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Representations of GL,,, Spy,, and Oy

Group| Partitions Irreducible characters

GLn l()\) <n S)\ — det (H)\Z._Z'_l_j)

1
Spa, | A = Sy = 5 det (H)\Z'—i—l—j + HAZ-—i—j+2)

Oy t)\l + t)\Q <N SP‘] = det (H)\@'—i+j — H)\Z'—i—j)
where

H,. = character of the kth symmetric power S¥(V/)
of the vector representation V of G



Universal characters (Littlewood, King, Koike—Terada)

Let A be the ring of symmetric functions. For any partition \, we
define s), S(A)r S[A] by putting

S\ = det (hAi—’H—j)
(Schur function),
1
Sy = 5 det (hxi—m‘ + hAi—i—jJrZ)
(symplectic universal character),

sp = det (i) = ha-ij)

(orthogonal universal character),

where hy. is the kth complete symmetric function.



Specializations

For each classical group G = GL,,, Sps,,, Oy, let Rep(G) denote
the representation ring of G and define 7w : A — Rep(G) by

rq(hy) = H, (k> 0).

Then we have

WGLH(S)\) S)\ if l()\) S n,
WSpgn(SO\}) S<)\> if l()\) S n,
WQN(SN) = SP\] if A + D9 < N.

and 7qr, (s)) = 0 if [(A) > n. There are algorithms for expressing the
images mgp, ($(\)) ([(A) >n) and mg (s7y)) (A1 + D9 > N) in terms
of irreducible characters.



Hence the computation of the irreducible decomposition of tensor prod-
ucts and restrictions can be reduced to the manipulation of symmetric
functions. For example, we can show the stability of tensor product
multiplicities and restriction multiplicities.

Goal :  To give such a framework for spinor representations of Pin ;.



Orthogonal Universal Characters
and
Representations of Oy

(Littlewood, King, Koike—Terada)



Representations of Oy

The irreducible representations of Oy are parametrized by partitions
A such that A\ + D9 < N. We call such a partition an N-orthogonal
partition. For an N-orthogonal partition A, the corresponding irreducible
character SW is given by

( Hy, — Hy—o Hyq = Hy g Hy o — Hy g -
H)\Q—l _ H)\Q—?) H)\2 — H)\2_4 H}\2_|_1 — H)\2—5 . e
\H)\g—Q —Hy,_y Hy,_1—H),—5 Hy,— Hy,—¢ - )

where > [(\) and H}, is the character of the k-th symmetric tensor
Sk((CN) of the vector representation of O .

= det




Orthogonal universal characters

For any partition A\, we define a symmetric function S[A] (called an
orthogonal universal character) by

SP‘] = det (h)\i—i—i—j — h)\l'—’i—j) 1§i,j§l(>\).

Let Rep(O ) be the representation ring of Op, and 7y = 7m0,
A — Rep(Ojy) be the ring homomorphism defined by

() = Hy, (K >0).
Then we have

WN(S[)\]) = SW if t>\1 —I—t)\g < N.



Properties of orthogonal universal characters

e Cauchy-type identity :

[ic;(1 — uiuy)
2 smX)al) = )

e Schur function expansion :

SP\] — Z Z (—1)"{"/2 LRi\L’/{ S,u-

Ko \k=(a+1|a)

where LRi‘W is the Littlewood—Richardson coefficient.

e Dual Jacobi—Trudi type identity :

1
SP\] — §det (et)\i—i—i—j + et)\i—i—j—l—Q)’

where €. is the kth elementary symmetric function.



Specialization
By the dual Jacobi—Trudi type identity, we have

TN (Sy) = %det (Et)\z-—z'Jrj + Et)\i—z'—j+2)v
where
E;. = character of the kth exterior power /\k(CN).
This can be rewritten as

(o) = det!( By, .- By

where

a=0,N 1, N —(r—1), r=I1"0N),
and ﬁk is the row vector given by
E}, = (B Epii+Ex 1, Eppo+ Ep o, s Bty + Ep—(p—1)):



By using the relations
Ekzo for Kk > N +r, ENEk:ﬁN—ka
We can express
T‘-N(SP\]) — det t(ﬁ@la EOQ) Ty EO&T) (t)\l —+ t)\2 > N)

in terms of irreducible characters S[M] of Oy.
(1) If ; > N + r for some i, then we have

7TN<S[)\]> = 0.
(2) If a; + a; = N for some 7 and j, then we have
WN(S[)\]) = 0.

(3) Otherwise we can find a permutation o € &, and an N-orthogonal
partition 4 such that

T (spy) = sen(o)S),.



Tensor product

In the ring A of symmetric functions, we can show that

_ 0 A
ST = > LRE LRY LRZ | sp,
A \TE

where A and 7, &, n run over all partitions.
If © and v are N-orthogonal partitions, then we have

_ H % A
1S = %: %: LRE LRY, LR, | wn(spy):
7-7 777

Together with the algorithm computing WN(S[)\]), we obtain the actual

decomposition of S[M]S[ in the representation ring Rep(O ).

