Coherent states and Annihilation-Creation Operators Associated with the Irreducible Unitary Representations of su(1, 1)

Fuminori Sakaguchi† Masahito Hayashi‡

†Department of Electrical and Electronics Engineering, Fukui University 3-9-1, Bunkyo, Fukui, 910-8507, Japan e-mail: saka@dignet.fuee.fukui-u.ac.jp ‡Laboratory for Mathematical Neuroscience, Brain Science Institute, RIKEN 2-1 Hirosawa, Wako, Saitama, 351-0198, Japan e-mail: masahito@brain.riken.go.jp

abstract: A kind of annihilation/creation relation related to the coherent states associated with the irreducible unitary representation of the affine group is re-interpreted as an annihilation/creation relation associated with the irreducible unitary representation of the algebra su(1, 1), by adding another generator to the two generators of the unitary representation of the affine group.

Key Words: Irreducible unitary representation, Algebra su(1, 1), Generalized coherent state, Annihilation/creation

retation, Cauchy wavelet

1 Introduction

In quantum mechanical systems, the canonical commutation relation

[X, Y ] = −iI (1)

is important, and the annihilation and creation operators, coherent states, number states and the number operator are derived from this commutation relation. Here, we will treat the commutation relation

[X, Y ] = −iX (2)

similar to (1). The Lie group associated with this algebra is called the affine group (ax + b group), and it is well known that it has only two irreducible unitary representations in the sense of unitary equivalence (See Gel’fand and Naimark [1], or Aslaksen and Klauder [2]). For the commutation relation (2), in a similar manner to the case of the canonical commutation relation (1), the corresponding coherent states (affine coherent states) has been known [3] [4]. The affine coherent states are the minimum uncertainty states between an operator and the inverse of the other operator of the canonical commutation pair. In signal processing, the wavepackets corresponding to the affine coherent states are called Cauchy wavelets and they are important in the theory of the continuous wavelet transformation[7].

In this paper, in this context, we will derive not only the coherent states but also the analogues of the annihilation and creation operators, the number operator and the number states which are associated to the commutation relation (2). Moreover, we will interpret them more naturally by starting from the irreducible unitary representation of the algebra su(1, 1), because the irreducible unitary representation of the affine group is closely related to the irreducible unitary representation of the algebra su(1, 1) associated with the Lie group SU (1, 1).

2 Annihilation/creation Relation Related to Irreducible Unitary Representation of Affine Group: A heuristic approach

It has been known[2] that the irreducible unitary representation of the affine group can be reduced to the following two: Y = P Q + QP 2 , X = Q on L^2(R^+) Y = P Q + QP 2 , X = Q on L^2(R^−),

where Q denotes the position coordinate operator and P denotes the momentum operator. In the following discussions, we will treat only the former representation, because the latter representation can be discussed in almost the same way only with minor changes of the signs.

It has been known that the wavefunction of the coherent state |η⟩^k associated with the affine group is

Q⟨x|η⟩^k := √ (2 Im η)^{2k+1} Γ(2k + 1) x^k e^{iηx}, η ∈ H,

where H denotes the upper half plane and k is a real parameter ( k > −^1_2 ). Especially, in the cases of the representations with k > 0, the system of the coherent states constitutes the resolution of identity 1 2k ∫ H |η⟩^{k k}⟨η| d^2η 4π(Im η)^2

= I,

while this does not exist in the cases of the representations with −1/2 < k < 0 because of the divergence of the integration.

Next, we will introduce the operator which has |η⟩^k as its eigenvector associated with the eigenvalue η for ∀η ∈ H. Define

A_k := P + ikQ^{−1},

formally. Then, it is easily shown that

A_k|η⟩^k = η|η⟩^k ∀η ∈ H.

The operator A_k has a similar property to the boson annihilation operator in the sense that it has the coherent states as its eigenvectors. However, the operator A_k does not have the property of the annihilation operator which decrease the number of the number states.

We can find heuristically an operator having the above both properties, as a function of A_k, as follows. Define

a_k := (A_k − iI)(A_k + iI)^{−1}. (3)

Then

a_k|η⟩^k = η − i η + i

|η⟩^k ∀η ∈ H.

