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Z�AÊ-�V_¹ u<G Ñ g�h � �FL�x/d . Sn

-  ·T¹$-=ê ® u An

>K4 � .  ·T¹	>  ·_¹Ê-�M�6TE\H  ·T¹�q ¯<d�K > ¶�§ ,  ·_¹Ê-=ê ® q�M�J$J_+ Ù�¦ An

6
Sn

- ��� Ç�q
¯<d . An

u
n %'&�( # >�( ^ . Key�L n = 3

-�D�0
,

(1) = (1, 2)(1, 2),

(

1 2 3
2 3 1

)

= (1, 2)(2, 3),

(

1 2 3
3 1 2

)

= (2, 3)(1, 2)

J  ·,¹Ê-bê ®�L/x�Y , A3 = {(1), (1, 2)(2, 3), (2, 3)(1, 2)}
J

3 R'� �,Ç A3

u�[ yDd . n = 3
-�D

0
,
·T¹Ê-=ê ® 6 3! = 6 B ,  ·T¹Ê-=ê ® 6 , ) %+* � - 3!/2 = 3 B�x/d .

Z�A q  ·T¹$- B ?î> #·T¹Ê- B ?�6�UîCIU/- L , An

-�E�- B ?�6 n!/2 L/x/d .

*Mz
3
6

, � �\Ç AN (N = mn− 1)
u�,.-0/21�3 ��465'7+8�9�:.;'5

. < , = m, > n ?�@�AB ?�CD?.E�F , N = nm − 1 GH?JI'K {1, 2, . . . , N} L�M 8ON�P�N�Q�R /2S�T B L�UWVDXZY 82[]\%78 F 4^5 .
S�_`/acb�d.e�f P�gih

X
8j4^5

. k6l�m , m = 2, n = 3
8j4^5n8

N = 5
:'oqp

, UWV
XZY.?�k 8 /21Wr ?cs \ut�v ? 9Ww�x^5 .

1 4 X

2 3 5
x =

3 5 X

2 1 4
y =

n, m L�yWz /21 , UWVnX%Yi{�|c?Z}'~ X L%�Dl 5 . X
e

N ��Y+��?���Y+�J����{.|�?Z}.~ 8��� 1 v s [ . x, y ∈ X F%� / , y
9

x �`�u�c�"�����i�DF.s � 1J� � x65c8"; x ∼ y
8���4

. �c�
�������c?������ v �c�Z������� t ? : , x ∼ y

t ��m y ∼ x
:.o.5

.� �"F x ∈ X F%� /�1 , x ��?�I.K 1 ∼ N L��H�`� a+� , �.�`� bi�����+1 :�;'5�� (1 ∼ N

?�� � ) L [x]
8 ��4

. x, y
9 �+?�kn?J¡�~ , [x] = (2, 3, 5, 1, 4), [y] = (2, 1, 4, 3, 5)

8"t+5
.
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� S
x, y ∈ X F%� / , w[x] = [y]

8"t.5
w ∈ SN

9�� M 8 N z � 5 . �+?�k�?J¡�~

w =

(

2 3 5 1 4
2 1 4 5 3

)

=

(

1 2 3 4 5
5 2 1 3 4

)

:.o.5
. UWVnXZY x0, x1 L r ?cs \ F�z�� 5 .

1 2 · · · n-2 n-1 n

n+1 n+2 · · · 2n-2 2n-1 2n

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · N-1 N X

x0 =

1 2 · · · n-2 n-1 n

n+1 n+2 · · · 2n-2 2n-1 2n

· · · · · · · · · · · · · · · · · ·
· · · · · · · · · N N-1 X

x1 =

x0

e I+K�?J��� 9W4 �+1��
	 � 1 [D5�� ?J��� , x1

e
x0 �q� N − 1

8
N LJM ��cp�� /�1:+;'5 U�VnXZY :.o.5 .

r ?Wz�� 9���� 3 F%� 4^5 3�� L��nl 5 .
���

2. n ≥ 4, m ≥ 2 (
� S'e

, n ≥ 2, m ≥ 4)
8 /

, N = nm− 1
8���

.

(i) x, y ∈ X FZ� / , x ∼ y
8�t.5 f��� "!�#�$He

w[x] = [y]
: z � 5 w

9�%�&"'
An F)( � x5�7+8�:.o.5

.

