SEY-SBARORTHERE TOLA

FAAHE —

ARG ORI TIL, 20 AL FIZED Barnes, Mellin OHFFELLRD, £ E
T—% E@iﬁ@@*\@lﬁi% & L’C%@ﬁ#ﬁﬂmﬁ'@c‘:%é& w Dt~
EHODMZLTRRD, 29 LEBRORILOF THIEI N TEX DX
—BEOBAENMIEAETHST2D, KL >TEEROLEY—#
B DT ZE M TN D L O 12720, — B EZH/HITEITTIIR AT
o e LWiEE &k%%wﬁéhOO%é AREFETITZ
L7 EHOERm%E, EE OWREEZH LI L TR LIz,

1. BARNES & MELLIN

ZE Y — ¥ B OMITHIERGR 1L, Barnes [11] [12] 38 X O Mellin [91]
92] 12 &% 20 HALFIFEDHFFEL jﬁ‘ﬁ%_’%éj‘é

Barnes & 2 7=DIX, s #EBEE, o, wy, ..., w, ZHEFR parameter
L LT,

(1.1)
Cer(s;a, (wy, ... ,w)) = Z e Z (v +wymy + -+ +w,m,)°

m1=0 my=0
DIEDOLZEFMTHD, Zixk4 HTIE Barnes @ r Y — ¥ B L
ATWND,

Barnes DM EDEEIIZEY  ~vBEROEREEET L2 L1TH
ST, HWHM T < T'(s) OBRZ—Bb: LTZEN v~ HE
BNEANSINTZOMX 19 k%0 Z & ¢, Kinkelin, Holder, Méray,
Pincherle, Alexeiewsky © DEATHIFED% 2521} T, Barnes B & b
ek D TV ([9] [10])e 1T [11] B W T, Hurwitz €— & Bk
C(s,0) =>2 (n+a)* & ~BEEZFEONTIT S Lerch DA

1
logI'(a) = ¢'(0, ) + 3 log 27

WEB L, 20—t & LT, RO 0 TOEN _EH >~ Oxt
BEROMLS bDE LT (g #EALK, LT [12] IZBVWTEIH
BIZ— b L7z EED (p, ZEAL, TNERWTCEZEN < B
HRZEBALEZOTHD,
R ZBHERI L > TEBLEE —2IZ0FIL, Tk TEL
TEZOD¥EED > LD EL LR FIZ wy,...,w, BT XTETDH L
1



2 AR

FAUE, (1.1) 13¥FE Rs > r THEFDIRT 5, LML s=01FZ0
Wﬁﬁﬁﬂzw X200 T, KO 0 TOEEZZEZDITITET (5, &
fENTEERE T A MENH D, £ DT Barnes 1%, Riemann O¥—4% B
Bis)y=>" n"* @ﬁﬁﬂﬁ%ﬁ%ﬁlﬁfﬁ@—é 7':?5?”1 Riemann B &35
VN2 contour FES (EDFEHOERKFHHR-TE T, FROED
0 &2—E L CERERKRFRICR2ERED) OFEICER L, Bilo
FIEEZRWTROERZFER LT,

FEHE 1 (Barnes [12]) B (5, 132 s T A A T HEfe S 4,
s=1,2,...,r TO 1 LOWBEERWTIXERTH 5,

LB THIZ s = 0 T (g, HERIRO TUBMAEZ LIS,
Barnes 1%

Fr<(l/, (wl,...,w,,)) o '
pr<w1,...,wr) o CB,T(07057 (w1,...,w,,))

LS TEZET B, (o, (wy,...,w,)) ZERL, EOWE L
Lic, 2L

(1.3)  logp,(wy,...,w,.) = _Clylin (CBT(O a, (wi,...,w,)) + log o)
TH D,

—7 Mellin [91] [92] BWBELI=DIX, P(X,, ..., X,) ZERHLRHK
D r E¥EEANL LT,

(1.4) Z Z (ma,...,my)""

mi1=1

D TEBESNDZERKTH 2,

(1.2) log

FEE 2 (Mellin [91] [92]) ZTHK P OFAREOERBIED & X, (1.4)
VIR T X 5,

1 D FERA ifﬁiﬁi WCSATRRET IR D, Wb 5 vertical BAIZ X 5
H DT, BElZ4 H Mellin-Barnes OFfE% /,b\._tkb\bﬂg)

1 [(s+ 2)['(—=z

T 2mi ©) ['(s)