By letting ζ :=^{η−i}_{η+i} and |ζ⟩^k_a := |η⟩^k, we have

a_k|ζ⟩^k_a = ζ|ζ⟩^k_a ∀ζ ∈ D,

where D denotes the inside of the unit disk. Moreover, by regarding |0⟩^k_a as the vacuum, define

|n⟩^k_N := 1 ||(a^∗_k)^n|o⟩^k_a||

(a^∗_k)^n|o⟩^k_a.

Then we have a kind of annihilation-creation relations

a_k|n⟩^k_N = √ n n + 2k

|n − 1⟩^k_N

a^∗_k|n⟩^k_N = √ n + 1 n + 2k + 1

|n + 1⟩^k_N .

Moreover, by defining

N_k := 1 2 ( P QP + k^2Q^{−1} + Q − (2k + 1)I ) , we have

N_k|n⟩^k_N = n|n⟩^k_N

where N_k can be regarded as the number operator. The wavefunction of the number state is

Q⟨x|n⟩^k_N (x) = √ 2^{2k+1}n!

Γ(n + 2k + 1) e^{−x}x^kS^{2k}_n (2x)

where S^l_n(x) is the Sonine Polynomial (or the associated Laguerre polynomial) defined by

S^l_n(x) := n∑ m=0 (−1)^m (n − m)!

Γ(n + l + 1)x^m Γ(m + l + 1)m! . (Sometimes another definition with n + l instead of l is used.)

Among the operators a_k, a^∗_k and N_k, the following relations hold;

a^∗_ka_k = (N_k + 2kI)^{−1}N_k

a_ka^∗_k = ( N_k + (2k + 1)I

)_{−1} (N_k + I)

[a_k, a^∗_k] = 2k ( N_k + 2kI

)_{−1}(

N_k + (2k + 1)I

)_{−1}

[a_k, N_k] = a_k (4) [N_k, a^∗_k] = a^∗_k, (5)

where the relations (4) and (5) have the same forms as usual boson cases.

3 Interpretation of Annihilation- Creation Relations Related to Affine Group in Terms of Algebra su(1, 1)

The linear fractional transform (Möbius transform) used in (3) in Section 2 was found only heuristically. However, in this section, we will give a natural derivation of this structure from the context of the irreducible unitary representation of the algebra su(1, 1) which satisfies some conditions. In this context, we will re-interpret the annihilationcreation relations introduced in Section 2 more clearly, in this section and the next section.

The irreducible unitary representation of the algebra su(1, 1) is given by the triple of skew-adjoint operators (E_0, E_+, E_−) satisfying the commutation relations

[E_0, E_±] = ±2E_± [E_+, E_−] = E_0. (6)

(Note that the unitary representation of the affine group is given here if we pay attention only to −iE_0 and −iE_+.) Here, be careful about the fact that the representation of the Lie group SU (1, 1) can not be always constructed from the representation of the algebra su(1, 1), because SU (1, 1) is not a universal covering group. Since the operators E_0, E_+ and E_− have continuous spectra usually under each unitary representation, it is difficult to analyze the forms of the representation. In order to avoid this difficulty, instead of the triple (E_0, E_+, E_−), we will use the triple (L_0, L_+, L_−) defined by

L_0 := i(E_− − E_+) L_± := ( E_0 ± i(E_+ + E_−) ) /2, where the triple (L_0, L_+, L_−) satisfies the same commutation relations

[L_0, L_±] = ±2L_± [L_+, L_−] = L_0. (7) The operators L_0, L_+ and L_− are not skew-adjoint, but they satisfy

L^∗_0 = L^0, L^∗_+ = L_−. (8)

It has been known that giving the triple of skew-adjoint operators which satisfy (6) is equivalent to giving the triple which satisfies (7) and (8) [6]. The commutation relation [L_0, L_±] = ±2L_± shows that the operator L_± is a kind of up/down-ladder of the eigenvector system of L_0. From this fact, and from the irreducibility and the unitarity, it is shown that only the following three cases are possible;

Case 1 : dim Ker L_+ = 0, dim Ker L_− = 1 Case 2 : dim Ker L_+ = 1, dim Ker L_− = 0 Case 3 : dim Ker L_+ = 0, dim Ker L_− = 0.

Case 2 can be reduced to Case 1 by some changes of the signs. In this paper, we will not treat Case 3, and we will discuss only Case 1 in the following. In this case, the minimum eigenvalue of L_0 exists.

