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#�$&%('�)�*�+
, 20 ,�-�.�/ % Barnes, Mellin

%1032�4�53%
, 6�78�93:�;1< %�=?>3%1@BA3C

, DFE�GIH?J %1K�LNMPO�Q ESR < >�TN%VU�WC�X(Y3Z G"H�[�\^]"_F`ba�Gdc @�A3%fe�gh%�X�*i0h2kjlg H�m�c %B+n?o < %�p�q�r�s Eut�v *�w�x c r , y�z Z�{�x H�6 o < % 6�7 8�93:;V< %VK�L�M�0B2Bri|h}�g ]�~&a Z?{^� , n?o < Cd� a��B� *�+(�3� H
` {���x cf��GI����� { v?� � ��� j�gB����w ]V_ #�$���)�*B+ `^a
Guc?6 o < %P=�>�C , ��� %10N2�C�XPY3Z GdHf����Gdc���_

1. Barnes E Mellin

6�7 8B9h:?;P< %�K�L3M�=�>�+ , Barnes [11] [12] �b~1� Mellin [91]
[92]

Z ~�] 20 ,�-�.�/ %10�2hZ1��C"�B� ]"_
Barnes

r(��� c %�+ , s
C"��� o < , α, w1, . . . , wr

C"���
parameter

E�GdH ,

ζB,r(s; α, (w1, . . . , wr)) =

∞
∑

m1=0

· · ·
∞

∑

mr=0

(α + w1m1 + · · ·+ wrmr)
−s

(1.1)

%P��% 6�7�  *Nw ]¡_¢` g�CV£¥¤l*B+ Barnes
%

r 7 8�9�:?;�< E¡¦
t * ��]"_

Barnes
%P0�23%�§�¨F+ 6�7h©&ªP« ;(< %�=�>^C �N¬ � ]N`hE ZBwx c�_��® M3{ ©&ªP« ;�< Γ(s)

%¢¯l°&{ n�±B² E�G"H�³�73©&ªP« ;< r?´�µ�jug c %�+ 19 ,�- ��)�% `hE * , Kinkelin, Hölder, Méray,
Pincherle, Alexeiewsky ¶ %�·�|�0h23%��^Ci¸ �?H , Barnes

¯l¹ � 02bC�º¢» H���c ([9] [10]) _�¼ + [11]
Z ����H , Hurwitz

8�9&:�;(<
ζ(s, α) =

∑∞
n=0(n + α)−s Eu©hªi« ;�< CV½ ��¾b�B] Lerch

%�¿BÀ

log Γ(α) = ζ ′(0, α) +
1

2
log 2π

ZiÁÃÂ G , J % n�±�² E�GuH ,
´ ;1< %

0
*�%iÄ3r ³�7B©3ª�« ;1< %PÅ< E ½ ��¾ÇÆ�� % E�GuH ζB,2

C1´?µ GucP_�JFGuH [12]
Z ����H + ` gCPÈ�Z n?±�² Gdc?É�Ê % ζB,r

C�´�µ G , J gbC1W ��H?6�7N©�ªi« ;i<%�=�>�C1Ë3Ì Gdc %�*�w ]"_Í�Î CVÏ ]VÐ(Ñ Z ~ x H �B��Ò�Q�C ³ ��Z1Ó?Ô G , J g�Z ~ x H�Õ×Ö
c?³ ��%?)�Ò�Q�% aIØ % viØ�¶ ��Ù?ÚbZ w1, . . . , wr

r(� \NH(Û � ]3E
1
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�������

��g��
, (1.1)

+�)�Ò�Q
<s > r

*
	�Å����� ]"_�G � G s = 0
+ ` %���������Z�+�{ � %�* ,

´ ;�< %
0
*�%�Ä^Ci�&� ] Z�+���� ζB,r

C
K�L������ ]���� rBw ]d_�J % c »�Z Barnes

+
, Riemann

% 8�9�:�;
<

ζ(s) =
∑∞

n=1 n−s
%�KBL����¢C �"!�� ](c »�Z Riemann

¯ ¹3r�W
��c contour # Ó ( $ %
%�&3%�')(+*�Ú-,?� ¶/. x H�m(H ,

Í�Î %���}
�uC n10 GdH � c ')(+*?Ú-,�Z32 ] ��� # Ó )

%�4�5hZ�Á Â G , 6�7 %485�CiW ��H+9 %�:�=bC;�"! G"cf_
< �

1 (Barnes [12])
;1<

ζB,r

+>=
s
Ò�Q3Z3?�=�@bZ¡K�L����Ãj�g

,
s = 1, 2, . . . , r

*�%
1 A %3B�C
C ��H + $�D *�w ]d_

GVc rBx H1E Z s = 0
*

ζB,r

+ $�D {�%�*?´ ;f< r���� ¶ g ]1_
Barnes

+

log
Γr(α, (w1, . . . , wr))

ρr(w1, . . . , wr)
= ζ ′B,r(0; α, (w1, . . . , wr))(1.2)

Z ~ x H�6?7�©3ª1« ;1< Γr(α, (w1, . . . , wr))
C3:+F G , J %;G�H�CI0N2

Gucf_hc��¢G
log ρr(w1, . . . , wr) = − lim

α→0

(

ζ ′B,r(0; α, (w1, . . . , wr)) + log α
)

(1.3)

*Bw ]¡_n Ú Mellin [91] [92]
r���I G¡c %B+ , P (X1, . . . , Xr)

CV��� <�J�<
%

r o < 6�K À E�GdH ,

ζr(s; P ) =
∞

∑

m1=1

· · ·
∞

∑

mr=1

P (m1, . . . , mr)
−s(1.4)

%��3*8:1FÃj�g ]�6?7�L < *�w ]"_
< �

2 (Mellin [91] [92]) 6�K À P
%�M J�< %+%�N�r $ % Eim , (1.4)+ =�Ò�Q3Z¡K�L����3* m�]"_

¼ %>�O!�+QP�&�Z�Ò(|h{ # Ó�R3Z>S a , � }�T ] vertical # ÓhZ ~?]
� %�* , E Z1£ ¤ Mellin-Barnes

% # Ó?¿BÀ Eu� }fg ]
(1 + λ)−s =

1

2πi

∫

(c)

Γ(s + z)Γ(−z)

Γ(s)
λzdz(1.5)

(λ, s ∈ C, λ 6= 0, | arg λ| < π, <s > 0, −<s < c < 0)
r�W �k¶ g ]"_

`�` Z # Ó�R3+ c− i∞
� ¶ c + i∞

Z�U ]�Ð�Ñ *�w ]"_
1920 V�W Z?{�x H Hardy E Littlewood

+
, Barnes

% ³�7 8�9h:�;< C R < >h%�X>Y�ZVUNW G"c�_�¼�¶ + [40] [41]
Z ����H ,

w ][Z %8\
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���h%NX�% �"! Î %$# < C < � ] X;Y , �b~V� θ
C '?= < E�GdH

∑

n≤x

(

θn− [θn]− 1

2

)

(1.6)

( c��×G [u]
+

u
% R < NBÓ )

%
x
% ;P< E�G¡H %&%�§�C(' \^] X>YZ

ζB,2(s; α, (w1, w2))
rPUBWN* m�]�`�E C"�N� G ,

� c?J %10�2N%NX�*
ζB,2(s; α, (w1, w2))

% n Z % ;i<") À�C � ! GdH��h]"_+* Ú Hecke [43]+
(1.6)

C���I�� ]fc »�Z Dirichlet L <

Zθ(s) =

∞
∑

n=1

(

θn− [θn]− 1

2

)

n−s(1.7)

Ci´�µ G , ¼ %-,/.10&% L
;P< %P=�>�C�W �BH Zθ(s)

%2%�§bC(' \3H
�3] r , Hardy-Littlewood [42]

+
Zθ(s) � Barnes ³�7 8�93:�;1< CVW

��H43"5 * m�]�`�E C 5�Gdcf_
Mahler [74]

+
Mellin

r(´�µ Guc ζr(s; P )
C1��I G ,

w ]�Z % 6-7h%8 *
, ` % 6?71L < %1K�L��8�3r Euler-Maclaurin

%   ¿�ÀhZ ~ x Hh�
5:9F]�`NE C�."; Gdcf_ � c Mahler

+
[75]

Z ����H Hecke
%

Zθ(s)C ¼ %+<�p3� ¶ ��x H?��]"_
`&afGuc�6?7 8�9�:�;1< %�=�>h+ ,

K�L�MB{1OBQ�� ¶ + J %P� �>=@?
E 0�2Nr(º�» ¶ g c r ( A ��� Bochner [16]), R < >�%�032 � � ¶ +
. r H/B gDC ¶ g H¢G � ai`NE Z�{�x c(_?R < >�%+<�p3� ¶l6�7 8B9:�;1< Z � G��-E C�w H , J % 7�� GbC>F3M�Z4<
� GIc %�+ , 1970 V�W% �1GDH:IDJ % n+K %10�2�*�w�x cP_

2. 6�K À�*�:1FÃj g c�6�7 8�9h:�;�<
�1GDJ %10�23% J&�iJb� %(§�¨ ¾�� + W <ML É % 6 L �MN %�X3Y^Zw�x cP_�¼ + , W <@L F

%
Hecke

%
L
;i<

LF (s, χ)
%

s = 1
Z ���

] E/O Äh% 3:5 ZQP?g ] ;1< r , 6 L �:N T�%
4�r��F�dCQRh� ] � �NGg�{ � , EI� aTS:U CWV�x H , F
r X�% W <1L %ip�q&CV��I G , LF (1, χ)r

Barnes
% 6�7N©�ª�« ;�< %�Å < % n 9 ½�q�* 3D5 * mB]B`3E C(�

��G¡c ([101] [102] [103]) _�J % c »�Z �"GYJ + , �DG % 6�7 8B9�:�;< E £ ¤ *�+ ¦ ��g ] , 9 % :QZD[ % 6�71L < C1´?µ GucP_4\�Øi61K À
P
C n 9 �BÀ

Pj(X1, . . . , Xr) = wj1X1 + · · ·+ wjrXr (1 ≤ j ≤ n)
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( c��FG wj1, . . . , wjr

+ $ % < )
% # P = P1P2 · · ·Pn,

� c α1, . . . , αr+�� \�H r 0
*�+�{ � ���)% < E�GdH ,

ζSh,r(s; P ) =

∞
∑

m1=1

· · ·
∞

∑

mr=1

P (α1 + m1, . . . , αr + mr)
−s(2.1)