()\ sEC, AN£0, |arg)| <7, Rs >0, Rs < c<0) PAVWDLND,
ICFES BRI ¢ — ico 22D ¢+ 00 ICEDHEMRTH D,

1920 FRIT72 > T Hardy & Littlewood 1%, Barnes ® _HE¥— 4
BeBEGROMBEIIGH Lic, #51% [40] [41] I2BWT, HHED=

(1.5) (1+ X ) \ed-




ST — 5 B OISR & Z OIS 3
AROTOKFROBEEE A DME, LU0 2 EHEEHE LT

(1.6) E:(mp{&ﬂ—%)

n<x

(72720 [u] 13 v OIS © o OB E L TOZEE 2~ SRE
W2 Cpa(s;a, (wy,wy)) WISHTEDZ LEFEAL, X DOHFEOF T
Cpa(s;a, (wr,wy)) D—TEDREEKENZFEH LT\ 5, L5 Hecke [43]
¥ (1.6) B9 5 72®IT Dirichlet &I

(1.7) Zo(5) =3 (em _ on] — %) e

n=1

ZEAL, BOEBEED L BEOHEimE VT Zy(s) OB EZFHT
V5 A3, Hardy-Littlewood [42] 1% Zy(s) & Barnes —E¥— & Bdx A
b‘“C?E/T’C%%) EERLT

Mahler [74] I% Mellin Y8 A L7z (.(s; P) BEL, HHEDEHED
T T, ZOZEREEDOMENTHEERED Euler-Maclaurin OFIARIZE > TH
DT EZERM LI, 72 Mahler X [75] (23T Hecke D Zy(s)
EWDIIEN D> TN D,

:5Lt@iﬁ—&ﬁﬁ@ﬁ%ﬁﬁ%ﬁ%ﬂﬁM@@%@%%éﬁ
EHFFRDED b IV A (WJ%J:E Bochner [16]), BEGROHFFEE 1O
RN TENELNTLE D ZLIiThoTe, BEGR @i%ﬂggﬁf“
ZBEEITHET LW AR B T, £ OEBEW ZBIRICSIEE L2 DI, 1970 4K
DHFHHEBERDO—EDHFETH - 72,

2. ZHATERINLEY B

HARRDHFEDZ b Z b OB 1T ITAREAE_ L OFEEAERL D R
bole, 1HI%, REE F O Hecke D LEAEL Lp(s,x) @ s =1 I1Z8B1F
L RPREDFTRITHN 5 BB, BIEERA~DFR N 2525000 L
N, LW IR RS T, F BPRERBEDOBEEZEEL, Lr(l, )
25 Barnes DZEN < BEEOMBO—KEE TR TELHILE A
H L7 ([101] [102] [103]) ZD=DIZHAKIL, FIADOLZEEY — ¥ B
LA BTIEMEIND, ROX A TOLEREZEAN LTz, AIHLER

— &K

Pj(Xl,...,Xr):U)le1—|—"'+werr <1§]§n>



4 AR

(f:fib Wiy« oy Whp &i_—LE@ﬁ) @*ﬁ P = P1P2"'Pn7 if:al,...,ar
TR 0 TRAVIERER L LT,

(2.1) Cspr(s;P) = Z e Z Play +my, ..., +m,)"°

mi1=1 myr=1
=

— Z R Z H(wﬂ(al + ml) + - wjr(ar + mr))_s
mi1=1 mr=1j=1

ETEDOTHD, ZHUE Mellin @ (1.4) OERIRBETH B & [FIRFIC,
n=1&75%& Barnes ® (1.1) IZ725 DT, Barnes ZEHE— ¥ B D
—ILL RDZ L b TE D, BRI, Le(s,x) & (onp(s;P) ebHD
—REE TR LI, £LT—F, Con,(s; P) % contour Iy DFIET
fEpTESGE L, £ OEBEHD 0 TOEZZEN -~ BEHEOXE TR L,
COMBEZEMHNTDZ LI > THOEREZ/T-OTHD, FIRK
X2 ORERZ S LI, EERE LOBEERB ZEY -~ BROBHREOHE
THEREINATHAS LW FREZEH L, HAEORRRGAITITE
BRIZZDFEEZIERA L TWD ([104]).