Let λ be the minimum eigenvalue of L_0. From the unitarity of the representation, λ should be positive [6]. Let v_0 be the eigenvector of L_0 associated with the eigenvalue λ. Then, we have

L_0v_n = (λ + 2n)v_n (n ≥ 0), L_+v_n = v_{n+1} (n ≥ 0), L_−v_n = −n(λ + n − 1)v_{n−1} (n ≥ 1), L_−v_0 = 0, for v_n := (L_+)^nv_0.

Here, from the irreducibility of the representation, we can show that {v_n|n = 0, 1, 2, 3....} constitutes a CONS.

These facts show that the minimum eigenvalue λ of L_0 specifies the irreducible unitary representation uniquely, in Case 1. Especially, in Case 1, the irreducible unitary representation of the Lie group SU (1, 1), which is not a universal covering group, can be constructed if and only if λ is a positive integer.

For the normalization of v_n, we define

|n⟩_N := √ Γ(λ) n!Γ(λ + n) v_n, N := 1 2 (L_0 − λ).

Then we have

N |n⟩_N = n|n⟩_N ,

hence N and |n⟩_N are regarded as the number operator and the number state, respectively.

Next, we define a := L^{−1}_+ N =^1_2 L^{−1}_+ (L_0 − λ), where the well-defined-ness is guaranteed because Ran L_+ is included in Ran N . Then, we have

a|n⟩_N = √ n n + λ − 1

|n − 1⟩_N ,

and similarly we have

a^∗|n⟩_N = √ n + 1 n + λ

|n + 1⟩_N .

Moreover, we have the following relations;

a^∗a = (N + ( λ − 1)I

)_{−1} N aa^∗ = ( N + λI

)_{−1}

(N + I)

[a, a^∗] = (λ − 1) ( N + (λ − 1)I

)_{−1}( N + λI

)_{−1}

[a, N ] = a [N, a^∗] = a^∗.

Thus, with the correspondence λ = 2k + 1, we have made a systematic derivation of the same type of the relations as the relations introduced at the end of Section 2, in terms of the irreducible unitary representation of the algebra su(1, 1).

Next we will introduce the coherent states. According to Perelomov[5], define the coherent state associate with SU (1, 1) by

|ζ⟩_a := U ( 1 2 e^{i arg ζ} ln

1 + |ζ| 1 − |ζ| ) |0⟩_N

= exp(ζL_+) exp ( 1 2 ln(1 − |ζ|^2) L_0 ) exp(ζ^∗L_−) |0⟩_N

= (1 − |ζ|^2)^{λ/2} exp(ζL_+) |0⟩_N

with

U (ξ) := exp ( ξL_+ − ξ^∗L^∗_+ ) .

Then, from the commutation relation [a, exp(ζL_+)] = ζ exp(ζL_+) which is derived from [a, L_+] = I, and by using the relation exp (_1 2 ln(1 − |ζ|^2) L_0 ) exp(ζ^∗L_−) |0⟩_N = (1−|ζ|^2)^{λ/2}|0⟩_N , we have

a|ζ⟩_a = exp(ζL_+) a |0⟩_N + ζ exp(ζL_+)|0⟩_N = ζ|ζ⟩_a

This shows that the operator a has the other property of the annihilation operator, the property that it has the coherent states as its eigenvectors.

Thus, the annihilation-creation relations and their relation to the coherent states have been defined naturally from the context of the irreducible unitary representation of the algebra su(1, 1). In our framework, we have not used L_− as the annihilation operator but we have used a = L^{−1}_+ N , because L_− does not have the coherent states as the eigenvectors.

Note that the above operator a approaches to the boson annihilation operator as λ tends to infinity, in the following sense. Let U_λ : H → L^2(R) be the unitary map such that U_λ(|n⟩_N ) = |n⟩_{boson}. Then, we can show that U_λaU^∗_λ converges to the boson annihilation operator in the sense of the weak convergence as λ tends to infinity.

4 Concrete Representation of su(1, 1) corresponding to Results for Affine Group Given in Section 2

In this section, we will discuss what concrete representation explains the correspondence between the framework given in Section 3 in terms of the irreducible unitary representation and the heuristic results for the affine group given in Section 3.

