Analytic properties of multiple zeta-functions in
several variables

Kohji Matsumoto

Abstract

We report several recent results on analytic properties of multiple zeta-
functions, mainly in several variables, such as the analytic continuation,
the asymptotic behaviour, the location of singularities, and the recursive
structure. Some results presented in this paper have never been published
before.

1 Euler-Zagier sums

Let r be a positive integer. We begin with the discussion on the Euler-Zagier
r-fold sum

CEZ,T(SI7"'7ST‘) — Z...Z mISImgvSQ,..m;ST

1<my <---<my<oo

= i i i my* (my +mg) e (my+ -4+ my) 7, (1)

mi1=1mao=1 my=1

where si,...,s, are complex variables. This multiple series is convergent abso-
lutely in the region

(51,0 50) €CT | Risr i+ +5) >k (1<k<r)}

The case 7 = 2 of (1.1) was already investigated by L. Euler in the eighteenth
century, and the general r-fold case has recently been studied by Zagier [48] and
others. In particular, their research on special values of (g, at positive integers
shows the great importance of this function in various fields of mathematics and
mathematical physics.

The meromorphic continuation of (1.1) to C” has been achieved by various
methods; see Arakawa and Kaneko [5], Zhao [49], Akiyama, Egami and Tanigawa
[1], and the author [25]. It can also be regarded as a special case of Essouabri’s
general result [9]; see Section 3.



The method of [1] is based on the Euler-Maclaurin summation formula. Let
ni be a positive integer, n be a real number, Rs > 1, a > 0, B;(x) the j-
th Bernoulli polynomial, and B;(z) = B;(z — [z]). Akiyama and Ishikawa [2]
proved a modified version of the Euler-Maclaurin formula, including a parameter
1, which implies

3 1 _ i Bj11(n) (s);

sy (M @)* = G+ D+ 0+ a)st

(8)s+1 /°° BJH(U) du

(J + 1) St (u+ )40

for any positive integer J, where (s); = I'(s + j)/I'(s) (see Lemma 1 of [2]). In
[1], formula (1.2) (with @ = n = 0) is applied to the sum with respect to m,
on the second member of (1.1), and an expression of (gz,(s1,...,s,) as a sum
involving Cpz,—1(51,. .., Sr—2,Sr—1+ S +7) (—1 < j < J) is obtained. Hence the
analytic continuation can be shown by induction on 7, because the integral term
on the right-hand side of (1.2) converges in a larger region of s when J becomes
larger.

On the other hand, the basic tool of the author’s method is the Mellin-Barnes

integral formula
1 [(s+ 2)['(—2)
LAy = | Nd 1.3
(1+2) 271 J(c) I'(s) = (13)
where s, A € C, Rs > 0, |argA| < 7, A # 0, and ¢ € R, —Rs < ¢ < 0. The
path of integration is the vertical line from ¢ — ico to ¢ + ico. The key point is
to apply (1.3) (with A =m,/(my +---+m,_1)) to the factor

(1.2)

sro__ — sy my
(ma ooy ) = (- ) <1+ m1+...+mrl>

on the last member of (1.1), and express (gz.(s1,...,S,) as an integral whose
integrand includes (gz,—1(51,- .., Sr—2, Sr—1+S,+2) as a factor. Then the analytic
continuation can be shown by shifting the path of integration suitably.

We can also see the location of possible singularities by both of the above
methods. Akiyama, Egami and Tanigawa [1] considered this matter more care-
fully, and proved

Theorem 1 (Akiyama, Egami and Tanigawa [1]) Singularities of (gzr(S1,- .., Sr)
are located only on

s, =1, s.1+s=2,1,0,—-2,—4,—6, ...
and
Sr—hil T Spkp2t - Fs,=k—n (3<k<r neNy),

where Nq denotes the set of non-negative integers. All of the above sets are indeed
singularity sets.



In the same paper [1], they also studied the values of gz .(s1,...,s,) at non-
positive integers. This direction of research has been continued by Akiyama and
Tanigawa [3], and Kamano [16].

