-î «*ï�ð���éO��¦�� . Ó�ñ���òó �n��ô�õ	« , ÌOö Gelfand-Graev

·��a÷hø ë¨ùDú�²@é��@û�ü ý#þ ÷hÿ õ . ���#é SL2 é���
, Ö�× descent

� Ó�énô�õ7«��®� . �e«�¿®Ñ À ρ1, ρ2, ρ
′
1, ρ

′
2

�
F
÷

F m «��¨³	� Å �
²�
*«nô#§ , GF m é F ���#� µ�¶�·-� X = {ρ

(m)
1 , ρ

(m)
2 , ρ′

1
(m), ρ′

2
(m)}

÷��Å � . � ρ ∈ X
5



«�¬¡ù7ú , ShF m/F (ρ̃|GFmσ)
÷

Rρ 
 ±®�2²�
*«O��� . ²�é�
O³ ,

R
ρ
(m)
1

=
1

2
(ρ1 + ρ2 + ρ′

1 + ρ′
2),

R
ρ
(m)
2

=
1

2
(ρ1 + ρ2 − ρ′

1 − ρ′
2),

Rρ′1
(m) =

1

2
(ρ1 − ρ2 + ρ′

1 − ρ′
2),

Rρ′2
(m) =

1

2
(ρ1 − ρ2 − ρ′

1 + ρ′
2)

¹�í�Ñ���Ñ ,  �������� ÷� ��ú������®� . ����«D¿�Ñ®�<Ô�� � ¹��! -��º#"��®� SLn(Fq)

é�$ ·-� é(Ì&%®�y¦y� .

3. '#( Gelfand-Graev )�*,+�-!.�)#*0/21�3�4&5�6
ÌOö Gelfand-Graev

·87#��92: «�ô�;hú=<�>eÐ7Ñ À . ?�@�A��=B�C#«@Þ�� ú � [K] D�ôE í�²@é�F�G�B�C ÷ F�G�Ð�Ñ À � . g
÷

G é Lie HI
�ù , F : g → g
÷ ¬�y�n� FrobeniusJ Ø 
h��� . g

F «�K » Ñ#��LNM�O N «�¬¸ù , Dynkin-Kostant PRQe«nô#§ F ���#��S!T
¢�£-¤ P 
*í-é F �-�#� Levi ¢�£-¤ L ¹(º » � . P = LUP

÷
Levi £-ÏU
<��� . N «

ô#§ , UP é F �����#V�¢�£-¤ U 
 , Ì Ó ·&7 ΛN : UF → Q̄∗
l ¹�º

» � . ΓN = IndGF

UF ΛN÷ Ì ö Gelfand-Graev
·#7 
D�aõ . ÌOö�« , N, N ′ ∈ g

F ¹ GF Ò�ì ����þ(Ñ�W , ΓN 
 ΓN ′

�
GF é�X2�®� ·�7¨÷��nÅ � . N é G Y�Z ÷ ON 
ß±�� . ON é GF YRZ Á é�£�Ï �

AN = ZG(N)/Z0
G(N) é F

Ò-ì Ô AN/∼F «�ô#;�ú8��[ÉÐ�Ñ�� . AN/∼F é�O c «@¬-y�
� ON é=\�±RO ÷ Nc, ΛN

÷
c � twist ù7ú^]æèVÑ�� UF é�Ì�Ó ·&7�÷ Λc : UF → Q̄∗

l 
_ å . ΓNc = IndGF

UF Λc �y¦y� .
9`: «�ab;�ú Ì�ö Gelfand-Graev

·&7 Ê�è , Ó#énô�õ�«7�!c�Ì�ö Gelfand-Graev
·&7

÷ed �y�n� .
À�f ù , SLn é ��� [S4] �8gaÐ�Ñ À ônõ	« , U

÷
L é�ê�ë��(����«Nh®Ñn� é

� ,
9`: é�Ì�ö0A�� d �Éô#§@ç	i�j2«��0;@ú��®� .

»�k
,

AN = ZG(N)/Z0
G(N) ' AL(N)/A0

L(N)

�®¦¡§ , AN
��l ��û-ü�¤2«�����²m
@«�nRon��� . ²(é�
 ³ , AN/∼F

�
AN é a−1F (a)

(a ∈ AN) �#p#�¨Ð*Ñ À ¢�£�¤�énô �Nq�¤r
�ù7ú�] èVÑ�� . í(Ñ ÷ (AN)F 
G±®� . (AN)F�
F ¹ts ó «7ê�ë����yô�õD� AN é=u���é�q-¤n�y¦�� . (AF

N)∧
÷

AN é µ�¶�·&7!v�w é
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x � 
<�n� . ξ : AF
N → Q̄∗

l «@¬¡ù , ZL(Nc)
F é(Ì�Ó ·&7 ξ\ ÷ Ó�énônõ7« d ����� .