=

∞
∑

m1=1

· · ·
∞

∑

mr=1

n
∏

j=1

(wj1(α1 + m1) + · · ·+ wjr(αr + mr))
−s

E � ] %�*Bw ]d_�` g3+ Mellin
%

(1.4)
% E�� {ip�q�*Bw ]NE���� Z ,

n = 1 E � ]3E Barnes
%

(1.1)
Z�{ ] %�* , Barnes 6?7 8�9�:�;i< %n�±�² E � ]B`3E�� * mB]V_��"GDJ + , LF (s, χ)

C
ζSh,r(s; P ) c�Ø %n 9 ½�q�* 3:5 GucP_�J¢GuH n Ú , ζSh,r(s; P )

C
contour # Ó�%
485�*K�L���� G , J %�´ ;i< % 0

*�%�Ä�C 6�7�©hªi« ;i< %fÅ < * Ê�[ G ,
` %
	 � C1½ ��¾^��]B`NE Z ~ x Hf¼ %�:?=�C�� c %�*�w ]"_��1G@J+ ` %i½��C ��E Z ,

% ³19 L É % 6 L r ³�7B©�ª1« ;1< % E-O Ä3% #* Õ-N j g ] *�w�� aPEl��a���� C�� �bG ,
w ]�Z % E�� {ip�q�Z�+�%�NZ J % ��� C;�-! GdH���] ([104]) _

Cassou-Noguès [18] [19]
+ �"GMJ %����&Z 5�� jlg H , (2.1)

%fÓD!
Z

1
% \bm�� r���x c ��% 6�78L < CP�&� H�J %iKBL�����C 5�G ,

X
% W <DL % L

;1< . p
º

L
;1< T�%1U�W�C Rh� H��h]d_ � ��Hi¼�� + ,

~ � n?± % 6�K À�C>:�F�ZiW ��c Mellin, Mahler
% �� 0�2�C�� �! 

`NG , (1.4)
%fÓ1!�Z

1
% \�m"��. w ][Z % 6�K ÀNr���x c �h% 6�7�L< CP�b�

, J %iK�L���� . B�% A$# ,
��% R < Î *B%PÄ , ¾&% � ] p

º
L
;1< % G�H�{ v Z�� ��H�' G�Æ 0N2 Guc ([20] [21] [22] [23]) _ K�L���&Z ; GdH Cassou-Noguès

%PW ��c 4�5�+ Mellin-Barnes
@�% # Ó .

Euler-Maclaurin
%   ¿NÀh{ vu?® M�{ � %�*Nw�x c r , Newton 6 ��&Z ~�] B&% A&# % Ê�[ , b

;�< E % ;QJ { v , �¢Æ �N��% ��Gu��( Îr(´�µ j�g H���]¡_
Sargos [99] [100]

+
(1.4)

%iK�L����&% c »�Z ,
�N�BÒ�Q É ,

%�& En :B% �*)&C�{���w ] ) Ð(Ñ�É % # Ó�CVW �h]u� ¨�&�CV´?µ GuH?�3]d_� c [99]
Z ����H + , (1.4)

%,+�-3%
P
r�?�=�ÀhZ n�±�² j g c p�q �> Ö�¶ g H���]"_

Cassou-Noguès . Sargos
%¡0�23Z ����H + , 6+K À P

% J�< %�%1N
r $ *Nw ]3EI� a , Mellin

r/. Gdch� % E���Ö 6+73r�0):Fj g H?��]"_
` g�Z�Å G Lichtin

+
, P

%/1)*�)32
4f�65
hypoellipticity

6176780
::9<;�=�>?7,@?A�;/B�C/DFEHG�I�J�K

P (x1, . . . , xr) L [b,∞)r (b > 0)MFN
hypoelliptic O�P , QFRTS G,U�V
W
XFY DA = Da1

x1
· · ·Dar

xr

2,Z[9
,

lim
||x||→∞

||x||∈[b,∞)r

∣

∣DAP (x)/P (x)
∣

∣ = 0(2.2)
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O�� 5 � O N"! 5 (Hörmander [47])
B$;$# 9

x = (x1, . . . , xr), ||x|| =
max{|x1|, . . . , |xr|}

N%! 5"B'&&Y�DFE?G)(+* 2 P <P
2 Z Q 5-,/.?G1 021 354 7

hypoellipticity
G-687 O Q 5"B Lichtin [67] [68] P , P L

hypoelliptic
N%!:9<;)=?> @'A GCB$D$E F L-G$H 5"� O 7 , b

4 E GJI
K 78X?L SJMON 9";�BF<L S Essouabri [29] P , P3L (H0S) O�Q'R"SUT)V L'3+4 G$W N ,
(1.4) L =">+@5A B+D+E+F N?X$Y � O/Z�G\[ ;�B]��G)354 P (2.2)

G/^
_ LJ`$a N P ! Y L 0 T�P/b+c\[d� L8(+* Z�e'fFQ Y B$gih'j N P �G

(H0S) L , (1.4)
Gik:lim
G�I2n8o�E G =i>'@2A GpB+D'E'F LCGrq 9

S L Ydsutwv Lyx+z){ ZC| A Y B Essouabri
G MON
P Sargos

GC}'~ Z�J� O+[ ,
v��p� GC�'�$j)B"�+6-I

[45] �U�:Z X L$� , ���'T &5� � tG N"!"Y BI J
K
P T Z Q Y (1.4)

GpB+D?� �:�+� L L+�5� Y O , Tauber � G6-I Z�����[�S , P T'��Q Yd� � j"�/� , �U� N Z:� G:�FE =i� G/�* O$["S
N(x) = {(m1, . . . , mr) ∈ Nr | |P (m1, . . . , mr)| ≤ x}

GJ  GC¡
E GC¢+£ Z Q Y � O"L2¤5¥UT'� Y B Sargos [100], Lichtin [69]
[71] [72], Essouabri [29] P L2¦ 9§t , ¨ X G5© Owª[O [�S ��G �C� Z«U¬ S L Y B Essouabri [30] P+ � , Rr

G !"Y�® GJ¯FV5� *U° T/±y²
[ �C(5*$G �+� j�G:¡*E Z E3A Y �p� Z «´³ � µ , ¶ GO· ³ �:±?²iZd¸¹wº A-��I5n2o
E Z @?A , ¶ GpB$D$E+F Tp»$¼½["S L Y B
q�S)¾O N T5¿�S X �8À+Áyk � E P ,

I5n8o
E N P !iY L , Â E PJÃ
Â E N?! ¬ �/B [Ä�Å[ Lichtin [68] P , Â E Z I Â E+Æ [ ��I5n5o
E

ζr(s1, . . . , sn; P1, . . . , Pn)(2.3)

=
∞

∑

m1=1

· · ·
∞

∑

mr=1

P1(m1, . . . , mr)
−s1 · · ·Pn(m1, . . . , mr)

−sn

(P1, . . . , Pn P I�J*K ) ZÈÇiÉ�Q Y � O�ZwÊ8Ë½[ �,B ¶Å[ S�P$P C'Ì , [70]
[71] [72] [73] T)Í L S (2.3)

G/B$DO�JÎ"Ï ZpÐFR , P1, . . . , Pn

GCÑ�Z'Ò
GJ0 X q)Z 354 T�Óiª �$� j"�p� A G ¨ X Z @'Ô [<S L Y B Essouabrit

, [29]
N P)Ã'Â EHG/($* [Õ�)Ö�R�S L � L L , ¶ GJ×JØ K$Ù [28]

G �
N

, P G)} Ú L I Â E T twÛ?Ü ¤2¥ N"!iY � O:ZCÝ5Þ\[<S L Y Bß M GO· ³ � , à:O+[<S?á z'â){ TJÍ ¹ Y Ç%É G)ã 9 O8Ppä�T , å+æ� G ÇOÉ PèçêéëTJÍ L S t Ièì8G E%×8í Zpî'ïð[ , Barnes
G

(1.1) ñ
å'æ � G (2.1)

G/ÎiÏ ñ?¶ G E K$A G ¨ X T/ª L S ,
ETIuì�G ÇOÉ�L/òó q 9 S L Y B ¶ G =$�2ô Z�Ö
R Y � O"P:é5õ N P:ö A Y L ,

I Â E'Æ
O L ³�÷ j �§ø�P , ¾$ù'ú$û � [50] Í ·�ü2ýuþ�ÿ�� � [44]

G���� Z��
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� S2Í ì	��
 L !"Y B P ø�P�<T (2.1) Z I Â E$Æ [<S
∞

∑

m1=1

· · ·
∞

∑

mr=1

n
∏

j=1

(wj1(α1 + m1) + · · ·+ wjr(αr + mr))
−sj(2.4)

G��$G
,
! Y L P�q+ø�TC¶ G V � T����$LC¸ L$���$G/I Â E�I8n8o*E Z��� [ , å'æ � G contour � VTG/}+Ú Z:Ã� Æ [ ���5Ú T · ¬ S2¶ GpBD'E+F ZpMONÅ[<S L Y Bß M GO· ³ T ,

��G�� N B�� [ � ÇOÉ G)ã 9 G ��N P ,
I Â E A G Ã

� Æ P (
h � T�!#" ¹ � ¾5ù � G � � Z�$ ì O ) 1990 % � T8� ¬ S · ³

ñ ì g 9 S X �/}'& N$! Y B [w�ë[Ä��Lëø ,
! YÕ® GC� äy� I Â E G�In+À$Á<k � E P ,

= ì � � Y �:� Þ#( G2W N , )<�iT+* ì �]ø Ei×&G Ù, G � T�- ( [<S X S L ��B ¶ G ¿/ò j P I5n5o
E T Z Q Y Y#. � oE K � /10 Ni! ¬ S ,
� G Þ 0 N G Ç?É32TP C P L. Euler T8 N�4ÅY B5 � N P ��G)ã 9 Z�6 ³ � O:T Q Y B

3. Euler
G�78n38 Ow¶ G�93:3;

1775 % , Euler P 7 Â E G�72n38

ζEZ,2(s1, s2) =
∞

∑

m1=1

∞
∑

m2=1

m−s1

1 (m1 + m2)
−s2(3.1)

G�Ñ�Z b2c�<#=yT�Í ¹ Y �*E$j N G�Ò Z�> Ô [ �,B-��Gdo E P RiemannÀ+Áyk � E ζ(s) O ,

ζ(s1)ζ(s2) = ζ(s1 + s2) + ζEZ,2(s1, s2) + ζEZ,2(s2, s1)(3.2)

� Y � DTK T · ¬ S@?	A�TCB ü ¸ ì L , Euler P �/G/o
E TCª L S
ζEZ,2(1, 2) = ζ(3),(3.3)

q$øpT�P ·ED Ã��ëT
k−1
∑

j=2

ζEZ,2(k − j, j) = ζ(k)(3.4)