It is an important problem to generalize the analytic theory of Euler-Zagier
sums to more general situation. Akiyama and Ishikawa [2] studied the series

gEZ,'r‘(Sla sy Spy iy e a?")
= Z o Z (m1 + 061)781 (TTLQ + 042)782 s (mr -+ Oér>7ST (14)

1<mi<---<my<oo

and

LEZ,T(Sla sy Sey X e '7X7")

_ Z N Z x1(m1) x2(me) o Xr(m;)

S1 S9 s
my My msr

(1.5)

1<mi<---<myp<oo

where 0 < ap <1 (1 <k <r)and x; (1 <k <r) are Dirichlet characters of the
same conductor. It is clear that (1.5) can be expressed as a linear combination
of several series of the form (1.4). Akiyama and Ishikawa [2] applied (1.2) to the
right-hand side of (1.4) to obtain an expression involving

CEZ,T71<317 ey Sp—2,Sp—1 + Sp +j;041, .. -,Oér71> (_1 S ,] S J)

This expression gives the analytic continuation of (1.4). Akiyama and Ishikawa
also discussed the location of singularities of (1.4) and (1.5). Ishikawa [13] further

studied the location of poles of (1.5) in the special case s; = --- = s, = s, and
applied the result to the evaluation of certain multiple character sums (Ishikawa
[14]).

The author [26] [27] considered a further generalization of (1.4), that is the
series

[e.9] (e 9]

Z - Z (o + mywy) ™ (g + mywy + mows) ™2

m1=0 my=0

X oo X (ap +mawy + -+ -+ mpw,) T (1.6)
where ay, wy (1 < k <) are complex parameters. Let —m < 6 < 7 and
HO)={weC|lw#0, 0 —7/2 <argw < 0+ 7/2}.

If we assume that wy € H(f) (1 < k < r), then the series (1.6) is convergent
absolutely when Rsy, (1 < k < r) are sufficiently large. Under the same assump-
tion, the author proved the meromorphic continuation of (1.6) to C" by using
the Mellin-Barnes formula (1.3), and discussed the asymptotic behaviour with
respect to w, and the order estimate with respect to s,
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The aim of introducing the above generalized form (1.6) is to treat the Barnes
multiple zeta-function

Chr(ssazwr,. .. wy) = Y - > (@ +mqwy + -+ + mpw,) (1.7)
m1=0 my=0
as a special case s; =---=s,_1 =0 and s, = s. The author first considered the
asymptotic behaviour of (po(s;a;wy, wy) in [22] by a different method (contour
integration), and then by using (1.3) in [25]. These studies have applications to
Hecke’s zeta and L-functions attached to real quadratic fields; see Corrigendum
and addendum of [22], and [23].
Multiple Dirichlet series of the Euler-Zagier type with general coefficients, of
the form

Z i al m1 a2(m2) a’r(mr) ’ (1.8)

ml + m2)52 (ml 4.+ mr)sr

mi1=1 my=1 1

have been introduced and studied by Matsumoto and Tanigawa [30], under the
assumption that the series Y 0°_; ar(m)m~ (1 < k < r) have nice properties.
The above (1.8) includes the multiple L-series of Arakawa and Kanecko [6]. In
[30], the analytic continuation and a certain order estimate of (1.8) have been
obtained by using the Mellin-Barnes integral (1.3).

It seems that the method of using the Mellin-Barnes integral is suitable to
consider upper bound estimates of multiple zeta-functions. The case of the Euler-

Zagier sum Cgz,(s1,...,s,) was studied by Ishikawa and Matsumoto [15]; espe-
cially, non-trivial estimates in the cases r = 2 and r = 3 have been obtained.
However it is still not clear how is the real order of magnitude of (g7, (s1,. .., s;).

Recently, Matsumoto and Tsumura [31] introduced further generalized series

ar(my) - - a.(m, o (mitetme)
£ .8 _aima

=0 al + m1w1)81 . e (ar + mywy + e + mrwr)sr

(1.9)

where u > 1, ag,wr € R, 0 < ap — a1 < wy, in connection with a study
of certain generalized multiple polylogarithms. (As for multiple polylogarithms,
see, for example, [7].)