Cassou-Nogues [18] [19] IZFHBERDOHEFIIARBRINT, (2.1) DT
IZ 1 DREBBB T DL ERIK L E 2 TEOMBITEREZ R L, #
FEREED LBEEC p i L BEA~DIGHZ5EX TN 5D, fit\TEEZIT,
XV —BDZEREZEFRIZH V2 Mellin, Mahler O WHFZEEHE D &
ZL, (14) ODHFFIT 1 ORIBRH HEOLEAXNE - 72 DL EK
BEaE 2z, T O EGECBONE, ADEREBR TOME, T3 piE
L B3 OME 72 T W TEHE LB L7z ([20] [21] [22] [23]). fiEbTHEE
2 BE L T Cassou-Nogues @ V72 FiEIX Mellin-Barnes B O 550
Euler-Maclaurin ®F1ARZe & #7220 TH - 7203, Newton %F
A X B2BONME DR, b Bk E DRRRE, W 2900 H LWEAR
PEASHTND,

Sargos [99] [100] 1% (1.4) DEMNTESFE D20, BHRFiE b, Eihe
—EDAEZ 2 &5 FEREORS 2 MO D FEZEAL TV D,
F72[99] IZBWTIE, (1.4) OFLD P RFEHEN—MILShTHE D
Lo TND,

Cassou-Nogues = Sargos OBFFEICIBWNTIL, ZIEA P ORI O FE
MIETHD EWVH, Mellin BFRL7ZH O LR URENMUE I TNV D,
ZHUZHE U Lichtin 1%, P O#EKEEIZBIT 5 hypoellipticity §4F %K
E LR EE 2 1o, ERBOLERX P(ry,...,z,.) 23 [b,00)" (b>0)
BT hypoelliptic &%, TXTOWGEMFE DA = D2 - D& 13t L,

(2.2) lim |D*P(x)/P(x)| =0

[]x[|—o0

|Ix||€[b,00)"



LEY — ¥ BB OBITHER L £ ORH 5

L7252 L THD (Hormander [47]), f:fib X = (:L’l, o), x| =
max{|z1],...,|z.|} TH D, BRHBEEDBEIZIT RP | XT'?‘%)H%@
HWREE % hypoellipticity DEZE &7 5, Llchtln [67] [68] 1%, P 23
hypoelliptic THIVUIEFETm~ DN ERIARED T &%, 0 RO
am e VW CRERA L7,

eV T Essouabri [29] 1%, &A% (HoS) &MESEIZERWSRMED T T,
(1.4) DR~ RN CX 5 = & %:/T L7z, ZOF&MIX (2.2) OF
ARERTIEH D5 0 IZITPR LBRWIEEEZTHET 2, BRERTIZZ
D (HoS) B8, (1.4) DF A T DL ERIEDO 2T ~DFENTHER IR S
TWAERBIAWT T A% 5.2 5, Essouabri ®FERAIL Sargos D FH &%
B L U JRPROBRSAREER [45] R E2 AW, Y ICEMER S
DTH %,

ZIAN P ICKT 5 (1.4) OEFTHIZRIREE D D522 &) Tauber BD
EEZEE LT, PICEAT OB RMHE BID N %E@%%ﬁ (LNOES
HF& LT

N(z) ={(mq,...,m,) € N"| |P(mq,...,m,)| < x}

DIEDMEBE DM A5 Z L 2NFIREIZ 72 5, Sargos [100], Lichtin [69]
[71] [72], Essouabri [29] 1TV dh, IHOOE D& LTZOMEL
o> T3, Essouabri [30] 1XFE 72, R" O H HEOE/EANIZHIR
LGB O ROBEREBZ DEEEHR O 72D, 20 X 5 filiR %+
FINZ -2 EREEEE 2, T ORPTERICKZI L T\ 5,

S THEETICHTERE—ZBEL, 2ERBMTIIH D0, BHIT—
LB Thoiz, LML Lichtin [68] 1%, B & Z LI L= L ERKEK

(23) Cr<81,...,8n;P17...,Pn)