O L ¬ � � D Z:M<NÅ["S L Y Bu��G F�G T �2�3H N (3.1) Z Euler
G

78n38 OÕQ2R B
¶ G�I , N. Nielsen, S. Ramanujan ø t �/G/o
E T /J0 Z�Ó�� ,

LLK
LLK ��M K Z+N"¿ë[<S L Y [ , P ø<L/òONè[ � M K&G8L]ì ªi��P , q ø
Tdä G�E"×-í<� �+T · ¬ S I çQP8òONuq 9 �RD t [ S L Y B
 �+9S:HG/o�E O$["S , Tornheim [109] P

ζMT,2(s1, s2; s3) =

∞
∑

m1=1

∞
∑

m2=1

m−s1

1 m−s2

2 (m1 + m2)
−s3(3.5)
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GpÑ�Z b5c�=OT/Í ¹ Y �*Eij N G�Ò ZÕÐ�R ,
��� T Mordell [94]

t
(3.5)N

s1 = s2 = s3

GC(+* ñ ,
I5n2o
E

∞
∑

m1=1

· · ·
∞

∑

mr=1

m−1
1 · · ·m−1

r (m1 + · · ·+ mr + a)−1 (a > −r)(3.6)

G:Ò Z�> Ô [<S L Y B  � Apostol O Vu [4] P
∞

∑

m1=1

∑

m2>m1

m−s1

1 m−s2

2 (m1 + m2)
−1(3.7)

G�� GCo
E Z «�¬ S L Y B� ³ [ � Ç"ÉTP,Q�R�S ,
��E"j N G:Ò T Z Q Y o*E K � � /�0 T ���ì > Ô N?!"Y L ,

� 9 T Z ["S Atkinson [8] P , Euler
G 8

(3.1) Z 7
Â E?G/&TY � E O���S , ¶ G/B DO�JÎ?Ï ZÄÇ%É\[ ��B Atkinson

G��w�
P Riemann

À Áyk � EHG�7
	 >�� Ò
∫ T

0

|ζ(1/2 + it)|2dt(3.8)

G Ç<É NO! ¬ S , ¶ G$�Oµ T:P6P  ¦ Riemann
À"ÁUk � E 7 ª G �

ζ(s1)ζ(s2) Z (3.2) T · ¬ S « ³ � O/Z�>� , ¶ G/^ _ T !iY Euler
8

GpB$D'E$F G'�:� T���� [ ��B Atkinson P � G+�p� Z Poisson
G8 MK Z X?L S B X , (3.8) T Z Q Y NCG#M K Z�� Y � OpTp»$¼ [<S L Y BB?D"EiF L�� ø 9i9�; , � GJ��Eyj N G-Ò Z>� Y � O t�NyX%Y B��G-}E& P����
� � [90] T · ¬ S�� µ S « � 9 , ` L�� G/�FE?G O XG

ζEZ,2(1, `)
G)Ò L K! ø 9 S L Y B �"� � P Atkinson O8P � � D ,

Euler-Maclaurin
G M K T · ¬ S B2D8E-F Zd|#8S L Y B�F L S Apostol

O Vu [4] P , (3.1)
G Ã } G Â E Z�$ 6 [�S�% } T)ª L S # ¹ Euler-

Maclaurin
G M K N E+F Q Y � O:T ·ED , k O ` L ��E N Ã } L-� , Ã} L�� G O X G ζEZ,2(k, `)

G ó G K Z��$S L Y BÀ Á�k � E G >�� Ò I K T-Í ¹ Y Atkinson
G K"Ù GC£ Ò P�& L�'

N�([O+q 9 S L"� L , 1970 % �*) T'� ¬ S , D. R. Heath-Brown
G Ç

É<Z,+�- O ["S5¶ G Þ 7 L�P ¢+£ q 9ëY · ³ T5� ¬ ��B ¶ G)ã 9 G �N
Meurman [93] ñ'é/.�0iÃ � [95] P Atkinson

GC}$Ú Z Dirichlet
G

L � E A2Û?Ü [ ��B$� Tpé�. � P 72n+À$Áyk � EHG:B+D+E$F TCª L S ,
Riemann � G contour � V T · Y å [ L#�'Ú ZpÊ'G [<S L Y B1 þ�243 � O65 í P , é
. � G��8Ú Z ò/7]q�H Y � OÄT ·OD , DirichletG

L � E ([59] [61]) ñ Hurwitz
G-À$Áyk � E ([60] [62])

G !iYÄ® G�7
	 >�� ÒHG,8*9 7#:�M K ZdG [ ��B Hurwitz

À+ÁOk � E GC('* T (3.2)
Z:Ã�� Æ Q Y O ,

^ _ G�72n$À+Áyk � E P
∞

∑

m1=0

∞
∑

m2=1

(α + m1)
−s1(α + m1 + m2)

−s2(3.9)
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OÄ� Y L , [62]
N P � G�o�E T contour � V&Gp}$Ú Z ��� [������ ó��	�
������� ��� ����� B �������������� �! , 5�"�# 	�$ �&%&'�(�)*&+-, !

, .�/10�23(�) *�+-, , L
+-, �&4�5�6�798 �;: ��<�= ��>�? @�A� 2 � $ <�BC " [76]

!
1994 D�E ,

�F�
(3.9)

	
Barnes

�
(1.1)

�
r = 2

��G
H 	 �FI�J�K #;LNM � , OF" �QP�RTS ��%�'�U ,

∞
∑

m1=0

∞
∑

m2=1

(α + w1m1)
−s1(α + w1m1 + w2m2)

−s2(3.10)

�-V3W �
, X � 
��Y��Z	 w2 # + S ��[�\&]_^ � �Z� <FB ( `�a�# [76] -b $ �Y�c� ��! w1 = 1

�FG H  9d �Fe , X ��f�g e3h&i K �-jlknm�Y 2&� � 	 !�oTp #�q � �rB ) s $ �YX ��tYu 2 G H 	 � � Barnes� %&'�(�) *&+Q, � , v�wn# ! %x'Ty�zn{ +n, �F|1�1} k 2-[�\Y]1^Ye: w�~@�rB
���

3 ([76]) �1� �@��� , N ≥ 2 � α > 0, w > 0, <s > −N + 1
#;� � , [T\�]_^

ζB,2(s; α, (1, w)) = ζ(s, α) +
ζ(s− 1)

s− 1
w1−s(3.11)

+
N−1
∑

n=0

(−s

n

)

ζ(−n, α)ζ(s + n)w−s−n + O(w−<s−N)

( � ����� #;�ce3�Y~�� } k 2 s
�x���

) � }Q�

log Γ2(α, (1, w)) = −1

2
α log w + log Γ(α) +

1

2
α log 2π

(3.12)

+ (ζ(−1, α)− ζ(−1))w−1 log w − (ζ(−1, α)− ζ(−1))γw−1

+

N−1
∑

n=2

(−1)n

n
(ζ(−n, α)− ζ(−n))ζ(n)w−n + O(w−N(| logw|+ 1))

( � � γ
!

Euler
V ,

) e��l���Y�YB
�F� VY� #��1%x���n�  x�T� <x�� T¡ �x¢�£ � ¢��&¤�¥ � � ��# }
� , `9% |�¦_� Hecke

�
L
+�, �

s = 1
 ��F6§�&¨ , # + S �r[T\�]

^�©�ª m�: w�~��QB�F�
[76]

! C "ce�«�'�(�) *&+-, X � m � �r¬ �_092Q_®���¯Z� �
<�°�± �-²�³� 9d �-e ,

���T´x ;µ # , ¶�· ! h�¸ ,c+;,�¹ $ < Barnes� (�) *3+;,�º «�¸ ,�»½¼ , ¸�¾ �¿�-ÀQÁ ºQÂ�Ã S � �;# } $xÄ � ¼ÆÅ¢Y£ º;Ç �
, � Å kÉÈ�Ê eFË Å w�~�ÌAB&«�¸ ,�»�º ¬ �10�#�Í½�ÏÎ�~�Ì

� Å k ���-Ð�Ñ�! ,
C " � X �FÒ_� 1®�#F� Å ÄcmQÓ ��� ��Ô�Õ �Q2 $
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Ä Å Ì m �� 9d ÌAB��Y<Fs�· !! +#" #A1® v�~ Ä%$ < Barnes
� %&'

(�) *�+-, � Euler &1e (3.10)
� ¾¿#('Th  $ Ì�� Å k*),+ m ,

C "
#c� $�Ä ! , «�'�(�) *&+Q, � '�h�0 � ²,-���> º#. Ì $x$ �9¥ �Q2�Ì/ '�21032  �d $ <FB

4. Euler-Zagier
� «Y'�& �5476(8:9

v Ä<; �  ��(=9²§! %�'>& �FG H #�?:@<ACB ¼ <�e , 1990 D>D #-Î
Ì_� ,

} ��h3i � «Y'C&1e<E M�v�~�Ì } k #�2 $&Ä%$ <FB Euler
� %&'

& (3.1)
�GF,H 2x«Y' » !

ζEZ,r(s1, . . . , sr) =
∞

∑

m1=1

· · ·
∞

∑

mr=1

m−s1

1 (m1 + m2)
−s2(4.1)

× · · · × (m1 + · · ·+ mr)
−sr

 9d Ìxe , IA~ º Euler-Zagier J&«�'�& � Å k (Zagier [124]) BKI(JML
JG&�eCE�M º5N =�Ì } k #�2 $ <PORQ # ! ,

; �  3��� <�]c^ � ! �
<<S§21Ì�vT�VU1�92 ÈXW:Y w5JMZ:[ ¤�¥ e d ÌrB1XRJ3h��1e>47618�9
(polylogarithm, \C]�� , )

 Td ÌAB ( ^:_Z� ¼ Ä ! «�'�� , J(_ m } �
Ë Å w ~ Ì&e ,

ÒT� J (4.4) �1Ja`%b º1c ¥ Ì&<c= , ¶>d  _!(e Ë ¼
2 Å B )
47618C9<J V3W !