2 Multiple series defined by linear forms

Let Ay, = (anj)1<n<ni<j<r be an (N, r)-matrix, where a,; are non-negative
real numbers. Assume that all rows and all columns of Ay, include at least one
non-zero element. Let

gr(sla---asN;ANr) = Z Z (a11m1+"'+a1rmr)_81
mi1=1 myr=1
X X (aN1m1+---+aNrmr)_SN. (21)
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The Euler-Zagier sum (1.1) is a special case of (2.1). Shintani [35], [36] considered
the situation when all a,; are positive (with characters and additional constant
terms). Shintani actually treated the case s; = - -+ = sy, but Hida [11] introduced
multi-variable Shintani zeta-functions.

Other typical examples of (2.1) are the Mordell-Tornheim multiple series

CMT,?"(Sla"'7$T;$T+1) — Z Z myt-em(my e my) T (2.2)

mip=1 myr=1

and the Apostol-Vu multiple series

Cavir(51, .+, 55 Sps1) :ZZ mys e em S (my e+ my) T (2.3)

1<my <---<myp<oo

Both of the above series (2.2) and (2.3) were introduced in the author’s paper [28],
though the history of some special cases goes back to Tornheim [38], Mordell [34],
and Apostol and Vu [4]. The following theorem has been proved by the author
in [24] for the case r = 2, and in [28] for general r.

Theorem 2 The series (2.2) and (2.3) can be continued meromorphically to
CtL. The possible singularities of (2.2) are located only on the subset of C™+*
defined by one of the following equations:

h h
Zsja+3r+1:h—€<1—l—]> (lﬁhﬁr, 1§j1<---<jh§7“, EGN()).

a=1 r

Also, the possible singularities of (2.3) are located only on the subset of C™*1
defined by one of the following equations:

Sidt s =r+1—i—0 (1<i<r {eNy).

The proof of Theorem 2 in [24] [28] is again based on (1.3). As in the case of
the Euler-Zagier sum, using (1.3) we obtain

' 1 L(spy1 + 2)I'(—2)
CMT,T<817 ey Spy 87’+1) — 27T'l /(c) F(Sr+1)
XCMT,T—l(Sla coey Sp—15Sr41 + Z)C(Sr - Z)dz7 (24)

where ((+) is the Riemann zeta-function. In the case of the Apostol-Vu series, we
have

©jr(S15 ey 83 8j415 -+ Spj Srpa)
_ L[ Dot ol
27 J(e T(8011)
XQi17(S1, -y Sj2138) — 2, St - -+ Sp Sr1 + 2)d2, (2.5)
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where

gpjm(sb ceeyy S], Sj+17 cee ST; 87’+1) — Z .. Z mISI .. .m;sr(m1+. . ._‘_mj)*sr-ﬁ—l.
1<mi < <mp<oo
(2.6)

Note that ¢,, = Cav,» and

©1.,(515825 -+, S5 Sr41) = Cazr(S1+ Sri1, S2, - - -y Sp).

The relations (2.4) and (2.5) imply the recursive sequences

CMT,T = CuTr—1 — = Cur = ¢
and
gAV,r =@ryr 7= Pr—1p — Pl = CEZ,T’)
along which the proof of Theorem 2 goes inductively. The discussion in Section
1 implies another recursive sequence
CEZ,r - CEZ,TA — CEZ,l = C-
Thus we find a recursive structure in the family of multiple zeta-functions. This

viewpoint is discussed in the last section of [28].

In [47], Maoxiang Wu introduced the y-analogues of (2.2) and (2.3). Let
X1, - - -, X be Dirichlet characters of the same modulus ¢ (> 2), and define

LMT,T’(Sla ceey SpySr413 X1y - - '7X7")

= i c- X1(ma) -+ - xr(my)
i1 1 m&il . mf‘r(ml + .o + mr)sr+17

Bave(S1s ey 805 Sr15 X1y - -+ Xor)

ISR Xa(m) - X () (2.8)

51, . .ms . Sr41
1<my < <myp<00 ml mrT (ml + + mT’) "

These series are convergent absolutely for sy > 1 (1 < k <7r), Rs,,1 > 0. Wu
proved the following two theorems.

Theorem 3 (Wu [47]) The series (2.7) can be continued meromorphically to
C*1. If none of the characters x1,...,x, are principal, then Ly, is entire.
If there are k principal characters x;,, ..., X;, among them, then possible singu-
larities are located only on the subsets of C™' defined by one of the following
equations:

h h
D Sy TS =h— 1 (1 - [J) ;
a=1

r

where 1 <h <k, 1<i(l)<---<i(h) <k, £ € Ny.
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Theorem 4 (Wu [47]) The series (2.8) can be continued meromorphically to
C™L, and possible singularities are located only on the subsets of C™! defined by
one of the following equations:

h
Z Sr—a+1 T Sr41 = h — 67

a=1

where 1 < h <r, £ € Ny.