— Z Z Pi(my,...,my) "5 Py(my, ... m,)""

mi1=1 my=1

(Pi,..., P, %I,Et) BT B 2 L BRE LTz, £ L THITER, (70
[71] [72] [73] IZRWV T (2. 3) DFFNTHIMEE 2, Py, ..., P, DHESHE
DR E I B FRHFITFEOKE T R Fﬁ%“@mﬁ%%%—b’(b‘é Essouabri
b, [29] TR—EEOZE LR~ TWRWA, £ ORI [28] OF
T, BEOFENZERIZHIRFAEETH L Z L EZER LTV,
U\J:U)Jiﬁfcﬁ F& LTT T RTBITHHEDHRN LTINS, TS
ROWFFIZERIZBNTH L OFEE LR L, Barnes @ (1.1) R
FAKD (2.1) OWEREOER~DISHIZONT, 2% < O3
RINTWDE, ZOEFEBERRD Z ka:tzl:%.%ﬂ;t%,iérbi, EZ % (e
EWVIEENBIX, AHFHERK [50] BLOIEREE =K [44] OtFEE2 2%



6 IAAHE
TTELILE DD, HEOIFHIT (2.1) 22EHILL T

(2.4) > > TTwinlar +ma) + -+ + wje(er + my))
mi1=1 mr=1j=1

DD, HDHNTE I FITHEENTN T DS ERZ BRI %

EBAL, FIAEKD contour fz @ji{f}'«i’ WAL L= FRIBIZ K-> TEDOfE

Wi 23EH LT\ 5,

U ED X DI, Z Ofi TS L IR OO F TlL, 2EEL~D—
ﬁ%mﬂﬁﬁm%mﬁkéﬁ&®&$%%<kﬂﬁmﬁﬁ 2725 TED
K BENTEEFATHD, LNLERNS, HHEDOERREEH D%
B BT, £2<BERIBERROT T, @R bHFEDOT
BROHIZEG L CTE T\ e, ZOHEAITIZERIICHT 5 FF 2K
¥ Bk THh - T, ;UDE %T@ﬁnﬁ’iﬁi%ﬁi L. Euler IZF Ci#l 5,
KEITIIZ DN EB 29 %,

3. EULER O _EFf& ZDELY
1775 4, Euler IX &% _EH

(3.1) Cpz2(81,82) Z Z my *t(my + mg) %2

mi1=1mso=1

ORI BT AR TOEEBE LT, ZOfEKIE Riemann
P—ZBEE((s) &

(3.2) C(51)¢(s2) = (51 + 52) + (rz2(s1, 52) + CEz2(s2, 51)

72 5 BRRIZ L o TERISHEOMT < 23, Euler 132 OFEEIZOWT

(3 3) CEZ,Q(L 2) = C<3>a

XTI LY —/&IC

(3.4) z_: Ceza(k —j,7) = ¢(k)

EWVOTZBRZFEHALTWD, ZOXERITHZRAT (3.1) & Euler D
ZEM LS,

% D1, N. Nielsen, S. Ramanujan % Z OFERBICEHBKREZREDL, WA
WARRREZRHLTWS L, OB LZARDOWN DN, &6
DB FEEHIZE > TEBBERRAINTZVE LTINS

F 2B ORKE L LT, Tornheim [109] 1%

(3.5) Cur2(51, 525 83) Z Z my *tmy %2 (my + mg) %

mi1=1mo=1



LEY — ¥ BB OBITHER L £ ORH 7

DRERT IR F31T 2 BHL TOMEZ A, MIZIZ Mordell [94] b (3.5)
< S1 = S9 = S3 0):[:}7?1‘5{:[\’%) gi%&ﬁ

(3.6) Z Z my Ymy+-+m,+a)t (a>-r)

mi1=1 my=1

DEZEBZEL TW5, £72 Apostol & Vu [4] 1%

(3.7) Z > mitmg 2 (my + mg) ™!
mi1=1ma>m1
DI OB &> T\ 5D
Z 9 LTEAFZRIE 3 C, BHUR COMEIZT 2B BGRI 7 Bk I
KEBETHDN, 21Uk LT Atkinson [8] 1%, Euler @1 (3.1) ’E_
EHOEREE L AT, ZOMHTHIMEE 2858 L7z, Atkinson @ B
IZ Riemann B — & B & FEHE