Lk(x) =

∞
∑

m=1

xm

mk
(k ∈ N)(4.2)

 9d ÌFe , k = 1 J@� $ I�~ ! − log(1− x) J Taylor ]_^9#5f 2�whg ,
h3iiJ k #�� S Ì Lk(x)

!
− log(1− x) #

∫ x

0

dx

xº
k − 1 jMk S I1�  : w�~@ÌrB7IA~�e lm\�]�� ,Rn �po%qF~@Ì ÀTr Td ÌABR4s618a9 ! V&W X>J m J�e d ÌpLtJ Dirichlet U , J tau�6 �v 21w�ÌA¾ º§¼ Ä Å Ì,I9� Y whxiy Ä_m , z , ² #F� ¥ Ìp{�Ë K e(|C} $ Ì�~  Td Ì-e , �:DT0925z , ² #F� ¥ Ì;X>J�� W º<� w Y # ¼ <�J!
Bloch J1�>� [14] [15]

 9d,� k B ([15] J��T��D ! 2000 D  9d ÌFe ,� dcea� Y ~_<,J ! 1977 D  �d ÌrB ) � ! ,

D2(x) = =(L2(x)) + arg(1− x) log |x|(4.3)

e Borel JV�#�:���Æ) * )a�<� [17] ���C� # ¢9�x¤ � I�� º Ô:� ¼ <�B� Å Ä
Zagier [121] [122]

!
, D , ¦ F J Dedekind (�) *3+Q, ζF (s)

J t:u�6 ζF (2) e D2(x) JM�:�i�F©�ª�� $ Ì>I_� º ª ¼ <�BTh&iXJ k
#n� ¼ Äcm , Lk(x) # ¤�� S Ì +n, Dk(x) e(���3� $ ÌFe , Zagier [122]
[123] � h�iVJ k ∈ N (k ≥ 2) #F� S Ì ζF (k) J 6 e Dk(x) �P� �
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� $ ÌP� d%� k , � Å k��
	 º�� ª ¼ <xBsIPJ �	 � k = 3 J G H #
� Goncharov [34] # } $�Ä���Y ~�<Ye , hxi #G��� ��� � d Ì�BV�p�C�
� ) * )C�P�t� Beilinson [13] # } $FÄ h3i�0921D , «�� ¦ J���� v �
Í�� b q�~1<�e , X>J G H # m 4K618a9�� ¢9�3¤ $ ,

¤�� S Ì L
+;, Jtau�6 e,47618:9<�!� � � $ ÌP� d,� k � �
	 v ~ Ä Å ÌQB

1990 D%D�#-Î Ì§� , 4 6!8,9 º «�' »l¼ <�«�'i4 6!8,9 (multiple
polylogarithm)

Lk1,...,kr
(x1, . . . , xr)(4.4)

=
∞

∑

m1=1

· · ·
∞

∑

mr=1

xm1

1 xm1+m2

2 · · ·xm1+···+mr
r

mk1

1 (m1 + m2)k2 · · · (m1 + · · ·+ mr)kr

e V&W v�~ , x�� v ~�Ì } k #�2 $xÄ%$ < (Goncharov [35] [36]) B I(J
¾t�,�3·�Ìc� Euler-Zagier J�«�'�& (4.1) ��J ITJ � ��� � d ÌQB9`
a , (4.1) J t<uY6 ζEZ,r(k1, . . . , kr) � (4.4) #-� Å Ä x1 = · · · = xr = 1
� ¼ < m J9#�f 2@wr2 Å Bt��< , ° Ò Jx¸ ,c¹ ¥��%F ¸ , � 2§Ì�� ,

ζEZ,r(k1, . . . , kr−1, s)(4.5)

=
1

Γ(s)

∫ ∞

0

ts−1

et − 1
Lk1,...,kr−1

(1, . . . , 1, e−t)dt

eF�l���Y� ( ���! #" $&%#')(�* [5]) B¼ Y ¼ `3� , «Y' » v ~ Ä Å 2 Å ¶T·3J,47618:9 m , Euler-Zagier J
«�'�&Z���,��# ¢1�3¤ � B�����¡ �+%�'�¡ [5] � ,

ξk(s) =
1

Γ(s)

∫ ∞

0

ts−1

et − 1
Lk(1− e−t)dt(4.6)

�Æ� � � $ ,

ξk(s) =(−1)k−1 {ζEZ,r(2, 1, . . . , 1, s) + ζEZ,r(1, 2, 1, . . . , 1, s)(4.7)

+ · · ·+ ζEZ,r(1, 1, . . . , 2, s) + sζEZ,r(1, . . . , 1, s + 1)}

+
k−2
∑

j=0

(−1)jζ(k − j)ζEZ,j+1(1, . . . , 1, s)

� � ¥ Ì>I1� º ª ¼ <�B
Euler-Zagier JY«�'�&�J(z , Ñ �,J 6 ( «�'T(T) * 6 ) � , I k ¼ <³
,.-/ � m , ~
'10 Ã ¢9� M � ² 232 ,.4 J¿v#�iU5��2�5�6�#F� Å Ä

�Y~�ÌQ'!712F�Y¯�� d Ì>I��re 1990 D>D§#Y2 $&Ä()�+ v�~ , « � Jn
®9eT2�v ~�Ì } k #�2 $ <�B ?�¦ 092�©�ª�� ¼ Ä ��8 yGq

ζEZ,r(2, 2, . . . , 2) =
π2r

(2r + 1)!
,(4.8)
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ζEZ,2r(1, 3, 1, 3, . . . , 1, 3) =
2π4r

(4r + 2)!
,(4.9)

� Å $ < 8 e � w�~ Ä Å ÌnB���<�«�'�(T) * 6 J���#-�l� �Y� +�" 8
� ¼ Ä � , �T� K , & 798 (Granville [38] , Zagier), Hoffman J +1" 8
[46], IÆ~ w º '�h ¼ <��16��	��¡�J +#" 8 [97],

d Ì Å � ¢�� M J � ²
J ÈVW:Y w 2R��v ~_< Le ��
���9¡3J +T" 8 [66] 2 2�����#�« � J*��� J +�" 8 e � w�~ Ä Å Ä , ¶Cdt�>��X�J�����2��	�i�:� $ 2 Å B� W��

[7] [55]
Ã ²��

[56] e! �x#"%$9Ì ¹ �'&)( «�*�+�,#-/.�J��:J�0"�1 J32�45"�0�6 Ì Zagier J �
	 "37 Å Ä J Goncharov [37]
Ã8:9;:<�=

[106] J(��� , >:*@?ACB%DFEG0IH 1 "�0�6'J Racinet [98] K	LM�N�O�P =
, QSR =UT Zagier [49] V�W�X@"!7SY�ZS[ 8%9 = V�\�] [107]^!_U`�acb Y (

5. de#0�4 T	f Z�V Euler-Zagier gh�ikj%l�m f b
Euler-Zagier V:n�*Sg#V�W#X#[ , o�V:nqpIr%s�tS."�7�Y�Z�V3u�v jxw3y b r , oSVxz j�{:| =UT Q	R = V!\�} [5] ~��[ ,��� V3��4 ^ dxe���4 T _ Z:Y b (!� ` r�dxe���4 ^�� y b��C� [ , ��

Bernoulli 4GV�u�vG" w�y b ( � � Bernoulli 4 B
(k)
n

T [ ,

Lk(1− e−t)

1− e−t
=

∞
∑

n=0

B(k)
n

tn

n!
(5.1)

j������ a J�� jxw J�r , k = 1 $ ` L1(1− e−t) = t ~	� ` B
(1)
n [3�� V Bernoulli 4 Bn (

b ~ f B1 = 1/2) "!���:6�J ( � � V Bernoulli4k[ Riemann +�,k-�0�4�V!�kV!�S4�� j V!.5"!� a J�� jw J3� ` ,� � Bernoulli 4U�F� ` �SV:n	*�� � a@b +S,k-�0�4�V%s�t�. T 0�H6�J�� T r!��  j¡ J jxw�¢5£¥¤3{�|§¦ Q�R [5] [3¨�© , (4.6)
j��%� f

b�ª 4 ξk(s) V!�GV!��4�� j V!« j � � Bernoulli 4 ^I¬	 6'J 1
B(k)

n = (−1)n {ξk(−n)− ξk−1(−n + 1)}(5.2)^�_@® f b ¤ o f Z ξk(s) [ , (4.7) V3¯#° j ,
w J²±�V:n	³S´µG¶ ª4 T _�· 6¸� T r jc¡ J�¹� j�w J ¤ ª 4 ξk(s) V�º s »�¼�½#V�¾S¿À�Á ^ �:�

(4.6) Â�ÃxÄ�Y�Z  6�� T [ÆÅ f pI[ · Y�r ,
{	| ¦ Q�R#[

ζEZ,r(k1, . . . , kr−1, s) �Çº»�¼�½�¾�¿ À�Á j¡ JS� T ^ÆÈ#É f b ¤�ÊkyZ (4.7) [�º s »	¼cÂ3ËSYSZ3ÌÎÍ�Ï:7 1 jw J ¤f � f , Euler-Zagier g#V �:� (4.1)
^²ÐcÑ 6�J ·5`ÆÒ , �3V 1 ^ r�%4@V�dxe	n:�%4 ª 4 T _ Z , oSV Cr ½�VÆ¾�¿ À�Á ^ uGÓ	J3V�r'Ô�ÕjSw J ¤ ¨�© , Zhao [125]

T×Ö'ØÆÙ�Ú
, Û�Ü%Ý Ú , Þ |�ß	à V%á = [1] Ââ y Z:o aã�a:ä Ï�Â!åcV ��æ r3ç ® � acb ¤

è:é
4 ([125], [1]) n:³:ê�ë (4.1) [Ædxe r ��ë@V ª ë T	f Z Cr ºì ½�í æ�î Â²¾�¿ À�Á j�¡ J ¤
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Zhao V��
	�[ Gel’fand-Shilov V3��� ª ë#V æ \GÂ²Ã	Ä�p���V j ,
ÖØ ¦ Û�Ü ¦ Þ | [ Euler-Maclaurin V3g��� ^�� YkJ ,

â Í���� �x·!ÈÉ^�� Ó�Z�YkJ ¤ ¾S¿ À�Á � a#b (4.1) V���V!�xëc� j V�«'Â��xYZ[ Ö5Ø ¦ Þ | [3], ��� [54] Â â y Z�� f p��! ` a Z�YkJ ¤· Ë�"x> ikj�#  b â £ Â Essouabri [ ,
� V æ \ [29] r�n���ëGV$
% Âc�'&)( j¡ J�� T Â+*� ¬ V-,/.x\S} [28] Vxz j �10
2 a Z�YJ!r , �!V�n:��ë	� � a#b Essouabri V3�!	c[ (4.1)

^�� Ó�J ¤�Ê#y Z
(4.1) V:n���ë ª ë TSf ZSV!¾x¿ À�Á [�4�Â Essouabri Â â y Z 19955 Â�076 � a ZSY b ,