Since Wu [47] is unpublished, we briefly outline his proof of these two theorems
here.

The proof of Theorem 3 is just a direct generalization of the argument de-
veloped in [28]. We omit the details, only noting that the basic formula, corre-
sponding to (2.4), is

LMT,T(Sla sy SeySr41s X1 - - 7XT) -

L[ Tl 0
2 J () T(sp41)
XLprr—1(815 -0y Sp—138r01 + 25 X1 -+ -5 Xo—1) L(Sr — 2, x0)d2,  (2.9)

where L(-, x,) is the Dirichlet L-function attached to x,.
To prove Theorem 4, we define

(I)j,r<317 sy 85841yt Sy Sl X - - 7Xr)

:ZZ x1(ma) - xp(my) (2.10)

S1., . .ms . ) Sr41
1<mi<--<myp<oco my m,r <m1 + + mJ) s

Then corresponding to (2.5), we have

1 [(spy1 + 2)I'(=2)
Djr(S1,- -+ 855 Sj41, 7  + Si Sr41i X1 -+ X)) = %/(c) +F(s 1)
X®j_ 1 (81,0 0585-1385 = 2, 8541, 8 Spp1 + 25 X15 - - -5 Xor)d2. (2.11)

Hence the induction argument goes along the sequence
LAV,T‘ = (I)r,r - q)rfl,r e (I)l,r7
but
Dy (51582, sSri X155 Xor) = LEzr (814 Srg1, 82, -0 Sp X1y - -5 Xor),s

whose basic analytic properties has already been discussed by Akiyama and
Ishikawa [2].

As explained in Section 1, Lgz,(S1,..., 8¢ X1,--.,Xr) can be expressed in
terms of (gz,(S1,...,8;010,...,0,), and the latter can be expressed as a sum
involving

CEZ,T’—l(Sla ceey Sp—2, Sp—1 1 Sy +j;O[1, .- -aar—l) (_1 < ] < J)
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Using these expressions, Wu [47] proved (by induction) that both of the functions
Cezr(S1,.-, S 00,...,ap) and Lgz,(s1,...,8:X1,--.,Xr) are of polynomial or-
der with respect to |Js1,...,|Ss,|. Hence, using (2.11), we can show that ®;,
(1 < j <r)is also of polynomial order. Therefore it is possible to shift the path
of integration on the right-hand side of (2.11) freely. The remaining part of the
proof is the same as in [28§].

Special values of (a7, Cav,r and their relatives have been studied by several
mathematicians, including Tornheim, Mordell and Apostol and Vu themselves.
Special values in the domain of absolute convergence have been further studied
by Huard, Williams and Zhang [12], Subbarao and Sitaramachandrarao [37], and
Tsumura’s recent series of papers [39] [40] [41] [42] [43] [44]. In those papers,
various relations among special values at integer arguments have been obtained.
From an analytic point of view, however, it is important to reveal whether those
relations are valid only at integer points, or valid also at other values. Tsumura
[45] [46] discovered that some relations at integer points, proved in his previous
articles [39] [40] [42], are actually valid continuously at other values. These
relations of Tsumura may be regarded as functional relations among multiple
zeta-functions.

Another functional relation has been found by the author [29], which implies,
as a special case, a certain relation between (gz2(s1,s2) and (gza(l —s2,1—s1).
More generally, in [29] the author defined the double Hurwitz-Lerch zeta-function

[e.9] [e.9]

Co(s1, 8250, Byw) = > (e +m)” Z 2wl (o 4+ m 4 nw) %2,

m=0 n=1

where 0 < a < 1,0 < 3 <1, w > 0, and proved a certain relation between
Ca(s1, 8250, B,w) and (o(1 — s9,1 — s1;1 — 3,1 — o, w). Note that the case w =1
of this function was already introduced by Katsurada [17] in his study on the
mean square of Lerch zeta-functions. It is also possible to regard Proposition 1
of [29] as a double analogue of the functional equation of Hurwitz-Lerch zeta-
functions.