ξ\ : ZL(Nc)
F → (ZL(Nc)/Z

0
L(Nc))

F ' AcF
N = AF

N → Q̄∗
l .

� ¥ (c, ξ) ∈ (AN )F × (AF
N)∧ «�¬ÉùDú#y�z�{ ZL(Nc)

FUF é(Ì Ó ·#7 ξ\ ⊗ Λc ¹�º�"n��³
� . ²�²*� , (c, ξ) �(º » �D�!c�Ì�ö Gelfand-Graev

·&7
Γc,ξ

÷

Γc,ξ = IndGF

ZL(Nc)F UF (ξ\ ⊗ Λc)

«�ô#§ º�"���� . Γc,ξ
� Ì�ö Gelfand-Graev

·&7
ΓNc é8z�|���£e«��0;@ú��y� .

Γc,ξ «nô�� GF é µ�¶�·�7 é���û-ü�ý2þ}
 family Á é�£!~ ÷ ò ó ù�ô�õ . G∗, G̃∗ ÷
íOÑ2�OÑ G, G̃ é���¬�¤�
h��� . G̃∗ ' GLn � ¦É§ ,

J Ø
π : G̃∗ → G∗ = G̃∗/Z̃∗ ¹�] è

Ñ�� . Z̃∗ � G̃∗ = GLn é :�� � ¦�� . GF é µ�¶�·&7Rv�w é x � Irr GF � , Ó�énô�õ7«
Lusztig series «�£�~�Ð�Ñ�� .

Irr GF =
∐

{s}

E(GF , {s}).

²�²�« {s} � G∗ é F ����� Ò�ì Ô ÷�v ú8� å . � , s ∈ G∗F 
-ù , Ωs = ZG∗(s)/Z0
G∗(s)


eD å . Ωs
����� ¤e«&��� . s é G

Ò-ì Ôeé : é GF Ò�ì é�\�±�O � Ωs/∼F= (Ωs)F �
�@û ü ý�þ�èßÑ�� . x ∈ (Ωs)F «�¬���n� G∗F é�O ÷ sx 
´±y� . � sx «7¬Éù , π(ṡx) = sx


N��� ṡx ∈ G̃∗F ¹8h®Ñ�� . T ∗ ÷ ZG∗(s) é maximally split � F ���-��� �´���� t
�ù ,

T̃ ∗ ÷ π(T̃ ∗) = T ∗ ÷^� À � G̃∗ é F �-���y�¯�´���� �
<��� . ṡ
÷

π(ṡ) = s 
���� T̃ ∗F

é8O ÷ h�� . W = N eG∗(T̃ ∗)/T̃ ∗ 
eD å . W � NG∗(T ∗)/T ∗ 
N��Ì#� � ³�� . Wṡ
÷

W «
D®þ�� ṡ é��@ºR��¤r
<��� . Ðnè�«

Ws = NZG∗(s)(T
∗)/T ∗, W 0

s = NZ0
G∗(s)(T

∗)/T ∗


eD å . W 0
s ' Wṡ � ¦¨§ , Ws = Ωs n W 0

s 
N�®� .

Ì&� , G̃F = GLn(Fq) é µ�¶-·�7 � ṡ ∈ T̃ ∗F 
 , Wṡ é F ����� µ�¶ ±�¿ E é ¥ (ṡ, E)

� ��Å èßÑ�� . í(Ñ ÷ ρṡ,E 
G±®� .

ρṡ,E = ±|Wṡ|
−1

∑

w∈Wṡ

Tr (wF, Ẽ)R eT ∗

w
(ṡ)
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=�0;@úm�n� . R eT ∗

w
(ṡ) � w � twist ù À F ��������� �����   T̃ ∗

w «#���e� Deligne-

Lusztig é�Ì ö ·�7 R
eG
eTw

(θ)
÷ ±�� . x ∈ (Ωs)F � twist �n�y²R
�«®ô�§ , ṡx «*¬¨ùDú�ç G̃F

é µ�¶�·�7 ρṡx,E ¹Oº!"ÉÐ�Ñ�� . Clifford PRQ2«�ôe§ , GF é µ�¶�·�7 � , G̃F é µ�¶�·�7
é GF Á é Â�Ã#÷ £�Ï��#��²0
�«nôe§ ,

v ú�] è<Ñ�� ( multiplicity free é@£�Ï2«���� ).