T 0 £ � T � j#¡ J ¤98 b):<;+= , Goncharov,
Kontsevich, Zagier �Æo axã�a�ä Ï�Â (4.1) V!¾�¿ À	Á V È#Éx^?> Z�Yb

,
T V� T j	w J ¤ f � f � aq` V ÈxÉ [�Y�@ a �A ¬ � a Z�Y · Y ¤
"�á ij , Dirichlet V L

ª ë�K Hurwitz V�´�µ¶ ª ë�V�»�B%«cV+C
DE�F Â ª�G JAHJILK T�M/N V�WSXÂ+0�6 f b ¤ o�V�O�V3P-	[ Riemannî V contour Q�R j�w�y b r , oV � HSI?K@[ , Mellin-Barnes V3Q)R
)� (1.5)

^3� Y�J� T j , C)D ETF V É ¾ ·%ÈGÉ r > ` a J�� T ^U@_ f b
([57] [58])

¤ M7N [G�%V3HVI�K@V-W Ð Â �X � a Z , Mellin-
Barnes V?Q�R1!� ^ n:³	´�µ#¶ ª ë�Â�Y �7G J'Z)[ ^ F�\ f b ¤^] �[ Mellin-Barnes Q�R@V���	�Â â J [76] V-_a`7b ,

T Y £�c�d ¯
e j®�U f b	b)f
, g:³�´xµ@¶ ª ëGV@� T Ò ��Í u�Ó�Z�Y b r , 1999

5
11h

, º pLi	Õ , r ³�´�µ@¶ ª ë ζEZ,r V�Q!R ¬	

ζEZ,r(s1, . . . , sr) =
1

2πi

∫

(c)

Γ(sr + z)Γ(−z)

Γ(sr)
(5.3)

× ζEZ,r−1(s1, . . . , sr−2, sr−1 + sr + z)ζ(−z)dz
^3j Y
�Y b ¤ � a [ Euler-Zagier g#V �:� � (4.1) Â (1.5)

^ Y �G J T�k9l Â > ` a Jm�~�r , naQ7R ª ë@[ ζEZ,r−1

^po)q ¹x�3~:� ` ,
r Â ª�G J�ras�	 ^?� Y , ζEZ,r−1 V Cr−1 ½cV�¾�¿ ÀSÁ ^+t � G	a@Ò ,
(5.3) Â3Ë�Y�Z3Q�R�u ^av!wyxzG JS� T Â â Í ζEZ,r V�¾	¿ À	Á r È#Éj�¡ J ¤ � £ f Z M�N [ Euler-Zagier g#V�¾x¿ À	Á V , Mellin-Barnes
Q7R#V3�7	@Â â Jp{ ÈcÉx^!_® f b ([79])

¤ � a r ,
M1N r%�-�@V r ³´	µ@¶ ª ë�Â�|)[
}�~	~���� T · y b WcX j�w J ¤Ü��@V���\G[ Mellin-Barnes

î Q�R ¬��^ � f Z ,

ζEZ,r → ζEZ,r−1 → · · · → ζEZ,2 → ζ(5.4)

( �1�#[ Riemann ´�µc¶ ª ë ) V��cV�r-s �Sª H ^�� Ó�Z�YcJ T ¾
� G� � T � j�¡ � ¤ Mellin-Barnes
î Q�R ¬� oxV@�!V�[ , "�� i#j�#  b â £ Â+4�Â Mellin Â â y Z3� � � a Z:Y b r , Mellin V��)� j [���:ë f � � y Z�Y · YV j ÜV â £ · r
s ��ª�� [���Ó `Ca@· Y ¤ �# G � â £ Â , �!V�±#V�r1s �xª�� [�n�³	´�µ#¶ ª ëcV3�cVxz:Â�� � T� ¢+��� f Z:Y � � T r3� É f �a� w � r , o a�` [�n:�%ë ª ë ^�� �Â�� a � � T j � f Z��
� j�¡ � ª+��· V j�w � ¤
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6. ±���V%�-�	� T� �
"�á i V"!$#@ÂÆË�Y�Z , Barnes V/g�³:´�µ�¶ ª ë T Euler g ^&%(' fb
(3.10)

^ MaN r*)a� f b � T Â?0a6 f b r , �-�GV r ³cV $
% Â� ,

ζr(s1, . . . , sr; α1, . . . , αr, w1, . . . , wr)(6.1)

=
∞

∑

m1=0

· · ·
∞

∑

mr=0

(α1 + w1m1)
−s1(α2 + w1m1 + w2m2)

−s2

× · · · × (αr + w1m1 + · · ·+ wrmr)
−sr

T ËUp T , � a [ Barnes V (1.1)
T

Euler-Zagier V (4.1)
^,+ Â�s�t· $�% T�f Z o q n�³:ê	ë T · � ¤ ��V��@V�ê�ëk[ MaN r [78] [79]

j
)1� f , [79] [81]

j oxVÆ¾�¿ À�Á T wr Â ª/G � C!D E9F ^² f b ¤ g³	´�µG¶ ª ëGV $7% V�C!D E^F [/"Sá iGj�#  b â £ Â [76] Â�Ë�YxZ� > `�a Z	Y b r , Mellin-Barnes Q)R�Â�ÃÄUp [79] [81] V/��	G[ , Q
R7u@V v�w x ~�� j C!D E^F r5Ô�Õ�Â ® Z5p � T Y £ ¯c° j ��\Gr.-É jcw � ¤ ¨S© , /'Ó Ò (3.11) V3�10GV.213@[ , Mellin-Barnes Q�R@V
��	~ T , Q!R
u ^�v!wVx f b T ¡ Â��54 G �76 V98%ë T�f Z�Ô�Õ@Â��a � ¤ 8 b

[76] Â�Ë@� �;:=< [ |w2| → ∞ V T ¡ V E9F V1[ jw:y br , Mellin-Barnes Q�R#V��!	@[ |wr| → ∞ V T ¡ V�[ ·�` @ (
v�w x

V��?> ^,@ Â G � ~#� j ) |wr| → 0 V T ¡ V�C!D E9F � > `�a � T Y£ �c�r w � ¤â Í �1��Â , A = (akj)1≤k≤n,1≤j≤r

^;A1B TSf Z ,

ζ(s1, . . . , sn; A) =

∞
∑

m1=1

· · ·
∞

∑

mr=1

(a11m1 + · · ·+ a1rmr)
−s1(6.2)

× · · · × (an1m1 + · · ·+ anrmr)
−sn

V3�@V:n�³�´�µ@¶ ª ë�Â�� Mellin-Barnes Q!R#V��!	@[3Y � j�¡ � ¤
è:é

5 ([80])
ACB

A VD2	Ì�R�r.E:�¨%ë j , 2 A Ë âGF 2 B Â:[DHp T �²��� , 0
j · Y�Ì!Rcr �
� G � T G � ¤ ��V T ¡ (6.2) [ Cn ºì Â�í æ�î Â²¾�¿ À�Á j�¡ � ¤

�	� j � ë@r 0 Â · � � T r.ICJ � a Z�Y � � T r�³1K · � j�w �
( L�Þ î V (2.4)

j [ G  �ZSV � ëk[*M j · � a@ÒS·'`²· � y b � T ÂN ¯ )
¤ � ëkÂ 0 r,I(J � a Z�Y � Ë��1O j , ��V��cV3n�³�ê�ë#[ , (6.1)P$Q Â , (2.4), (3.5), (3.6), (3.7), o f Z � # V Witten

î n:³	´Sµ#¶ ªë ·SR V�n¸pIV�³TK · / ^mo q ¤�:� 8�j ����� � aSb �cÂ · � T , Mellin-Barnes Q�RxV?�
	 T [�0 yZ@� , Q�R!ucV5U(V ·7v�w x�WYX*ZT[.\ R Z][�·?^ , _1`1acb/R$d]e1fg  ih�j
, H���})[
�lk j Q R!ulb(m��ln5opK g1q9��rts b$m��cu [

[80]
g,vCw1x,y{z5x )1�}|�~ j n ,

s bD�1u g]� ~�� , (6.2) b,�p�9�{�
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�	��
������� b���������b���� 
 g ��� �"! x$# , �%��b�&�'Yn�( Z) ~��%*�+ g ! x-,�.�/�0 n�1%2�3 ([83])
r

,�.�/�0 n�465 Z$7 3-��8�9%�Sb�:$;=< w?> a Zc[ , @ Alb�B�C [
Essouabri [28] [29] bDB�C g(q$v�E � q$w*r !F��! Mellin-Barnes G�H
bD�1u [�I gJ, .�/ 0 ��K$L�3 W]X*Z q ^ , M w�N�O1w�P bQG%H R 1?�S 3 s < n ZT7 3*b Z , U ! w�V�W n S N�O ^ , X�Y@ w[Z9w$Z <]\ ^qps <Gn ) 3 r_ L*� , Mellin-Barnes `YbaG%H�R 1YbaG�H b���c�dfe O 3hg�@%i , j
`�k �al$m���n�n��Sb P i�5�1po g�q ~r35b�i , j]`�k?bDs[t q�u b,%. o q kwv?�-xy3*b g{z| n%} w5r$~ j ,%.%/�0 | ~ j-�� g.v��
3{�%�[���Q�lbD���	�{b�� 7 | gD�1w1x6# , � ���$5���<��	��� , ζEZ,rbD� |Sg , GH�bpb%cd�e�b-�1�?� >]~��]�w�Ss < gc��� , � qr�]�[�� k j- �¡ n S � ~y3 s <,�a1 ! x(w 3 ([53])

r
Mellin-Barnes `[¢QG%H R 1 �£�¥¤%¦	§p¨ n£©�ª g S � ~�3 s <{�{«¬ ! j n , | � g� ¢�®¯< ! x ��8�°[±a²w�a�$¢ ¤%¦�§p¨ #´³�µlg S �

~ ([77], [81] ¢ III), [77]
g9v1wTx ��&%¶ ��· ga¸T¹�O 3 ) 3hº6¢��%�

�	�-��¢�j�»%��¢ ¤¦%§[¨ R�1S� , ¼�½$¾�¿��$¢�B�C [32] [33] <]BpÀ¸�� 3 s <hi�Á[Â ! x=w 3 r s ¢-º[¢�j�»��6� , &�¶ ��· � Q(
√

d) <Ã � < 7 , {n
√

d}∞n=1 ¢�H	Ä6¢%Å�Æ�<a�a�?n ) 3 r#y>�Ç < � ¢ ¤�¦ §[¨�È ¢�X�Y _ � Hurwitz ���$�����$¢�É�Ê%Ë 7Ì�Í � g � O 3 # ¢ i ) 3 r ([¢�Î�� h < q
g � ! ,

Uh(s, q) =

q
∑

a=1

ζ(s, a/q)h, Vh(s, q) =

q
∑

a=1

|ζ(s, a/q)|2h

< vCwCx ,
s ~ � ¢�Ï%¢ q

g � O 3 ¤�¦	Ð�Ñ �aÒ�L�3 r*v v?�{ ¢ Ð Ñ
��Ó%ÔTo�Õ I q Ò�Öpi�× z 3 s <Gn�i 7 3 r !J�¯! V1(s, q)

g � ! x
� , Ø%Ù�Ú6i�Û E ! j �Tu gY��� , q

g-�TwTx ¢ ¤¦�§[¨ ~ i�ÜwÝi 7
3 s <7nDÞ � ~ x$w�ß ([60])

r�à @��=<á��� [26] � , Uh(s, q) < Vh(s, q)���	â��w�	8����[���Q�[i-A ¬ O 3%ãw<aä �6� , å�æp¢ h äQ� ! ,
 ~� ¢ q ä	� O 3 ¤%¦�§[¨�ç S � ~�3�ãw<,�a1 ! ß�è _ L$� Uh(s, q) ä�1wTx � ,

é ê
6 ([26]) N ��©�ª � , h ≥ 2 < O ~l� ,

Uh(s, q) = ζ(hs)qhs +
h

∑

r=2

∑

h1+···+hr=h
hj≥1 (1≤j≤r)

h!

h1! · · ·hr!