3 Multiple series defined by polynomials

In [28], it has been shown that any multiple series of the form (2.1) can be
continued meromorphically to the whole space C", by the method of Mellin-
Barnes integrals. It is in fact possible to prove a much more general result by the
same method. Let

n

P.(X1,..., X Z p) X ek (] <y < N)



be polynomials, where ax(n) € C, p;(k,n) € Ny, and for any fixed j, at least one
of pj(k,n) (1 <n < N,1<k<K(n))is positive. We assume that Ray(n) > 0
for all £ and n. Hence

0, = max{|argag(n)|; 1 <k < K(n)}

is smaller than 7/2. Define

G(s1y..y8n; Py, Py) = i i Pi(m)~* ... Py(m)—*~, (3.1)

mip=1 my=1

where m = (mq,...,m,) and s, = 0, +it, € C (1 < n < N). It is clear that
there exists a positive constant o, = 0,(P,..., Py) such that the series (3.1) is
absolutely convergent when o,, > o, for 1 <n < N.

By a multiple strip we mean a set of the form

{(s1,...,s8) €CV |0 €0 S0z (1< < N)}, (3.2)

where 0,1, 0,2 (1 < n < N) are any fixed real numbers with ¢,; < g,2. By F(+)
we denote a quantity, not necessarily the same at each occurrence, which is of
polynomial order with respect to the indicated variables.

Theorem 5 The multiple zeta-function (3.1) can be continued meromorphically
to the whole space CN. The possible singularities of it are located only on hyper-
planes of the form

0181_|_...—|-CN5N:u(ch...,CN)—g (EGNO)a (33>

where c1,...,cy € Ng and u(cy, ..., cn) is an integer determined by cyq,. .., cn.
Moreover, the estimate

N
G(s1,.. 8NP, ..., Py) =0 <.7-"(t1, ot 1 egntM) (3.4)
n=1

holds uniformly in any multiple strip (3.2), except in neighbourhoods of possible
polar sets (3.3).

The case N = 1 of (3.1) was first studied by Mellin [32], [33]. The Mellin-
Barnes integral (1.3) already appeared in those papers. After Mellin, many people
including K. Mahler, P. Cassou-Nogues, and P. Sargos continued his research.
The multi-variable form (3.1) was first discussed by Lichtin [18], [19], [20], [21],
and he proved the continuation of (3.1) when polynomials are hypoelliptic. Then
Essouabri [9], [10] introduced the condition HgS, under which he proved the
continuation. Here we do not give the exact definition of HyS, but it is satisfied
if all coefficients of polynomials have positive real parts. Moreover, though only

9



the case N =1 is discussed in [10], Essouabri mentioned in his thesis [9] that his
result can be generalized to the multi-variable case. See also de Crisenoy [8], in
which a twisted version of (3.1) (for general N) was studied.

Therefore, the meromorphic continuation of (3.1) was included, as a special
case, in Essouabri’s theorem. Nevertheless we give a proof of the above theo-
rem here, because of several reasons. First, our method is quite different from
Essouabri’s and rather simple. Secondly, formula (3.5) below, which is the key
of our proof, implies the recursive structure similar to those discussed in the
preceding section. Thirdly, our method is suitable to obtain various explicit in-
formation, such as location of poles and order estimates, inductively. And finally,
our method can be generalized to the case with general coefficients (similar to

(1.8) and (1.9)).

Remark 1. When we write the (possible) polar sets of ¢, in the form (3.3),
we can choose cq,...,cy whose common greatest divisor is as small as possible.
We call such tuples (cq,...,cn) primitive. Then, in the proof of Theorem 5 it
will be shown that, for any fixed (., there are only finitely many primitive tuples
(¢1,...,cn) such that the (possible) polar sets of ¢, are of the form (3.3).

Remark 2. For any fixed ¢y, . . ., ¢y, there exists a positive integer v(cy, ..., cyn),
by which the order of the singularity (3.3) is bounded uniformly for any /.

Now we start the proof. We prove Theorem 5 with Remarks 1 and 2 by
induction on

K(P,,...,Py) = le((n).