4



Stability of tensor product decomposition
Note that
LR%:,y = (
unless
"B+ B0+ Ty + e > T + g > max(B1 + B, 1 + ).
Hence we see that, if %y + s + o + o < N, then we have

_ ] A
S = > | D LRY.LRY, LRZ, | Sp,
A \TED

where A runs over all N-orthogonal partitions, i.e., the decomposition
rule of tensor products is stable in V.



Restriction
Let A : A — A ® A be the ring homomorphism defined by

Note that

Then we have the following commutatlve diagram:

A =N A® A

7TM+Nl lWM@WN

Rep(Opr+n) —— Rep(Opr) @ Rep(O)



For the orthogonal universal characters, we have

o= (Zar) s

W,V K

where (1, v run over all partitions and k runs over all partitions such that
all parts are even. And LRﬁ,u,/@ denotes the coefficients of sy in the
product s,,5,5,. Hence we have, for (M + N)-orthogonal partition A,

RGSOM;A([) S)\ — Z (Z LRN VK;) [M])WN<S[V])’

If {(A\) < min(M, N), then we have

Reng;% STA] S‘ (Y LR)"V K) | ® 5y

L,V K




Spinor Universal Characters
and
Spinor Representations of Piny



Representations of Piny
Let Pinp; be the pin group :
] — {+1} — Piny — Oy —> 1.

So any representation of O can be viewed as a representation of Pin .
We use the same symbol to represent the character of Pinp which is

obtained by lifting the character of O .
SW = lift of the irreducible character of Oy,
(for an N-orthogonal partition \),
H,. = lift of the character of O y-module S¥(CY),
FE;. = lift of the character of O p-module /\k((CN).

Note that E'jy is a one-dimensional character and

Spiny = Ker Fy.



We say that an irreducible representation of Piny is
e a tensor representation if it factors through Oy,
® a spinor representation otherwise.
We put
Rep(Pin ) = the representation ring of Piny;,

Rep ™ (Pin ) = span of the tensor irreducible characters,

Rep™ (Pinj;) = span of the spinor irreducible characters.
Then we have
Rep(Piny) = Rep™ (Piny) @ Rep™ (Piny),

and
Rep™ (Piny) = Rep(Op).



Spin representation

Let A be the character of the spin representation of Pinps, whose
dimension is 2L/V/2].
If N is odd, then
Ey - Ay # AN,

and

11 1
AN|spiny = irred. character with h. w. (5, S ,5)

If NV is even, then
En-Ay = Ay,

and



Irreducible spinor characters

Theorem 1 For a partition A of length < N/2, we define a class
function S[AH/Q] on Piny by
Sat1/2] = An - det (H)\Z'—i+j - ENHAZ-—z'—jH)lSi’jSl(A)-

Then S[A+1/2] is an irreducible character of Pinp;. Moreover

(1) If N is odd, then Rep™ (Piny) has a basis

S[}\+1/2], ENS[)\+1/2] (l()\) S N/Z)
(2) If N is even, then Rep™ (Pinj;) has a basis
Sty ((A) < NJ2).



Idea of Proof of Theorem 1 : It is enough to show that

° S[)\+1/2] is a virtual character, i.e., an integral linear combination of
characters,

elf ( , ) is the canonical symmetric bilinear form on the space of
class functions of Piny;, then

Siar/2) Sty = 1
e The value of 5p) /9 at the identity element of Pinyy is positive.



Spinor universal characters

We work in the ring A of symmetric functions with coefficients in the

ring Z[e]/(e? — 1) ;
A=A®yZE]/(e? —1).

For any partition A\, we define a symmetric function ST\l (called a spinor

universal character) by putting

/ —_— . . — . .

Let 7y : A — Rep(Pinjs) be the ring homomorphism given by
%N(hk) = Hk (k Z O) and %N(E) = EN.
Then we have, for a partition \ of length < N/2,

S[)\+1/2] — AN . %N(ST)\p



Properties of spinor universal characters sb\]
e Cauchy-type identity :
, [L:(1 —eui) [ [« (1 — ujuy)
ZSWQQSA(U) = :
3 Hi,j<1 i)

e Schur function expansion :

shu= 30 [ Sz R ) s

H =l

where the inner summation is taken over all self-conjugate partitions
V.

. {8 })\ form a Z-basis of A.