(ii) x ∈ X F�� / , [x] = (a1, a2, . . . , aN )
8*�+

. w =

(

1 2 · · · N
a1 a2 · · · aN

) 9�,'R � t �"m ,

x ∼ x0, - R � t �2m x ∼ x1

8"t+5
. (
/ � v x0

8
x1

e �c�Z������� : e�. pOo l tW[ ).

3. /1032+46587:9<;=0?>
@ Y6A�B�CEDGF�HZY�V eJI  ?JK 9ML"N eJO F w�� SQP�R 9'o'5 ? : e t�[ _S	 \ � . T 9"U.�S @ YVA�B�CEDWF�H"Y�V�?"X�Y'Y+F 20 Z�[�\^]�?�_S` @ 8ba�[ 1 oW� S 9 ,

o�ti9^cedSf 8 e�g l t[
. h�i :%4c��;6p /OSQj"k ?Ml+F , m�n+Feo�p t _nU�YrqiLesr� 1 �0p , t�Ic?%I�u�vM_S` @ w �WY
��xzy :'o.5'7+8 e�{�| [.tW[ .@ Y6A�BQC}D~F�HZY�V e , I�u^v.F v ,

o�� _ ��z�
15 �iY'� 8 e���� v ?�F t � tJ[�� ?�o�p:M�S����[M��� L�� � 1 [H5 . ��� : e , ��kDF t � � 1 @ YVA�BJC�D�F^H�Y'V�?�� ; LS��q1��XZY@ /21 [H5e' L��+z 4^5 . � : e ,

7 ? ' L @ Y�A�BJC�D�F^H�Y�V ' 8*����:�[D5 s \j:.o.5 . � b: e�� /O1 @ Y�A�BJC ' 8u[]\Z7+8 F 4^5 .@ Y6A�B�C�D�F�H%Y'V e M 8jN M 8jN ?�� �O[�� A�| w � �6��X 8*��¡ ) F !i3 :.;'5 .
T ? A

?cs \ F , ¢^£+?.EJ¤cF o.5 � �6��X e w p j�¥ tW[ . B ?�¦ R F o.5 � �6��XiL�§n? � �6��X , C

?�¦ R F o�5'v ?'L�¨^©'? � �V��X 8u[]\ .
@ YVA�B�C}DªF�H%Y�V�?�� ; Le« p¬��4 7.8 F's � 1��

� x65 �i�DL��®°¯J±)²�³M´ 8µ��¡
.
@ Y6A�BQC��W�HF.s p , ¨^© , § , EQ¤'?�¦ R F o'5 � �=��X e� xS¶Wx

, ¨^© , § , EJ¤�F . 5 .
� 7%: EJ¤�F o.5 6 ·c? � �6��XiL�yWz 4^5'7+8 F+s �"¸ , F�H�Y

VJ{�|+?e¦ R L�z�� 5 . ��¹ @ YVA�B�C"�i�HF�s p E�¤�? � �V�WX e �+� tJ[`8�ºµ¸ s [ . ( »^¼ e"½
8
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Figure 4.
@ Y�A�BJC�D�F^H�Y'V (3× 3× 3)

� vJo p � 5�9
,
� x e���� º2t�[

).
7 ?cs \ t�� z : @ Y6A�BQC"�W��{�| :�� � xD5e'�9 @ Y6A�B

C ' F
	 t � tW[ .

@ Y�A�BJC�D�F^H%Y'V�?J¡�~ v 15 ��Y+� 8
�� F , ¢�£.?J· 9 { ¸ �r	 � S���� �����`����º
,
@ Y�A�BJCZ���DF+s p���c�� ��� ���DL �^5 .

� 7 �`� � ?J���HF�� 4 ? 9 ��Y+� :.o+5 .
� 7

: � 8
�
� F r ? ��� L%�Hl 5 .

�����
.
@ Y�A�BJC D�F^H%Y'V+L !�� º , ¨�© 8 §HF o.5 � �6�iXiLZ{ ¸�w p j º S ¹ , � ��F e �7���: @ YVA�B�C1D F�H%Y�V.L �D5 .

� x+9 @ YVA�BQC"�i�nF.s �M¸M� F�� 5 S �i? #�$He! � .
�

S#" 7 ?cs \ F º*¸ � � x^5 _DUJY�q : ,
@ Y�A�BJC����DFcs �"¸�$'[ F . p ~^l tW[6v ? e ,

[�
Nno.5 � .