{

Xr(h1s, . . . , hrs)q

+

N−1
∑

n=0

(−1)n

n!
ζ(h1s− n)Yr,n(h2s, . . . , hrs)q

h1s−n + O(q<s1−N+ε)

}
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ç�� ���	��è ã�ã�ä Xr, Yr,n � 5D1woTä-K$L � ~y3 , q ä � �! w Ï�i) 3 è
Ì�Í �6¢�ÅDÆ�� ��� ä �#" � Ë 7 ä  3%$ u�&(' ä*) ! �  3�¢ i ,
ã-¢ �y> äaåwæ[¢+" � Ë 7 äD� ! x~ i�(%,  B�C ç S � ~�3�¢�.-! w�è/ �10 È ¢�X�Y < ! x � , Laplacian ¢#243 ç ) 3 è " �(57698

Sg−1 = {(x1, . . . , xg) ∈ Rg | x2
1 + · · ·+ x2

g = 1}
@¢ C∞ 9��D�6¢ Laplacian ¢�(;: �7<7=
 � , Dirichlet 9%�

∞
∑

m=1

{(

m + g

g

)

−
(

m + g − 2

g

)}

(m(m + g − 1))−s(6.3)

( ¢ ,�.�/%0 ) ¢�Á$����¢ 0 i�¢-��i�A ¬ i 7 ,
 ¢%5�17> 
 � Vardi

[118]  u@?9A � ¢ ACB ä �#D x × z � ~ x=w 3 è Weng � <�� � [89]
� ,
��� ��� ä

ζ(s; P, Q) =

∞
∑

m=1

P (m)Q(m)−s (P, Q ���	� 
 )(6.4)

¢ P ¢��	���-�J� ( (�,$ä��  ~Tä ¸�¹-O 3h��âD���	��D�J� ) � Mellin-
Barnes G�HT¢,�7EwiQM w , ζ(0; P, Q) < ζ ′(0; P, Q) ¢�5D1�o  R 1?�a×z 3Qx%F ! ¢ } w �(E��*G�1 ! ß-è ! ß ç D5x(H ª , j /  � | < ! x
@�A Vardi � ¢-B�C$¢ / 4[5 ç S � ~£3 è$~�ß ã-¢9�9E$� ��� ä�I�¢
Î��KJ$ä v1wTx6# ,

~�ß "(L	Áp���£ä�� ! x6#NM YPO%Qpi ) 3 èR Ú6¢TS4U$i Euler-Zagier Vp¢-� | ä ¬ Ë ßl�y> ä , Mellin-Barnes
`6¢-GH6����8%��$� ��� � W �%X L�Õ I(Y  �%���	�D� ��Z�GH��
�yäQlpm�GwH[i�R�1 O 3 è ! ß ç D;[ ��8%��$� �D��¢]\�¢#^4_To  `Pa �cb4d � ä O 3 è _ L$�-����� [78] [80] äTe9f [ , (3.5), (3.7) � ~hg(~ ������! ß � 8%�%�$� ���

ζMT,r(s1, . . . , sr; sr+1)(6.5)

=
∞

∑

m1=1

· · ·
∞

∑

mr=1

m−s1

1 · · ·m−sr

r (m1 + · · ·+ mr)
−sr+1,

ζAV,r(s1, . . . , sr; sr+1)(6.6)

=
∑

· · ·
∑

1≤m1<···<mr<∞

m−s1

1 · · ·m−sr

r (m1 + · · ·+ mr)
−sr+1

�QÁ � ! ß ç , (6.5) (Mordell-Tornheim ` ) �
ζMT,r → ζMT,r−1 → · · · → ζMT,2 → ζ(6.7)
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 3*^%_o `9a � � � , ãD¢����Y���$ä���3%ã<Qä ��D#[D,�.�/�0 ç 4
5 i 7 3 è$~�ß (6.6) (Apostol-Vu ` ) ä � f [ � , 	�
To  ���

ϕj,r(s1, . . . , sj; sj+1, . . . , sr; sr+1)(6.8)

=
∑

· · ·
∑

1≤m1<···<mr<∞

m−s1

1 · · ·m−sr

r (m1 + · · ·+ mj)
−sr+1

�QÁ � O 3�ãT<�ä �.D;[
ζAV,r = ϕr,r → ϕr−1,r → · · · → ϕ1,r = ζEZ,r(6.9)

 3!^T_ = �J1 O ã< ç i 7 , ã ~l�JY9fp3�ã<aä �$� Euler-Zagier V
ä�^�$i 7 3 è�� ½ ������¢���â�����T����� �D� (2.4) �{l$m4^7_= ¢����y�	¶�8$¢�� | ä [79], � � ¢�� | ä�� [81] ¢ III i�1�� ~ [
f63 è ã�¢ �£>  Mellin-Barnes ¢-GH�R�1yä�� � � ^7_po `ha �	�
8���� ����¢T\6¢"!�ä$# � < 7�% D%[ e � ,

 ¢T^(_ = �&�r3ã$<
ä �y� , � � ¢ � 8��%���	�D��¢-kv ç , ')(�o[ä Riemann ���$���
� N Hurwitz �%�[�	�Q��¢�kv6ä ^*�+� ~y3 P i#^;_wopä�4p5�i 7 3
ã< ç�,�- ��~y3 è ãD¢[ãw<{� Mellin-Barnes G�Hp¢,�(E$ä � 3 , ��8
�%���	�D��¢/. � o10�2 ç `�3 i 7 3 O;Q�k �a1 4 ! [ f�3�¢ � # !
~  f è
��8����T���Q�[¢�576 [ 8�8  -��� � ¢ � � � , ��2�o  V W � � �

�%� � ¸y��ß � 8(VTi ) 3 è _ L$� Euler-Zagier V (4.1) ä Dirichlet91: � ¸y��ß � 8(V[� , Goncharov [36], ;=<>� ��� [2], ��� [51] [52],? � �A@C� [6]  u � � ¢ APB ä � D#[ Ò�L �CB [ f$3 è%~ ß�D�E*F �
[120] ([83] G�H ) � (6.5), (6.6) ä Dirichlet

91:JI ¸���ß�K1L VT¢�M�NO�P I 2�Q [ fSR è
��T�UWVYX*Z [84] []\_^a`�b�ä ,

∞
∑

m1=1

· · ·
∞

∑

mr=1

a1(m1)a2(m2) · · ·ar(mr)

ms1

1 (m1 + m2)s2 · · · (m1 + · · ·+ mr)sr
(6.10)

c�d]c K*L
Dirichlet e�f Ihg D1i�è

é%ê
7 ([84]) j ϕk(s) =

∑∞
m=1 ak(m)m−s (1 ≤ k ≤ r) kl�m�n

<s > αk(> 0) o/pqrs�t , uvm�n]w&xy�z=w OP|{~}v� s = αk oc&� I/�v�1�$�*�
, ��� |=s| w*�$�=R����1�]k1� � K���� c �S� {&�� �

, (6.10) � Cr u��Sw&x�y�z=w�MN O�P�{�} , ��1� c/� } R~�v�
�~� )ov�R�¡1�7w�j ϕk(s) k�¢_��f

� � �
(6.10) �~¢_�&f"o £�R�¡

¤]¥ [�¦S[§^ Mellin-Barnes ¨ ©_w"\�R�¡ ( `ª1f c�«�¬ w*[ ,  ®
U [25] k�¯=w1°&± c�²*³ I  �´ �*µ R�¡ ) ¶�·�¸�¹�U+VYX1Z [86] [ {� w/`�b c K*L Dirichlet ef�VYº)»���R�¼ Lv½§¾&¿�À�Á�Â7Ã �*µ R�¡
¼*Ä ½Å¾�¿�À k1¼*Ä�ÆÇSÈ*��f�VaÉ O_� ��Ê Á�Ë �=Ì)V�[/ÍSÎ�Ï�w$Ðµ�� ��ÑÒ|t i k , X1ZJwSVhÓ � [ [86] k , ¼1Ä ½Ô¾�¿1À w�Õ*o Â�Ö c
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� � Á"!$#�i&%(' c�)+* o�£ Ó i ¡ Mellin-Barnes ¨�© c-,/.)c-021 �� Á ¼�Ä ½ ¾�¿ À w Õ*o !$# � Ð43 Ì�V�[ , 5�Ïvo$ *´7R$��f]��Ê � c6 « � � ����ª�Ä87 � c o £�R�¡9 ® c \;:�w { Õ$<�Õ � f(=?> � Ê�f Á�Ë ��¼�Ä Dirichlet e�f Á gÃA@ ÌV�[ , Essouabri
c-B f/CED+> � ,(. �GFAH�I ´ � Mellin-Barnes