(3.8) /0 |C(1/2 4 it)|*dt

DI TH-> T, ZD=DIZHITET Riemann B—FEE _>DHE
C(s1)C(s2) & (3.2) Lo TS Z L &ERX, £DAHIBITH % Euler
DOFENTEES ORIEICER L7z, Atkinson IXZ ORE&E% Poisson D14
REANWTHRE, (3.8) 1T 2HRAREHFED Z LITHII LTS,

TR B/ oI, BAOEEE TOEEZEZLHZ L TE D,
Z D FF TR HE [90] LR T TH|DN, ( DADOEHD L X
D (pzo(l,0) DERRLE BN TS, RHKIEL Atkinson &I1XE72V
Euler-Maclaurin OAIT X » THEHTEHE 2 5 2 T\ %, il T Apostol
& Vu [4] 1%, (3.1) O—FOEEEZEE L THIFIZ DWW TET Euler-
Maclaurin DA TER T A LITLY bk & DEET—FNE, —
FRADEED (pga(k,l) DRAREZH/ TN D,

Y — ¥ O EHERGRICIBIT D Atkinson DX OHEILE V]
R & ShTWens, 1970 F4GRIZ72 - T, D. R. Heath-Brown D4
REZHE L TCEOBEVBIFMMIND L 5o Te, EOHALDOF
T Meurman [93] RAAEHE—E [95] Id Atkinson D F¥E% Dirichlet D
LA IRER LT, FRCABRIZZE Y — ¥ R OMITERIC OV T,
Riemann @ contour FZ L2 H LWFEEZFRR L TV 5,

HEHEMKEEFIL, ABROFEEZHEIEDHZ LIZLY, Dirichlet
» L B%% ([59] [61]) X° Hurwitz @€ —% B%k ([60] [62]) P& HFED
FEHEOWERAAREZ R Lz, Huwitz € —#BEEOHEIC (3.2)
b5 L AU ZEE—F BT

(3.9) Z Z (o +mq) " (a+ my + mg) 2

m1=0 mo=1



8 AR

L2 %8, [62] TILZ OEEIT contour O DFHFELZEA L THROIERR
LT Z R LTS, L LZDOBRMETIX, EHICL - T EY—
S BB, TR B — 2 B8, L BEROFEIEARN L/ LD DER
TL R T,

EE [76] 1% 1994 £, Z D (3.9) & Barnes @ (1.1) ® r =2 O
AL OELMEICER L, WiE 2 aiET 5 Bk

(310) Z Z oz—i—wlml a+w1m1 +w2m2) 52
m1=0mo=1
EERL, TOMNTERE wy (ZBET ENERAZ R L, (EERIC [76]
T%&oﬂ\émi wy =1 DFETHDIN, ZTORENR—EEERY b
DTRNWZ LIRS ITOND ) e T%@ﬁ}%']ﬁ%{:\}: L T Barnes
D_EET—FE#KD, S5 i BN U~ BEEORD X 9 2R R
Bonsd,

EE 3 ([76]) FEOBARBEN>2L a>0,w>0 Rs > —-N+1
it U, R B

(3.11)  (pals;a, (1L,w)) = (s, ) + C(s— 1)w1_5

s—1
+ Z ( ) —n,@){(s + n)w ™" + O(w )

(1B LA3D Jm@%a; 57 s BR<) BEW
(3.12)

logly(a, (1, w)) = —%alogw +logT'(ar) + %alog%r
+ (((~1,a) - (—1))10_1 logw — (¢(—1,a) — C(—l))’yw_l
—~ (=1)"

3 Euler FE$) 23pL Y 3L,

+

(C(=n, @) = ((=n))¢(M)w™" + O(w™ (| logw]| + 1))
({EL ~

COFEBIZE _HBFHE CRRNEHRROBREFEOMITAZ LT K
D, EZIRIKD Hecke D L BEED s =1 TOMEOBEEBIZEE T 2 #HIRE
%%T%HB%ZD

O [76] ITEENSEL—ZBEEZ O L OEEBORMFIENZRE L
71%?7]@ @ TH DD, ZOHFTERIZ, ARIT—EHBE#7Z -7~ Barnes
D — &F’a@é&%%”@kﬂ:b ﬁﬁ;O)ﬁEﬁE%ﬁ%@“:k&:;of%‘?u\
FERAE LWVWIFESAWVWDLND, EEELEZEBRIICEY ALd
LWV S ZOWRAIL, BEEDZDOZRDOHFRICBNTHOEDDFESH Lo