���
4 L � &%n9 @ Y6A�BJC ' ?Q�+z :.o�5 . » e @ Y�A�BQC DªF�H%Y'V�? �(' v ,

@ Y�A�B�C' L)��z 465*)�� F+�,^v.F)( � x^¸i[n5 .
@ YVA�B�C ' ?��.z e , ¨�©+F�- 4D5 @ Y6A�BQC '08 , §

F�- 465 @ Y�A�B�C ' F !/. ¸�0 \ . ¨�©�F�- 4^5 @ Y�A�BJC ' e , §DL�132 º*¸ 8 Gn?J¨�© � �V�
XJ?J� ; ? � F�465 º*¸ � � x^5e'c:.o��"¸ , 2× 2× 2 ?J¡�~n? @ Y�A�BJC ' 8
�6��v ? :.o.5 .

�
��

�
��

�
��

�
��

�
��

�
��

R
G

Y

Figure 5. 2× 2× 2 7 @ Y�A�BJC�D�F^H�Y'V
��� : e98 F 7 ?J¡i~6L;: \ . Y^� º S ¨�© � �V��XWL� 4 F e 8 Gn?�¦ R+9�< � 5 .

� ��F LN ?�¦ R L��=� S ¡�~ :Hv , ¨�© � �6��X e�r ?cs \ut 3 =#>H? e ��? � A 9�:+;'5 .

�� ��

��

��
R

G

Y �� ��

��

��
Y

R

G �� ��

��

��
G

Y

R

72x � e ,
� A�|�?M¨�© 8 EM¤cL@ ¡�A ? ��B p ? 120

N ? ½ � F%��C ºe¸�[H5 .
� 7%:

,
7�7�: e

8 Gn?J¨^©.? R �c�^� � � x65 �#D ' S8

8 ¢�¨^© : ? 120
N ½ � L�E � o B ¥�S '�9 8�F LG ��5
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7.8 F t'5 .
� x e ��������� ´ �^� :.;�5*'+: o
	��� '08�� m x65*' ? L = :'o'5 .

� ?�s \ t' L������ 5 S ��F�� º����H9�[H5 .

� P
,
½ � ? ' �`����� 5 . r L��n?���I 8�º*¸ θ = 360◦/r

8���
. α L�� N θ ? ½ � 8 � 58

, αr = 1 (  ^X ½ � )
:.o.5

.

Cr = {α0 = 1, α, α2, . . . , αr−1}

eM½ � ?"~�! , αiαj = αi+j F�s p ' F t�5 . ( h�¦ � e α0 = 1, αi ?"� � e αi ?Z� ½ � α−i = αr−i).

Cr L r "�# ��$ 8O[ \ . k^l�m r = 3 ?J¡�~ , α
e

120
N ? ½ � :+o`p , C3 = {α0, α1, α2 = α−1}:.o.5

.

r F ½ �&% ;ZR �DL�'�(�� 5 .
r ?ZkDLZ�Hl�s \ . (R, Y, G), (W, R, B), (R, B, G) ? 3 ·+� � t5 ¨^© � �=��X 3 GHF , 1, 2, 3

8 ��)�L N . ¸��� .
� P

w ∈ S3 F's �M¸ ,
� �V�iXiL R � º ,

r [
: ¢ � �V��XiL � ?J¡ : ½ � � ¥ 5 .

�� ��

��

��
G

Y

R

1

�� ��

��

��
B

R

W

2

�� ��

��

��
G

B

R

3
w =

(

1 2 3
3 1 2

)

�� ��

��

��
G

B

R

3

�� ��

��

��
G

Y

R

1

�� ��

��

��
B

R

W

2

A =

(

1 2 3
α0 α2 α1

)

�� ��

��

��
R

G

B

3

�� ��

��

��
G

Y

R

1

�� ��

��

��
R

W

B

2

7 ?�* � L ½ ��% ;%R � 8O[�[ ,

A · w =

(

1 2 3
α1 · 3 α0 · 1 α2 · 2

)

8j� � .
L&+ F n

r ��D ' Sn

8
r
r�,�½ '

Cr

9 �DlH� x S 8%; , w ∈ Sn

8
A ∈ (Cr)

n (n GH?
Cr ?�- ) F%� º*¸ ,

½ ��% ;ZR � A · w
9 z"� � x^5 .