¨)© cJ,+. k x�� @ �7� �LK8M o"£ @ ¡ Essouabri NPOÅ� %+Q c `2=
¹ [31] o�[ , f8=R> ��f Á ©/S_w-T2U i ¼�Ä Dirichlet e�f Á Mellin-
Barnes ¨�© Á 1 µ iWV . o g µ , Manin

cJX ³ YWZ+1 t �*µ @ ¡
f/= > �E[ c ¼*Ä2\ c �+]"[ , q Z � @ ¼*Ä Dirichlet e�f c Ñ8^_>`2a Á&ÂÖ � @ Ì H oEb�´ @ Ì H k�ov� @ ¡ Ì c \4: �dcRe ,$f [1¼
ÄhgAi \ c�«�¬ w , j(k+l [52] w)\�Ó �/m-nW{ } i k , [84]

c&o/p Á 1
µ�} � { � w$`�b c f8= >�¼�Ä2\"k g Ã/@ [&qvov£ @ ¡�X�ZJ[dr+s co(p Á

2001 t 6 u c Lille ( v/w(xLy ) o c c_eEz * oL{2|�t i k , Õ} =¹7w*[�Õ H Õ�Ó �1µ ��µ ¡~ ,
,
∑∞

m=1 ak(m)m−s k [84] oL7J� {Y} � µ @��W�7Á��vi {��/µ «¬ w*[ , (6.10)
cL�2� µ �h� � Ó � 3 @ ¡*�®(l H��h� [27] � , �?�G�

: �J� � > � «�¬ H t � ©2SJw von Mangoldt ���-� Λ(m) kET7Óh�� Äh�/�

Φ2(s) =
∞

∑

m1=1

∞
∑

m2=1

Λ(m1)Λ(m2)

(m1 + m2)s
(6.11)

Á
Mellin-Barnes ¨�©_� ,/. o Â�Ö t���¡ o(p Á  �´ @ �+� , Riemann

�$ÆÇ"È��d� ζ(s) � Riemann
X/³ Á ³+� t � Ð7Ì;: ¡/� } � ζ(s) �� N ¥ �-�?� �E�h�vk$�´ � 1/2 o £ @ } � : ,

Hhµ : X/³ o £1ÓW�$¡� w �_� ���+� Á γ o&�� Ì H w&� @ H ,
� � γ � �A��x�y(����®A 

5J¡ 6 o £ � : ,
H µ : X ³ �/£ @ ¡

¢A£
8 ([27]) (i) �/� (6.11) � , ( p�q�rsA¤¥� <s > 2

} k ) ζ(s) �
Riemann

X ³ Á�¦ § � } � <s > 1 Õ�o$x�y�z=w�Ñ/^2¨(©]ov� @ ¡
(ii) Riemann

X�³ w�ª Ã � ,
�+� ���8�"w���� @ ®  _� X$³ � ¦+§ �@ ¡ �?� H � Φ2(s) � <s = 1
Á N�«A¬8 H t � Ë ��¡

Ì&�-�8� Φ2(s) ��¢/�8=$�J®h¯_> �d°¥± o £ @ Goldbach
X ³ w��

Ê�� @ ¡ ®��G�²N�«(¬8R�L³A´;� , Goldbach
X ³ �8µ °�{ �J ��_� �}"� ���S�vt }]�1µ ¡

7. ¼*ÄÆÇSÈ1�d�$����7��Ê �

¼*ÄÆ�Ç]È1�&�$�&Ñ8^R> � �+] Á c_e t �*µ @ H�¶ oS��·7w � @�¸± �J � � , ¼*ÄÆ�Ç]È1�d�;�-D � �/�����+¹ �_Á�� �R��� ,
H~µ :�ÌH o�£ � : ¡dº Ã � (3.10) o §E» tP� � Ä�Æ�Ç)È �d�G� , Hurwitz Æ�Ç
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È����¥� � Ä�� ,
H ÂJÃ � } @ ¡ H Ì �
	 Hurwitz Æ�Ç]È1���¥� ,

ζ(s, α) =
Γ(1− s)

i(2π)1−s

{

eπis/2φ(1− s, α)− e−πis/2φ(1− s,−α)
}

(7.1)

��� �����h¹ �)Á � �$¡P� } t φ(s, α) =
∑∞

n=1 exp(2πinα)n−s � Lerch
�1Æ�Ç_È��&��"£ @ (Titchmarsh [108] �1Í ������� ) ¡ �2� [82] � ,
Ì-� �7Á � Ä�� t����G����+¹ � 	 (3.10) w&q|t ������6 � ��µ � F
:Y���SÓA�$¡ ���?�/�?� (3.10)  w1 = 1, w2 = w

H t , Õ2�Lg(���
S Á  �1º � ª Ã � ,

ζHL,2(s1, s2; α, β, w)(7.2)

=

∞
∑

m1=0

(α + m1)
−s1

∞
∑

m2=1

e2πim2β(α + m1 + wm2)
−s2

� @ � Ä Hurwitz-Lerch ÆÇ]È���� Á�Â7Ã/@ ¡?�Åt �

g(s1, s2; α, β, w) = ζHL,2(s1, s2; α, β, w)(7.3)

− Γ(1− s1)

Γ(s2)
Γ(s1 + s2 − 1)φ(s1 + s2 − 1, β)w1−s1−s2

H Ð 3 ¡ÔÌE� H � , [82] � Proposition 1
H

Proposition 2
H Á ¬! U@ H

, 5 Á#"4@ ¡
¢A£

9 ([82]) ��Ê �

g(s1, s2; α, β, w) = Γ(1− s1)w
1−s1−s2(7.4)

× {F+(1− s2, 1− s1; β, α, w) + F−(1− s2, 1− s1; β,−α, w)}
	 �$� 6 �1¡R� } t

F±(s1, s2; α, β, w) =

∞
∑

k=1

σs1+s2−1(k; α, β)Ψ(s2, s1 + s2;±2πikw)(7.5)

 ,

σc(k; α, β) =
∑

d|k

e2πidαe2πi(k/d)βdc,(7.6)

ÕA� Ψ � ¬&% z(' CWDS���! £ @ ¡
Ì�� Ψ(s2, s1+s2;±2πikw) � (±2πikw)−s2

Á�'1� H � @*)2Q�+ m ÁË � �� , (7.5)
Á  �,R�J �-(� { } � Dirichlet �2� H/. Ã } � , (7.4)

� (7.1) � � Ä�� H t � � ζHL,2(s1, s2; α, β, w) ����8¹ � H*0)� �ÔÌH 	  � @ ¡JÌ-� (7.4) � � � (s1, s2)
H

(1− s2, 1− s1)
H �21(�43�q

�$��5 � � q , α
H

β w���� @ 3�q�� Á � 0 �76 @ Ì H 	 )� @ ¡2=
¹ [82] �78 § y$�]Ì-� (7.4)

Á#9 t;:_�=<§t ���$�43q�> � )£ @ ¡
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�h� 	
[82]  1 µ � V . � [76]

H °�±R� contour ¨�©Sw ��� 3 �-�} Óh� 	 , ��� � 	 ��� � H Ì � , Ì&� ,8. �	��Ä 9 ®?� «�¬ wh� 0/1
�� � µ ¡A�SÌ J �-G� ¼�Ä�Æ�ÇvÈ��d�R���d�2¹ �SÁ ���SwW� , 
G��� ¿ Ç�� Á&Â7Ã/@�� 7 	 £ @ ¡
ÍvÎ�ÏG����� ����|tP�_�;:�w , ¼�Ä*Æ�Ç"È ���R���	���G��1wh�$¼
3�����Ê � 	 � ��6 �_Ì H 	�� � } �1µ @ ¡SÌ¥:$t�����Ê � � , �����
w�qWt � } � � ��6 Ó ��µ @ � }?� :a� , � } H �hªJ� Á�� © >)w a �
t � � ��� 6 �v��� H t � ����Ê �JÁ ��� � �$� H Ì �  0 �*µ @ �}+� : ��¡Pº Ã � Euler � (3.2) �*�"� H t � � ��6 � �hÊ � �£ @ 	 ,~ w Ì��R�¥: � �d�]��Ê � ��³W´�t � µ � }?� :a��¡ �h� � 2000 t��
� � , ÌL� ¸ ± w�� µ�� ,

c_eJz * �²F �t � t � ±��� � t � �J�$¡
ÌL� �2� � ±�µ � � w�q t � ,

%/' ��! § > � Ñ#" Á%$JÃ �+� 	 ¶
·2l��£ @ ¡1¶�·+l_� 9�& � � , Mordell-Tornheim zG� � ÄW�(� (3.5)
w ²(' t �dc e Á*) � �1µ ��¡SÌ����(�R�������7w�� µ� � , Í+�/Ï 
��� t � Mordell

H
Tornheim � cRe 9-, � µ 3h� �/��.�/?>#0 cRe	21  43�5#6 � ([48] [105])

	
, 7�88lG� parameter u 9�:�;=< 54>�?

9A@CB-<"�L�/�D92EGF�H-IKJ2LR� � , Mordell-Tornheim � (3.5) M �
�%N�Oh�A��P�Q�R ([110] [111] [112]), SA�R� �  
-G� (6.5) ([114]) �UTV#W �X2�YL�Z=< 5 ,\[+X4>-]^9`_=< 5�a�b4cdAe X�f�g+h�i\9�jlk 5 7�8+mon , mqp�ros%: a+5�a�b I 3ut X�v�]
s�w V wUx�]yJ�< 5{z}|o~ < 5�a H%�D�K���o9�E��y< b%co�������l�
w V X%�����C9*��� � BUX��K� e s^�l�A�AI��\J-< 5�a-b4�����o���
_Ks%T V�W#� X2� ��� H\J a �`IoJ�LU�-�#�KLU�-�=< 5�a H	X-L�Z=<5

, 7�8-moX u-method n��� Ks\�^�¢¡�£�� �#� � , w V w�xo]�X	E+�
L`¤#¥^L2¦�§A¨DH-I�J�s � 6�b%co© X%ª+«¬J�<*A7�8-m{n [115] [116]
[117] L�® a  , Mordell-Tornheim X (3.5) M�Q+R¬< b�¯ X�° ��± V L
w�¨DH�²K[+X-w V wUx�]^9�³\´C< b%co© XAµ�¶���·	¸�]�¹Yn�ºK[2»�¼½ s , ¾CFA¿

ζMT,2(1, s; 3)− ζMT,2(1, 3; s) + ζMT,2(3, s; 1)(7.7)

= 4ζ(s + 4)− 2ζ(2)ζ(s + 2)

J aoÀ�b w`xo]l9�ÁoÂ c I�X4] � s = 3 JÃ®qB�J
ζMT,2(3, 3; 1) = 4ζ(7)− 2ζ(2)ζ(5)(7.8)