The argument is a generalization of the proof of Theorem 3 in [28].
First consider the case K(Py,...,Py) =1. Then K(n) =1 (1 <n < N), so
all the P,’s are monomials and

Cr(Sl,...,SN;Pl,...,PN): Z Z
mi1=1 my=

—Sn

N
]._.[ (a1 (n)mll’l(l,n) .. .mgr(l,n))
n=1

5 =

=ay (1) - a (N)™°N 1:[ Clpi(L,1)s1 + -+ p;(1,N)sn).

Hence all the assertions of Theorem 5, Remarks 1 and 2 clearly hold.
Now consider the case K(Py,...,Py) > 2. Let 0} > 0,, and at first assume
that (sq,...,$y) is in the region

B*={(s1,...,5n) | on >20:(1 <n < N)}.

Since at least one K (n) > 2, changing the parameters if necessary, we may assume
that K(N) > 2. Then

K(N)

Py (m) ¥ = (al(N)Ml(N) + 3 ak(N)Mk(N))

k=2
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B K(N)a o a;(N)M;(N) o
_(kzz ’“<N)Mk<N>) <1+zf;§>ak<N>Mk<N>> |

where My(N) = m’fl(k’N) -.mpr&N) - Hence, applying (1.3), we obtain

1 T'(sy + 2)'(—%
CT(‘Sl?"'aSN;Pl,---,PN) /() (N ) ( )
Y

" 2mi T(sy)
X DT e 30 Ru(m) e P m) P m) P (), (3.9)
where )
Py(m) = Z ax(N)Mi(N), Py (m) = a(N)Mi(N),

and we can choose 7 as
—ON + 04 <77 < —0,. (3.6)

Then the multiple series on the right-hand side of (3.5) is absolutely convergent
and is the zeta-function

Cr(Sl, ..y SN—-1,SN —|—Z, —Z; Pl; .. .,PNfl,P]t[,P;[*). (37)
Since
K(Pi, ..., Py, Po, Py = K(1) x - x K(N — 1) x (K(N) —1) x 1

< ﬁK(n):K(Pl,,PN),

by the induction assumption we see that (3.7) can be continued meromorphically
to the whole space CV*1, and possible singularities are of the form

c151+ -+ ensy + (eny — eny1)z = uler, ... engr) — 4,
where ¢q,...,cnq1,¢ € Ng and u(ey, ..., eny1) € Z. If ey = cy1, then this is
181+ - +ensy =uler,...,en) — € (£ € Ny), (3.8)

which is irrelevant to z. If ¢y — cyi1 = dyp > 0, then

z=dy'{—c151 — - —cnsy +uler, ... en,do)y —dy 'l (£ € Ny), (3.9)
and if cy — ¢y = —eg < 0, then
z=ey{ersy + - +eysy —uler, ... enye0)} +egtl (€€ Ny). (3.10)

We write the first term on the right-hand side of (3.9) (resp. (3.10)) as D(s1, ..., sn;¢€)
(resp. E(s1,...,sn;c)) for brevity, where ¢ = (¢1,...,cy). Denote the set of all
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primitive tuples ¢ = (¢q,...,cn) appearing in (3.8) (resp. (3.9), (3.10)) by Tj
(resp. Tp, Tr). These sets are finite because of Remark 1. The above (3.9) and
(3.10) can be poles, with respect to z, of the integrand on the right-hand side of
(3.5). The other poles of the integrand are

z=—sy—{ ({ €Ny (3.11)

and

s=0 (LeNy). (3.12)

We can assume that o7 is so large that all the poles (3.9) and (3.11) are on the
left of the line Rz = v, while all the poles (3.10) and (3.12) are on the right of
Rz =1.

Now, let (s%,...,s%) be any point in the space CV, and we show that the
right-hand side of (3.5) can be continued meromorphically to (s{,...,s%).