½ ��% ;%R �n?Z}'~

G = {A · w | w ∈ Sn, A ∈ (Cr)
n} = Sn · (Cr)

n

e ' F t.5 .
72x L G = G(r, 1, n)

8� � (G
8

Cr ?/.���0 8�v"[0\ ). G ? � e Sn ? � 8 (Cr)
n

? � ?�0 8�º*¸�L�1 v+F �0� x^5 ? : , G F�( � x^5�� ?�G�I e n!× rn
:.o.5

. ¨�©�F�-�� 5 @ Y
A�BJC ' ?J¡�~ , ¨�© � �6��X 9 8 G , ¢�¨�© : ? ½ � 9 120

Nnt ? : , n = 8, r = 3 ?J¡�~ , � t Bc�'
G = G(3, 1, 8)

9�2 ºu[�' 8�º*¸�3�4 F oi9c5 .
º � º N ��Y+��?J¡�~DFi��Y+�'L�5 Q � 5e'

10



e %�&�'
AN

:.o��"¸
, �#D ' SN

: e t � � S s \ F , <n?�¡�~ v G(r, 1, n) s p%v � º � ��[�'
L%�Dl 5 f�� 9.o.5 .

� 7%:
, A · w ∈ G(r, 1, n), A = (αi1 , . . . , αin) ∈ (Cr)

n F�- º*¸ r ? #�$ L%�
l 5 .

(*) αi1αi2 · · ·αin = 1 ⇐⇒ i1 + i2 + · · · in
e

r ? � I .

G0 = {A ·w ∈ G(r, 1, n) | A
e

(∗) L�� S � }
8µ��

. G0

e
G ?�� ! ' F t.5 . G0 = G(r, r, n)

8
� � . G0 ? � ?�G�I e n!× rn−1

:'o.5
. ¨�©�F�-�� 5 @ Y�A�BJC ' ?J¡�~ n = 8, r = 3

:.o.5 �
� G0 = G(3, 3, 8)

9���� F t+5 .
7 ?J¡�~ G0 ? � ?�G�I e 8!× 37

: �HlH� x^5 .

2× 2× 2 7 @ YVA�B�C D F�H%Y'V�?J¡�~ ,
@ YVA�B�CZ��� e A a,

A
a′ L�EQ¤ 8 � 5 90

N ½ �
,A

b,
A

b′ L�EJ¤ 8 � 5 90
N ½ �

,
A

c,
A

c′ L�EJ¤ 8 � 5 90
N ½ �

, ?�� =3>H?�* � L�- � ~ B ¥¸ � � x65 .

�
��

�
��

�
��

�
��

�
��

�
��

6

-
�����

�

?

���*

a

a′

bb′

c

c′72x ��? 6 =#>H?�* � F.s p , ¨�© � �6�iXJ? ½ ��% ;ZR � 9��.;
	 7.� x^5 .
� 7%: ¨^©�F�-

� 5 @ Y�A�BJC ' HV (2× 2× 2 7 @ Y�A�BJC D�F^H�Y�V ' )
e

G(3, 1, 8) ?�� ! ' 8��+t � 7.8�9:+;'5
. ��� : eJr ?iz��6L�� � .

���
3. 2× 2× 2 7 @ Y�A�BJC�D�F^H�Y'V.F�- º�¸ r 9 ! p ��N .

(i) HV = G(3, 3, 8).

(ii) F�H�Y'V+L�m^� º*¸ - ���^¸�+º S v ? e ,
@ Y�A�BJCZ�W�DF+s p r ? [iP�x �.F . 5 .

�
��

�
��

�
��

�
��

�
��

�
��

G

R

Y

�������

�
��

�
��

�
��

�
��

�
��

�
��

R

Y

G

120 �����

�
��

�
��

�
��

�
��

�
��

�
��

Y

G

R

240 �����

(1 � 5�?^F^H�Y'V e �^£ G ( � ), ��£ R ( � ),
a £ Y ( ��· )

8
6 £.?J· 9 �
	 � S � ?J�

��?^F^H�Y'V :.o.5 . 2 � 5 e"� x �`� , (R, G, Y ) ?
�"Y���Y.? � �6��X�? � L 120
N ½ �

� ¥ ¸�:+; S v ? ( 	H?�� !He { ¸ 1 � 5 8�6� ), 3 � 5 e 240
N ½ � � ¥ ¸�:+; S F^H�Y