9*ÄCH�s , IÆÅKn Tornheim [109] s�Ä� a�b ] �-� H c ¨K·�Ç-È (7.7)
n , T V�W-� X2�{X�É+X%Êyp�´�·+w`xo]l9�Á�Âow V w`x�]K·�X �#� H c
S boË 8�ÌAm [96] n%ÍK·#H�Î�Ï � , [116] X�ª+«\X\�^�ÑÐ\´�· � _G9`Ä
 a H cÒ 8�mÓJ d�e [87] n , ζ(s) X�w V�Ô ]KX Hardy [39] Lo��H`µ�³�´-LÕ%Ö=× 9�Äo , �{�Øµ	¶KX �A�+����� w V X�w V w�x�]{9`Ù\Ú�H}Û b ·
Î�ÏY9Uh+_Ü< b%c ¾CF�¿ Euler X (3.4) 9U��ÝY·2Þ�ß¬J�<*%Á�Â�w V
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w`xK]oslI%X%Î�Ï � Ä t ÅCH c S b Q+RlX%Î�Ï � ° ���
	��� L�Z�¨
H4w V w`xo] z Ä t Å� a H ([88])

c
Il��< b w V w*x-]oX � B`n ,

��� V ¹=< b I-J ��� Ú4��YF t Å^Hz X �#� H�IoJ%9 , �KÚ�������*�®YIY� c S b���� de Crisenoy [24]
n ,
� H*²{X�µ � V �+�����l� w V X��lX�T V�Wo� X�� �!�#"GH�L z ,��� V ± V �UE^F+H�I#J}s%$'& �-� H-I#J(��) a+* �Æ a H c I�X de

Crisenoy X�,+-\n Essouabri X4Î-Ï.�0/21\L3�* a H4s , I4X%Î.4 �z��'� V ¹\s �65 ·�798��!:YÈ(;lÚ	 a H4Çok �#� H c< �=0>oXK�{�ÃL < S@?US�·�w V w}x#]-s�)�A�� À CB%H#J , Il���b w�xo]�sD��ÅEDG�Ãµ�¶���·�F�G � | � ~�À  a H	�9�IH9J�¨GH�IKJ
s �#5 L�· À KB4H co© X b Ú�X	µ2A�X�L�M�NÓJ6�} , Witten X ������l� w V ��EYFo�Y� c9O6P�Q Lie R g L2ZS� ,

© X�$UT0V�W�X6Y �Z
ρ [#\{LAÇ b H!]

ζW (s; g) =
∑

ρ

(dim ρ)−s(7.9)

� g X Witten
����� w V J a � c IÃÅ�n�^0_+` �+acb  �X�f�g^LAwId

�  Witten [119] L-� À  © X�������s4E�� < Å b\z X ��� � , Zagier
[124] s (7.9) X(e.f�¸A]A¹g�Æ Witten

�+��� w VShji6k k ,
< t f(l

X�m V�W f4®\k#n}�\s πns X�$ b V�oph ·9n#q h �!r2sp� b4cKb ½ �
n n g X0l�X�t � × X�u V\�#� n cv � Z X%V2WKn Weyl X%V2W�v-]Cfo� À %w2x ��y n	X � , ζW (s; g)
X\�Y�Ã´%_��#· � _z�UÄKn+q h s ��y n c ¨l·�ÇoÈ , g X'{ V � r, |
�~}%��� × � λ1, . . . , λr

h ¨+Å{¿ ,

ζW (s; g) = (C(g))s(7.10)

×
∞

∑

m1=1

· · ·
∞

∑

mr=1

n
∏

j=1

< α∨j , m1λ1 + · · ·+ mrλr >−s

h�� k6n c�b ½ � � n�l#XU��t � × α∨j [6\U�	Ç b � , < , > n Killing
e�]Ef��'n0� � , � b

C(g) =
n

∏

j=1

< α∨j , λ1 + · · ·+ λr >(7.11)

��� n c qUX�´�_�v�] (7.10) X!����X �A�4± V XI���U�c�2".n0f	n , q
q � zc� n � , q}ÅC� �'� V ¹��}

ζr(s1, . . . , sn; g)(7.12)

=
∞

∑

m1=1

· · ·
∞

∑

mr=1

n
∏

j=1

< α∨j , m1λ1 + · · ·+ mrλr >−sj
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���! �n Îos��� os#"%$@f'&)(�¨Cn c Lie R g f k+* ¨Cn2qUX��l� · �� V ���\� w V n ,
� �

g = so(5) X�Þ�ß.f d�e s [80]
�-,). � , V a� Ò0/ m h�d�e X21)3 [85] f�® a �µ	¶\X Ar 4 Lie R sl(r + 1) fUZ

�}�¸65 < Å ,
�87 ��f [63] f4® a Aµ�¶{X g f2Z�¨zn2¸%5�] (7.12)

s69: t Å b{z X �#� n c Ar 4 X�Þ�ß , ; < a r X2�zf�ZS�}-<6\��
f(w�x�¨zn h ,

ζ1(s; sl(2)) = ζ(s),(7.13)

ζ2(s1, s2, s3; sl(3)) = ζMT,2(s1, s2; s3),(7.14)

ζ3(s1, s2, s3, s4, s5, s6; sl(4))(7.15)

=
∞

∑

m1=1

∞
∑

m2=1

∞
∑

m3=1

m−s1

1 m−s2

2 m−s3

3 (m1 + m2)
−s4(m2 + m3)

−s5

× (m1 + m2 + m3)
−s6

·l� h ·+n c A#� � Ar 4 Lie R.fUZ�¨3n (7.12) n Mordell-Tornheim
X4° ������� w�=?>%µ4²8>%µ4¶�¹.�@9? �n �A�����#� w�=?>2A#BEfA· À
 a n c qC> (7.12) n (6.2) >��4ÝK·UÞAß�·%> � , Cn D >I$ b 4 ¡�£%EF s ��y , � b2G%H �-I0J � b �Y�Ã·LK)Mo�2NPO�s . n�q h z Ç��Un c
qC>`²Q> �4�����-� wR=S>`�	�A�8>�wÆxUT#n , g = so(5) >UÞ	ß@f Ò6/

m [113] f#� À ��6" t Å b�c � b [85] f�® a �n Ò%/ m8> u-method
f-� À  g = sl(4) >2Þ�ß?>�wC={w�xPT#s4Ù\Ú t Åo a n c q Å z µ	¶
e\n�»+¼^·0> � q6q%f�n�>6"K· a s , ¾V A¿

ζ3(s1, s2, 1, s3, 0, 2; sl(4))− ζ3(s1, s2, 2, s3, 0, 1; sl(4))(7.16)

− ζ3(1, 0, s2, s1, 2, s3; sl(4))− ζ3(s1, 0, 2, 1, s2, s3; sl(4))

= 3ζMT,2(s1, s2; s3 + 3) + ζMT,2(s1 + 1, s2 + 2; s3)

− 2ζ(2)ζMT,2(s1, s2; s3 + 1)
h aoÀ�b w`x8Tos4_ < Åzn c � b

ζ3(1, 1, 1, 2, 1, 2; sl(4))(7.17)

= − 29

175
ζ(2)4 + ζ(3)ζ(5)− 1

2
ζEZ,2(2, 6)

>K�Y�Ã·����+�:> � _ z Ä t ÅKn c
=�>S� b �^� f ζMT,2 n sl(3) > ���K� w@= h ¡XW �9y n4s , ;0YPZ

m�nUqL> ~ Þ � �V b h�y f , X#>S� b ζMT,2 >�w@={wUx8T#s sl(3) >
Weyl [\> I0]K�#^ ´ �9y n6q h �!r�sS� b�c q#>2²:> Weyl [3fo��n
¡0Wln , ζW (s; g) >�m%=Q_ � >��Cf�w2¨3n Zagier [124] >��+ ?> Ë f z
X3f Z ÅK a n c ;0Y-m8>#`%alnK�{� µ	¶!> (Ar 4 h n'T t · a ) Lie
RCfLb�¨ n (7.12) fcbp�* zRdPe ��y , q�Å3f%A a %;0Yom ,

ÒX/ mh d+e n Z0f 1?gU�K� ([63] [64] [65]) ��&CÚA a n h q�� �o� n c �
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�z�*·�s t Z6f > h qA� , Weyl [8>#b � �CfI|�� B ^ ´�s����K·%>+n ,
Xzf�� t ÅK a n�w@=^w`xST?> Ë � z�© >�µ	�.f�
��· a�c � n*²!>���@�~	��� � � �V 6n h �^� � B@>�wc=^wUx8TKs ^ ´��	�Cf�·Un��
� �#� n�s , Ç%ÅKÇ�Å?>����{n�� ½ ·	® ,

�������K� w@=\>�w@={wUx8T
>2���#�#· |o~0b� ��)	��¨U� � f�n2¦Ks À  a · a �Y� �#� n c
��� ��� � n b   >����Ef0A a  � n�� � ! �2B�>�" b s , " �
 b  \>�[�#z�%$�&p�4�G� h �('�Ç�k � n�·�)Cq h � *E�,+  4�® y
'�)�-/.10 , 2
B@>�3 5 ·54/6zf%A7)180[pB:9-Å n+q h%;/<@y�=�>/?
'�- Barnes

��@�A >�2�3�B CED�F@=Kf�A )78U>�G�H/I�J K , LMH�N73
K , OQP�R/S�K , T U	V/KXW'>ZY�[Q\	] I0J^<1_�=�>7? 'a` , Dedekindbdc�e F�fg\5h/)/8jiZk	l/m/noWqp =�>1?�r - Euler-Zagier

b \sh7t
8 e Borwein, Bradley W e Y1[u\�i:9�p18	t = t5-7v r�w	xu< ]�ydz{Q| =�> ?�r D�}7~ e 2�3/B�CED	F���i , Hoffstein W ;��	� ` r 2�3
Dirichlet �/�/� , L	H1K eM� ����1�(����e5�/� =g� , 37� = i e ;��� c��7� -���poW�\�h/t 87]�v r5� es� \�� ? 8s�/���7� ;��7> p�se ;�  va`:t < ��¡g¢ -
£�¤ ¥ 3 =u¦¨§ ©jª�«�¬� z�®¯ ?	r5° ±�²�³ , ´�µ ¶ , ·	¸�¹/ºe�» K « �%¼�½�¾�¿ÀÁC e�� \�Â�Ã ª%Ä `(Å «^_Mr tMÆ
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31-4 (1981), 1-35.

[21] P. Cassou-Noguès, Prolongement de certaines séries de Dirichlet, Amer. J.
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n, Compositio Math. 114 (1998),
219-261.
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[124] D. Zagier, Values of zeta functions and their applications, in “First European
Congr. Math.” Vol. II, A. Joseph et al. (eds.), Progr. Math. 120, Birkhäuser,
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