First, remove the singularities of the form (3.8) from the integrand. These
singularities are cancelled by the factor

(c1814 - +ensy —uley, ..., en) + £)0ren)

(by Remark 2 as a part of the induction assumption). Let L be a sufficiently
large positive integer such that, if o, > Rs® (1 <n < N),

cis1 4 +ensy = ufer, ... oen) = L

does not hold for any ¢ = (cy,...,cy) € Ty. Define

ceTp (=0

and rewrite (3.5) as

gr(Sl, .. .,SN;Pl, .. .,PN) = (I)(Sl, .. .,SN)_lj(Sl, .. .,SN), (313)

where

1 [(sy + 2)I'(—2)
J(Sl"“’sN)_Q—m'/(»y) T(sn) O(s1,...,8N)

XCT(Sl, ...y SN_1,SN + 2, —2%; Pl, .. -,PN_l,PK[,PX[*)dZ- (314)

Then the integrand on the right-hand side of (3.14) does not have singularities
of the form (3.8) in the region o,, > Rs? (1 <n < N).

Since ®(sy, ..., sy) ! is meromorphic in the whole space, in order to complete
the proof of the continuation, our remaining task is to show the continuation of
J(s1,...,8n). Let M be a positive integer, and s* = s? + M (1 <n < N). We
may choose M so large that (s7,...,s}y) € B*. Let Z; be the set of all imaginary
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parts of the poles (3.9) and (3.11), and Z, be the set of all imaginary parts of the
poles (3.10) and (3.12), for (s1,...,sn5) = (s],...,sN)-

Case 1. In the case Ty NZy = (), we join D(s},...,sk;c) and D(s),...,s%;¢)
by the segment S(D; c) which is parallel to the real axis. Similarly join E(s}, ..., sk;c)
and E(s?,...,s%;c) by the segment S(F;c), and join —s} and —s% by the seg-
ment S(N). Since Z; NZ; = ), we can deform the path Rz = ~ to obtain a new
path C from v —ioco to v+ ioco, such that all the segments S(D;c) and S(N) are
on the left of C, while all the segments S(F;c) and the poles (3.12) are on the
right of C (see Fig.1). Then we have

J(s1,...,88) = QLM,/CF(SNEZ;)[?(_Z)CD(Sl,...,sN)

XCT(Sl, ...y SN_1,SN T 2, —2; Pl, .. .,PN_l,P;{[,P]t/*)dZ (315)

in a sufficiently small neighbourhood of (s7, ..., s}). Next, on the right-hand side
of (3.15), we move (sy,...,sy) from (s%,...,s%) to (s9,...,s%) with keeping the
values of imaginary parts of each s,,. Since (. in the integrand satisfies an estimate
of the form (3.4) by the induction assumption, this procedure is possible; and,
during this procedure, the path C does not cross any poles of the integrand.

Hence the expression (3.15) gives the holomorphic continuation of J(si,...,sy)
to a neighbourhood of (s?,...,s%).

Case 2. Next consider the case Z; NZy # (). Then the imaginary part of some
member of {D(s],...,sy:c), —sik | ¢ € Tp} coincides with the imaginary part
of some member of {E(s],...,sk;c), 0| c € Tg}. We consider the case

SID(s], ..., 8y;€1) = SE(S], ..., Sy; C2) (3.16)

for some c¢; and ¢y, because other cases can be treated similarly. The associ-
ated poles are D(s*,...,sy:c1) —dg'ly and E(s%,...,s%;c1) + egtly (01,05 €

Ny). When (s},...,s%) is moved to (s9,...,s%), these poles are moved to
D(sY,...,8%;¢c1) —dg'ty and E(sY,. .., s%;¢1) + egls, respectively. In the case
RD(s),...,8%;¢1) —dy 'y #RE(SY, ..., s%;¢1) + ey o (3.17)

for any ¢; and /5, we modify the argument in Case 1 as follows. Let n be a small
positive number, and consider the oriented polygonal path S’(D;cy) joining the
points D(s%, ..., s%;c1), D(si+in, ..., sy+in;c1), D(s%+in, ..., s%+in;c1), and
then D(s?,...,s%;¢c1) in that order. Similarly define the path S'(E;cy) which
joins F(s},...,sy;¢Ca), E(st+in,..., sy +in;ca), E(s¥+in,...,s% +in;cy), and
then E(s,...,s%: ¢cy). Then S’(D;cy) lies on the lower side of the line

) n?
‘C:{Z ‘ %Z:%D<S>{7"'78}k\7;cl):%E(STV'WS?\/;CQ)}?

while S’(F; cy) lies on the upper side of £. Because of (3.17), we can define the
path C’, which is almost the same as C, but near the line £ we draw C’ such that
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it separates

U (S'(D;c1) —dy'ty)

£1€Np

and
l2€N(

U (S'(E;co) + e 'lo)

(see Fig.2). Then the expression (3.15), with replacing C by C’, is valid in a

sufficiently small neighbourhood of (sj,.. .,

si). When (sq,. ..