V.L � � .
7 ? 3

N e @ Y�A�BJCZ�i� : e $'[ F . pOo l tW[ .)
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< � : ¨S©HF#- � 5 @ Y�A�BJC�D�F^H�Y.V ' F N.[S¸ � � ¸�� S 9 ,
��� ?���� 9 §DF#- � 5@ Y�A^B�C ' F N'[S¸Hv ! � � 5 . § � �6��X e 12 G oqp ,

� x
¶Wx F�- ºe¸ 180
N ? ½ � 9 �6l

� x65 .
� 7Z: §�?J¡i~DF e G(2, 1, 12) = S12.(C2)

12
8 � ?�� ! ' G(2, 2, 12) L%�Hl 5�7+8 F t+5 .

»^¼ , §HF�-�� 5 @ Y�A�B�C�D F�HZY'V ' HE

e
G(2, 2, 12) F L�� º , Y^� º�¸ - ���º S ¡�~ ��x5 _DUWY�q e
	 =�> (

� ?J��� ,
L�N ?M§ � �6��X�L 180

N ½ � � ¥cS v ? ) F t�5'7+8"9�� ���^�x^5
.

, � ? @ Y�A�BJC ' H
e

HV

8
HE L�- � ~ B ¥ ¸ ��� � 5'7�8�9�:�;'5 .

7 ?�§c?���DFe s p��
� _ ' ��?���� 9 f�� F t+5%9 @��n? � L���� 8 r ?cs \ F t+5 . HV ×HE L g ∈ HV

8
h ∈ HE ?�- (g, h) ?�{�| 8 � 5 . HV ×HE F e���� F ' ? �^�+9 ( 5 .

72x L HV

8
HE ?  0

? ' 8O[]\ . H
e

HV ×HE ?�� ! ' F tqp ,
� ? � ?�G�I e HV ×HE ? � ?�G�In?�� ! :.o.5 .� F |H | L H ? � ?�G�I 8 � 5c8

|H | =
1

2
(8!× 12!× 37 × 211) = 4325200327448985600

: �6lH� x 5 . s p���� F eJr ?Hs \ F t�5 . S8 × S12 L%��D ' S21 ?�� ! ' 8*�D5 ( S8

e�� K
{1, 2, . . . , 8} ? R � , S12

e
{9, 10, . . . , 21} ? R � 8 �Dl 5 ). A(S8 × S12) L S8 × S12 ?.E : , S21

? ,�R ��� � t'5�v ?�?J{�| 8 � 5 . A(S8 × S12)
e

S8 × S12 ?�� ! '�: ,
� ? � ?%G�I e � N � !

F t+5 . HV ' S8 · (C3)
7, HE ' S12 · (C2)

11
8 � � 8%;

H ' A(S8 × S12) · ((C3)
7 × (C2)

11).

@ Y6A�BQC}DªF�H%Y�V+L)Y^� º�¸ - �� � 8%; , ¨^© � �V��XJ? ½ ��% ;%R � : , 8!× 38 G�?J_
UJYrq 9�!+��5 . § � �6��X%? ½ �&% ;%R �c�`� e , 12!× 211 Gn?J_DU�Y�q 9 ! ��5 . " �"¸ - � º S$# F ! ��5 _DUJY�q�?�%�I e

(8!× 38)× (12!× 212)

:�o�5
.
L A ,

� ?"�W�'�D� @ Y�AJB*CO����F�s p � � xn5 _�UZYSqZ?&%�I e H ? � ?"GWI : �+l�� 5 .'�( L ��) � 5�7�8 F's p , YD� ºµ¸ - ��°º S 8Z; @ Y6A"B�C2�i� : . p ~Dl 5 ? e 2×3×2 = 24

=#>H?�_DUJY�qiF ! � x^5'7+8�9 '+� x^5 .
� S

, - ��+º S F^H�Y'V 9 @ Y�A�BJC"��� :�� F�� ¥5 �+* \ � e , N ��Y+��?J¡�~ 8��� F , - ��+º S v ?.L � ?J��� 8 �$) ºe¸ , ¨�© 8 §HF�- � 5½ ��% ;%R � 8�ºe¸J�1º ,
� xc9

H ?�( � x`5 �,* \ �+F+s �"¸�- z �ux^5 .
7�x�9^���

4 ? � :o.5
.

12