x ∈ (Ωs)F
÷�v ú��nÊaù À�� , ρṡx,E

÷ £�Ïn���®²0
�«�ôe§�] èhÑ�� GF é µ�¶�·�7!vRw
é x � ÷ Ts,E 
 ±®� . Lusztig series E(GF , {s}) �

E(GF , {s}) =
∐

E∈(IrrWṡ/Ωs)F

Ts,E


G£�ÏaÐ�Ñ�� . ²�² � , (Irr Wṡ/Ωs)
F � Irr Wṡ é F �-�}� Ωs Y�Z ÷ o2����� . Ts,E

÷Dµ
¶�·&7 é family 
��¨õ .

�R , ¦����#é Ts,E ¹���c�Ì ö Gelfand-Graev ±�¿�«®ô�;�ú®��û�ü ý#þ � ³ �y²�
 ÷
ò ó ��� . ÌOö�é Ts,E é��@û�üOý#þ � ²�é������ ��� «=���®�n�Oé � ¦�� .

:�� ¹����`�
¤ G̃ «@¬¡ù7ú , � ρ ∈ Irr G̃F « g é�L�j!Y�Z Oρ

÷ ¬-¨Ð�#� J Ø ¹ Lusztig [L1] � d
��Ð*Ñ À . % Å W , s = 1 é �!� , Wṡ = W � ¦É§ , W é µ�¶ ±�¿ E é��n��� two sided

cell é���-±�¿ E0 ∈ IrrW Êaè Springer ¬�#«yô�§ º » � g éRLej�Y�Z�¹ Oρ
÷N�®Å � .

� x ∈ (Ωs)F «@¬¡ùDú ρṡx,E
� �� �L�j�Y�Z ÷N��Å ��é � , family Ts,E «�¬Éù7ú0L�j�Y�Z

Os,E ¹(º » � . � , N ∈ OF
s,E

÷ h § , AN
÷

AN é ( ¦���¡�¢ � º » � ) q-¤r
<��� .

MN = (AN)F × (A
F

N)∧, M0 = (AN)F × (A
F

N )∧


�D å . M0 ⊂ (AN)F × (AF
N)∧ ��é � , � (c′, ξ′) ∈ M0 «@¬ ù�ú Γc′,ξ′ ¹�ºR"ÉÐ�Ñ�� .

ϕ : M0 → MN
÷ s¤£�� J Ø 
<��� .

¥�¦
5 ([S4]). (s, E) � ¦���¡�¢ ÷�§ À � ¥ 
<��� . ²�é�
�³ ,

x �
Ts,E

� MN «®ô&;
ún��û-ü ý�þ®Ð*Ñ�� . (c, ξ) ∈ MN «�¬-®��� Ts,E é8O ÷ ρc,ξ 
G±y�,
 Ó�¹^� §¨��Þ .

〈Γc′,ξ′, ρc,ξ〉GF =

{
1 ϕ(c′, ξ′) = (c, ξ) é ��� ,

0 í-é�©�é �!� .

ªR«
5 � , G̃F é µ�¶�·�7 é Â�Ã 
�ù7ú , ¬��� -ô�õN� î�¨÷N® ;�ú�� À GF é µ�¶

·#7�¯ é�°�± ÷ , ��c�Ì ö Gelfand-Graev
·#7 ¹ ��² 
�«N³ á ù	ú¸å Ñn�y²m
 ÷ o0�2ùDú

�®� .

8



4. Lusztig ´#µ
(s, E) ��¶ ñ�é�· §�
h��� .

»�k
Ts,E «*ý0¸-��� GF é�$ ·&7�÷ º!" ù�ônõ .

MN = A
F

N × (AN )∧ex


ND å .
À�f ù , (AN)∧ex

� AN é µ�¶�·�7 � F ���b�#çOé vRw é x � ÷ ±�� . pairing

{ , } : MN ×MN → Q̄∗
l

÷
x = (c, ξ) ∈ MN , y = (c′, ξ′) ∈ MN «�¬¡ù7ú

{x, y} = |A
F

N |
−1|ξ(c′)ξ′(c)

«�ô�§>º!"®��� . ξ′ ∈ (AN )∧ex
� (AN)F �#é ·&7 
 � ���#�y²�
�«n�o®��� . � x ∈ MN

«�¬¡ù , GF ��é*Ô��8¹ Rx
÷

Rx =
∑

y∈MN

{x, y}ρy

«®ô�§ º�"®�n� . Rx
÷

family Ts,E «�ým¸��n��$ ·#7 
��aõ . º�P 2 � Ó�é�ô�õ	«Nº�»��
Ð*Ñ�� .