, Sy) moves along

X X X X X
S(E)
—s% —s%
X X X X X
S(N)
v 012
C
S(D)
X X X X X X X
D(s7,. ... sN) D(s{,...,s%)
Fig.1
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Cl

Fig.2

the polygonal path joining (s, ..., sy), (si+in, ..., sx+in), (s{+in, ..., s%+in),
and then (s!,...,s%) in that order, the path C’ encounters no pole, hence we
obtain the holomorphic continuation.

Case 3. The remaining case is that

D(sY, ..., s%;c)) —dytty = E(sy, ..., s%;¢o) +egtls (3.18)

holds for some ¢; and ¢5. Then this might hold for some other pairs of (¢, ¢s).
In this case we consider the path C” which is almost the same as C, but near
the line £ we only require that S(D;cy) is on the left of C”, and that the points
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E(s%,...,s5;¢a)+eg o, B(sY, ..., 5%; cy)+eg'ly are not on C” for any f5. When
we deform the path Rz = ~ on the right-hand side of (3.14) to C”, we might

encounter several poles of the form (3.10). Then we move (si,...,sy) from
(st,...,8%) to (s9,...,5%); again the path might encounter several poles of the
same type. Hence, in a sufficiently small neighbourhood U of (s9,...,s%), the
integral J(sy,...,sn) has the expression
1 [(sy + 2)['(—2)
—R ge ey a - / q) )t
(s1 sn) + 977 o T(sn) (s1 SN)

X (81, -y SN_1,SN + 2, —2; P1, ..., Py_1, Py, PY)dz, (3.19)
where R(sy, ..., sy) is the sum of residues of the above poles. Hence R(sy, ..., sy)
is a (finite) sum of residues of the form T'(sy) 1®(sy, ..., sy)R({3), where

1 dhfl L
R(ls) = mm{(z — 2(6))"D (s + 2)D(—2)

. * Kok
X (81, .-y SN_1,SN + 2,—2; P1, ..., Py_1, Py, Py )}

(3.20)

z=z({2)

with 2(fy) = E(s1,...,8n;C2) + gLy, if the order of the pole is k. This implies

that all possible singularities of R(s1, ..., sy) are polar sets. Therefore expression
(3.19) gives the meromorphic continuation of J(sy,...,sy) to U.
Now we have proved the meromorphic continuation of {,.(s1, ..., sn; P, ..., Py).

Next we show that all the possible polar sets of (.(s1,...,sy; Pi,..., Py) are of
the form (3.3). This is clear for the polar sets of ®(sy,...,sy)"!. The polar sets
of J(s1,...,sn) only appear in Case 3. Hence from condition (3.18) we see that
those polar sets are also of the form (3.3). The assertions of Remarks 1 and 2 are
easily verified from the above argument.

Lastly we show the assertion on the order of (,(s1,...,sn; P, ..., Py). Since
(3.7) satisfies an estimate of the form (3.4) by the induction assumption, the
integral on the right-hand side of (3.15) clearly satisfies the same type of estimate
with respect to tq,...,tny_1. As for ty, using Stirling’s formula we find that the
integral is

oo v
< [ exp (Stwl = It + 1 = lyl) + (It + 1+ g) ) Fltw,p)dy, (3:21)

which is O(eVI*~ F(ty)) by Lemma 4 of [26]. Hence we obtain the desired asser-
tion in Case 1, and the treatment of Case 2 is similar.
In Case 3, we have to estimate R(sy,...,sy). Since

1
R(fy) = — /’C D(sy+2)T(=2)¢-(s1,- -+, Sn-1,Sn+2,—2; P1, ..., Py_1, Py, PN)dz,

271
where K is a small circle round the point z(¢5), it is clear that R(sq,...,Sn)
satisfies an estimate of the form (3.4) with respect to tq,...,tx_1. As for ty, the
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relevant exponential factor is the same as the exponential factor in (3.21), hence
we can obtain the desired estimate as above. The proof of Theorem 5 is now
complete.
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