Properties of spinor universal characters sf)\] (cont.)

e Duality :
w(sf)\]) — sft)\].

e Dual Jacobi—Trudi type identity

/
Spy = det (etAi—m‘ - 56%-—@'—]'“)-



Specialization
By the dual Jacobi—Trudi type identity, we have

TN (spy) = det (B iy — ENEn i jiq
[ ] (! J i J

where r = [('\).
We put

1<i,j<r’

Ej. = Ep — EnEj_y,
and define a row vector ﬁ’ by

/ /
k — (Ek7 Ek+1 + Ek 1> Ek+(r 1) + Ek—(r—l))‘
Then the above determinant can be rewritten as
Falshy) = dot (B By )

0417 ()427

where

— (t)\bt)\Q — 17 7t)\7° T (T o 1))



By using the relations

' =0 fork >N+, BNy =0,

we can compute
T (sfy) = det (ﬁfm,ﬁg@,... ﬁa)

for a partition A with length > N/2.
(1) If j > N + r for some i, then we have

(2) If a; + aj = N + 1 for some i and j, then we have

(3) Otherwise we can find an index p, a permutation ¢ and a partition
w of length < N/2 such that

Ay 7N (siy) = (1P sgn(0) S, 11/9)



Here p, o and u are given as follows. Let p be an index such that
N+1

ap > > ap > >y > > oy,

and define a new sequence 3 by
B=(N+1—aq,--- N +1—ap,apiq,--- Qi ).

Let v be the sequence obtained from [ by rearranging components in
decreasing order, and o be a permutation such that v = o((). Finally
a partition g is given by

Vz(t:ulvtMQ_la'” 7t:u7“_<r_1>>



Example Let A = (4,3,3,3,2,2,1,1) and N = 8. Then A =
(8,6,4,1) and

a=(86—1,4—2,1—-3)=(8,5,2,—2).
There are two components larger than (N +1)/2 =9/2, so p = 2 and
B=(9—-89-52-2)=(1,4,2,-2).

1234
fy_<472717_2>7 0(3124>
and

h=(4,241,142,-2+3)=(4,3,3,1), pu=(4,3,3,1).

Hence

Hence we have

A %8(3f4,3,3,3,2,2,1,1]) = (=1)%- (1) S1(4,3,3.1)4+1/2]-



Tensor Products and Restrictions



Tensor product of a spinor repr. and a tensor repr.

In order to compute the product
S[,u—H/Z] . S[V] =A- 7AT/N<S£LL]S[V]) In Rep(PinN),

it is enough to compute

Theorem 2 (See [King, 1975].) In the ring A, we have

[ )
s =D | DL LRgLRYLRZ, <M ofy,
A Ui

\1//0 : v-strip )

where &, n, 7 run over all partitions and o runs over all partitions such
that /o is a vertical strip.




Proof of Theorem 2 Consider the generating function with respect
to Schur functions.

Z Sfu](X)S[V] (X)su(U)su(V)

[L = ew) [ 1,1 —wiwy) 11 (1 = wvivy)
[ (1 = zuy) [1;;(1 — ;)
1
= 1:[(1 + ev;) - =)
LA = ew) [ L —eu) [ 1 (1 = wiuy) T (1 = wiwy) 11 5(1 = vivg)
11;;(1 =2y (1 — zivy)

- (Z skek<v>) - (Z sT<U>sT<v>> - (Z Sy(X)s: (U U v>> .

k>0 T



Now we expand
er.(V) - sr(U)sr(V) - s (UUV)

as a linear combination of the product of Schur functions in U and V.
Finally we get

Z Sfﬂ] <X)S[V] (X)su(U)su(V)

i,V

=33 Y - \U\LRMLRQLRU sty (X)su(U)su(V),

Y\ EN,T,0

where v runs over all partitions such that v/o is a vertical strip. By
comparing the coefficient of s,(U)s,(V'), we obtain the desired identity.



By applying the specialization 77, we obtain
Corollary If [(u) + I(v) < N/2, then we have

_ ! vl-lo
Sprifa Sy =2 | 2 LREGLRICLRT, By | Syl
A En,T,0

where A runs over all partitions of length < N/2.
In this case, the decomposition depends only on 1 and v (and the
parity of N).



Tensor product of two spinor repr.
We consider the product

S[,u—H/Q] - S[V+1/2] = A%\; : %N<SfM]SfV]) in Rep(Piny).

It is known that
( N

1
52 EVE, if Nis odd,
AN=4 N
Z ENE,  if N is even.
\T:O

Hence the tensor product of two spinor representations can be computed
by using the following two formulae.



Theorem 3 (See [King, 1975].) In the ring A, we have

Stpsi= > | D LRE, LRIECLRY | sy,
A En,T
Also we have
S Fep- s, Zgw g,
k>0

where A runs over all partitions such that A/ is a vertical strip.



By applying the specialization 77, we obtain
Corollary If N is odd and I(u) + I(v) < N/2, then we have

STut1/2] * Olu41/2]

’

= 2.y 2| 2 LRELRICLRY, | Sy
I(N<N/

2 \A/o : even v-strip \&,1),T

Coy (Sman,) pes,
Ao : odd v-strip \&,n,T

In this case, the decomposition itself is not stable in NV, but the tensor
product multiplicities are stable.