¼�½
2’. family Ts,E

÷ ¶ é�· §�
�¾`¿ . ¬- MN → ĜF , x 7→ Ax ¹ Í�Î ù7ú Ó ÷§À ¾ .

Rx = cxχAx,φx.

À�f ù , cx ∈ Q̄∗
l
� φx é�h §À��«�ô#§>º » ¿¯ ��y��� � ¦�¿ .

º�Peé�Á ó « � , Lusztig «�ô�¿�Ó�é��!Â�¹^@�Ã�Ay«�Ä�Å�Ñ`¿ .

¼&½
6 ([L4]). p >> 0 
Æ¾�¿ . ²�éb
�³ , Ì�ö Gelfand-Graev

·&7
ΓNc

� χA,φA

¯ é=Ç
c�� � 
�ù	ú^È w A�«*±aÐ*Ñ�¿ .

É&Ê
. Lusztig é��!Â ÷�Ë ë¨ù	ú�Ì#Í0¾`¿ À Ú « � , Ì�ö Green ��¹�é�Ì&Íe«���¾�¿O R�

��� ÷hÙ º0¾�¿	â�ã�¹®¦�¿ . 1 ñ�«[mÎ À ô�õ7« , G = SLn «���ù	ú � ²�é� R����� ��ÏÐ «nô�§ Ù ºÉÐ*Ñ�úR�0¿ .
»-À

, Lusztig é�Ñ�Ò2« � , Ì�ö Gelfand-Graev
·�7 é Fourier

���e«��^� ù ÀÔÓ é2ÕÆÖ!×n¹^K » Ñ�úR�m¿ . ²@é 4 Ö!×É²�íO¹ , GLn « � ��� SLn é=ÍØ A���±RÃ ÷NÙ ªÉù7úR��¿`
 Ä�Å èVÑ�¿ . í�Ñ � ¦R¿�o2� � SL2 é ��� é Gauss |eé�ÚÛ é�ÜmÝ�«Þ}ß#¾�¿ . ²�é 4 Ö�× � SLn «OÞR��ú � Digne-Lehere-Michel [DLM] «�ô�§
Ù º¨Ð�Ñ�úR�m¿ .

9



º�P#éÁ ó éNà-¢�«�Þ!��ú ��á Ñ2¿�²�
<¹ � ³��&��é � , ²-² � � N ¹8â�ã�L�M�O�é�!� « , cuspidal
·�7¨÷ K`ä family é=$ ·�7 ¹¨È�énô�õ*« ·�7�å é���±��^¹r
���æm¾�¿

Ê�% ÷ ¦!çR¿�«}
�È Ú ú!D å . N
÷ â!ãbLNM�Oè
Æ¾�¿}
 , AN = AN = Z � G é :^� «

Ì#ém¾`¿ . ²�é�
(³ ,

MN = ZF × (ZF )∧, MN = ZF × Z∧
ex

� ¦�¿ . ² ² � � , N
÷

jordan
7�ê^ë «	h`¿ . C

÷
G é�â�ã�LìjOÔí
(ù , u ∈ CF ÷ Joprdan

7Rê�ë Ê¨èïî`ð . z ∈ ZF «�¬¡ù , zC � zu
÷ K2ä Ò�ì Ô2«&��¿ . ZG(zu)/Z0

G(zu) ' Z �
¦¨§ ,

¥
(z, η) ∈ MN «�¬¸ù	ú , ñ&ò cohomology ó w IC(zC, Eη) ¹(º!"¨Ð*Ñ�¿ .

À�f ù ,

Eη
� η ∈ (ZG(zu)/Z0

G(zu))∧ � º » ¿ , zC ��é�j�ô�õ&ö ½ � ¦R¿ . ²�é�
O³ ( ÷Rø¡� ÷�ù
�¡ùDú ) Az,η|zGuni

= IC(zC, η) 
���¿ ·#7!å Az,η ¹OË0úb
<Þ Í�Î ¾`¿ .
À&f ù , Guni

� G

é�L�jRû&ü w � ¦�¿ . ín² � φA
÷�Ë ß�« Ù#Ú ¿®²�
*«�ô�§

χAz,η = ζ−1Rz,η−1

¹^���m¾`¿ . ²�² � ζ � 1 é 4 Ö�× � , Ì�ö Springer ¬��«nô#§ IC(C, Eη) «�¬-�¾`¿�ýþ�ÿ�� «^��¾�¿ 1 é 4 Ö!× � ¦�¿ ( ��à � [L4] F!G ).
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