On L^2(R^+), by choosing

E_0 = i(P Q + QP ), E_+ = iQ E_− := −i(P QP + k^2Q^{−1})

formally, the results for the affine group given in Section 2 can be directly derived from the general framework given in Section 3. However, especially in the cases where −1/2 < k < 1/2, we should be careful about the domain of the operator E_−, as is shown in Section 5,2 of Ref.[9]. Here, we will give only the outline, though the precise proof is given in Ref.[9]. First, define the operator

Ẽ_{−,k} := −i(P QP + k^2Q^{−1}) (k > −1/2)

on the dense subspace D_o(Ẽ_{−,k}) of L^2(R^+) defined by

D_o(Ẽ_{−,k}) :=

f(x) = x^kf_0(x) ∈ L^2(R^+) ∩ C^1(R^+)

| | | | | | | |

(2k + 1)x^kf^′_0(x) + x^{k+1}f^{′′}_0 (x) ∈ L^2(R^+), lim sup s→0 f_0(s) < ∞,

x^kf_0(x) → 0 as x → ∞ .

Then, it is confirmed that the operator iẼ_{−,k} = P QP + k^2Q^{−1} is a symmetric operator on D_o(Ẽ_{−,k}). Hence, we can show that Ẽ_{−,k} is a closable operator and the operator iE_{−,k} := iẼ_{−,k} is a self-adjoint operator. Note that the operator E_{−,k} is quite different E_{−,−k}.

By letting L_{+,k}, L_{−,k}, L_{0,k}, A_k, N_k be L_+, L_−, L_0, Ã, N, |n⟩_N , respectively, with Ã := −i(a + I)(a − I)^{−1} defined on the vector space whose elements are finite linear sums of {|n⟩_N }^∞_{n=0}, we have

L_{+,k} = 1 2 ( i(P Q + QP ) − Q + P QP + k^2Q^{−1} ) , L_{−,k} = 1 2 ( i(P Q + QP ) + Q − P QP − k^2Q^{−1} ) , L_{0,k} = ( P QP + k^2Q^{−1} + Q ) , A_k = P + ikQ^{−1},

N_k = 1 2 ( P QP + k^2Q^{−1} + Q − 1 − 2k ) . In this representation, the minimum eigenvalue of L_{0,k} is λ = 2k + 1. Moreover, the affine coherent state |η⟩^k and the related number state |n⟩^k_N are shown to be the su(1, 1)-coherent state | − i^{ζ+1}_{ζ−1} ⟩_a and the su(1, 1)-number state |n⟩_N , respectively.

Thus the whole results given in Section 2 have been re-interpreted in terms of the irreducible unitary representations of the algebra su(1, 1).

5 Conclusion

We have derived a kind of annihilation/creation relation similar to the boson annihilation/creation relation, from the irreducible unitary representation of the algebra su(1, 1). The proposed framework contains an annihilation/creation relation related to the affine coherent states as a special case. In signal processing, in a similar manner to the boson-annihilation/creation relation which is applied to the operator method in Wiener-Hermite expansion of Gaussian stochastic processes, our results may be applied to an analogous operator method for the stochastic processes related to the χ^2-distribution and the wavelets, because the affine coherent states are closely related to them.

References

[1] Gel’fand I M and Naimark M A 1947, Dokl. Acad.

Nauk SSSR, 55 570.

[2] Aslaksen E and Klauder J R 1968 J. Math. Phys. 9 206.

[3] Daubechies I and Paul T 1986, Proc. 8th Int. Congr.

Math. Phys., Marseilles, 675.

[4] Paul T and Seip K 1992, in Wavelets and Its Applications (Ruskai, M.B. et al eds.) Jones and Bartlett Pub., 303.

[5] Perelomov A 1986 Generalized Coherent States and Their Applications (New York: Springer).

[6] Howe R and Tan E C 1992 Non-Abelian Harmonic Analysis (New York: Springer).

[7] Daubechies I 1992 Ten Lectures on Wavelets (SIAM).

[8] Sakaguchi F and Hayashi M 1999 A Relationship between the Continuous Wavelet Transformation and the Algebra su(1,1), Proceedings of 22nd Symposium on Information Theory and its Applications, Echigoyuzawa, Japan 83; id., id. 2000, Proc. IASTED Int. Conf. on Signal Processing and Communications, Marbella, Spain, 390.

[9] Hayashi M and Sakaguchi F 2000 Subnormal Operators Regarded as Generalized Observables and Compound-System-Type Normal Extension Related to su(1, 1), e-print quant-ph/0003079; id., id., Journal of Physics A, (to appear).