Corollary If N is even and [(p) + {(v) < N/2, then we have
Slu+1/2] " Olv+1/2)

N> (ZLRE,nLRi‘,gLR?m) S

)=N/2\/o : v-strip \&.1),T

+ Z Z (Z LRgﬂ7 LRﬁ)f LRZM) <SP\] + ENS[)\])-

MN<N/2X/o : v-strip \&,n,T



Restriction
We consider the restriction from Pinj;, n to the subgroup

Pinj; « Piny = 7 1Oy x Oy)
corresponding to Oy X O C Op/on.
1 — {+1} — Piny.y — Opyy — 1

U U

] — {:l:l} — PinM*PinN L OMXON — 1

Note that the subgroup Pin;*Pin; is not the direct product of Pin,
and Pinyy, but it is the twisted central product.



Twisted central product
The twisted central product G| * GG9 is defined for groups GG and G9
equipped with

e homomorphisms py : G1 — Z /27 and py : Go — Z./27,
e central elements 21 € G and z9 € (G of order 2.

The Cartesian product (G; X Go admits a group structure with respect
to the multiplication given by

(21, 72) (Y1, ¥2) = (21192(:152>p1<y1)x1y1’ szyz) -

Then the twisted central product GG * GG is defined by
G1* Gy = (G1 x G9)/Z,
where Z = {(1,1), (21, z2) } is a central subgroup.



Irreducible characters of Pin,; x Piny

Let HIE:ML E][{M}, H]LN} and E[kN] be the characters of Pin,; * Piny
given by
H/LM- = pull-back of the character of O,;-module S]"“((CM)7
EIEM‘ = pull-back of the character of O ;-module /\]“C((CM)7
H/[{N' = pull-back of the character of O p-module Sk((CN)7
E;EN: = pull-back of the character of O p-module /\k(CN)7

via the maps Pin,; * Piny — Pinj; — Oj; and Piny; * Piny —
PinN — ON-

M| [N

Note that £, - Ey ° is a one-dimensional character and

£

Y E[N] ReSPinM+N

N — Pin/«Pin EnN-



Theorem 4  For partitions ;2 and v with [(u) < M /2 and [(v) < N/2,
we define 57,1 /91,1,41/9) € Rep(Pinyy + Piny) by putting

Pin
Slut1/2sl+1/2) = (ResPin%IginN SMAN )
(M) p[M] o [N] [ M]
X det (Hﬂi_i+j EM EN Hﬂi—i—j+1>1§i,j§l(u)
N [M] [N 7 [NV]
X det (HVZ,_H_]- — EM EN Hyl-—i—jﬂLl)lg@',jgl(u).

Then S[u+1/2]*[u+1/2] is an irreducible character of Pinj; * Pinj; and
(1) if M = N mod 2, then Rep™ (Pin; * Pinjy) has a basis

Stut1/2slv+1/2) () < MJ2, I(v) < N/2).
(2) if M # N mod 2, then Rep™ (Pinj; * Pinyy) has a basis

(E%]Ej[ffv]) S[u+1/2]*[u+1/2] (7“ — O, 1, l(ﬂ) < M/Q, Z(V) < N/Q)



Restriction

Let T7 v (A®A) ]/(e? — 1) — Rep(Piny; * Piny) be the ring
homomorphism defined by

Farn(hy ©1) = B,
Ty N1 ® ) = HLN,
Fan(e) = By - By

Then we have, for partitions p and v Wlth l(p) < M/2and l(v) < N/2,

Pin ~
S[M+1/2]*[V+1/2}' - (RGSPm%IgmN AM4N ) ﬂ-MaN(S[,LL] ) Sfu])



Let A= Ale]/(e2—1) — (A@A)[g] /(2 —1) be the ring homomorphism
defined by

~

k
A(hk) = Z h; @ hj._;, A(&“) = €.
i=0

Then we have the following commutative diagram:

~

A

A/ =1) = (A®A)E]/(e7 1)

%MH\Tl l%M,N

Rep(Pinj o n) = Rep(Pinj; * Piny)
€S

‘AMJer l ‘Res AN

Rep(Pinj i n) = Rep(Pinj; * Piny)
€S



Theorem 5

sy (X UY) =" (; LR , w) st (X)s7,(Y),

jv
where 1, v, x run over all partitions.

Corollary If [(A) < min(M /2, N/2), then we have

Pinyri n
ReSpin  «Piny SA+1/2]

Al =|p|=|v]
- Z (Z LRAW%) (E%]EJUVV]) STyt1/24w4+1/2)>
RN

where 1 and v run over all partitions with [(y) < M /2 and I(v) < N/2.