-



LEY — ¥ BB OBITHER L £ ORH 9

TWAHHEDTH D, FERITEEERITHIE ST & 72 Barnes O _H
B— %L Buler f12¥ (3.10) OBITHE—TEH L WO R, EF
2L oTE, Z2EE—XBEHOK—ER~DEFELI X ONIT LR D
BEQBATHo T,

4. EULER-ZAGIER DZEMERY vl

X CHIEI COBRILI_EMOGAIITITRIE L7253, 1990 F£RICA
e IV —BOZLEMNEBIND L HIZR>TE %, Euler D_E
i C&l) DRERLEIT

(41) gEZr S1y...,8 Z Z ml ml +m2 —S2

mi1=1

X - x(m1+ 4 my) T

THDHM0, Tk Euler- -Zagier DEEF LD (Zagier [124]), Z DFE
DB EREZEDD LI ICRo BRI, AIEI TR~ R L I3 E
ERID S ESERFMNS ORI R DD, ZO—oNHKY 0 s
(polylogarithm, REX#) TH 5, (fRFEEL L TILEFEDFES K<
Aoz, %o (4.4) L ORELZEET 572D, KFETIIEAL

220 )
R v 7 OERIL
o l‘m
(4.2) Li(z) =) —  (keN)

m=1

ThdD, k=1DLE T —log(l —x) D Taylor EBRICMR 5T
—MKD kAR D Ly(x) 1L —log(l —x) IZ

“dx

0 T
Zk—10HETZETHLND, 2 [REIE &FEIXN 5 H&
Thd, RV T TEBLZDOLDRHHHED Dlrlchlet I DR ERME &
HIRELHE LTS ZEnbBEZTY, BERICRT 28 A HR
TEHETH LN, BRI 7‘5%0)%‘%%% BT LTeD
aimmh®&$uquaf&59 mawﬁﬁ%@mmW$?%éﬁ
JFRRREINI-OIX 1977 ETH D, ) I

(4.3) Dy(z) = S(Lo(2)) 4+ arg(l — z) log ||

2% Borel D L¥ o2 L—& —B4% [17] LBEBITH O Z & 2HHEHf LT

T Zagier [121] [122] 1%, fRE&fE& F @ Dedekind B—4 BI% ¢ (s)
DFFRIE Cp(2) D5 Dy(x) DEETRRTEDHZ LA R LT, — KDk
(XL Th, Ly(z) \AHET 5 BEE Dy (x) MHER CTE 543, Zagier [122]
[123] 1 —MRD k € N (k > 2) W& 5 (p(k) OED Dy(zx) CTREik



10 AR

TELHTHAI, EWVWOFRER R LI, ZOTRIT k=3 ODHAEIZ
I% Goncharov [34] 1T &> TN, —fRIZITRER TH D, LF¥ =
L—4& —B 413 Beilinson [13] IZ & > T—KAVRARESARIEDONHEA T
B FONIZD, ZOBETORY 0 7 ERFEONE, T 5 L KO
FRRERRY v 7 TRBTEDTHA S L FHRINTND

1990 FERICAD L, RY v V2 LBELL7ZLERY 27 (multiple
polylogarithm)

(44)  Lpyop(T1,. .02

-3 §:
mi1=1
DEFRIIL, BEIND X 512> TE 7 (Goncharov [35] [36]) Z D
& E THD L Euler-Zagier DZEF (4.1) & DFLUIHABRTH D, E
IS/%%, (41) 0)4%?7‘!&1@ CEZ,T<k17 ooy kr) &j: (44) a:}\sb\f T1 = " =Tp = 1
ELIEb DI G, o, REOERIZTBEREZ L RS &,

(45) CEZ,r(kla ey kr,l, 8)

_ L L L...,1,e")dt
_F(S)/O et — 1 ki,yeeny krfl(w"a , € )
DRV LD GRJIMES - &FB1E [5]).

L LEZ, Z2EASNTORVAERDRY 117“6, Euler-Zagier ®
SEA L BRI, BIEL&TR 5] X

(4.6) &k(s) = P(ls) /OOO ;_ -Li(1— et

m1 m1+m2 e pmitetmy
T

m +m2)k2...<m1+...+mr>kr

ERL LT,

(47) gk(s) :(_1)]671 {CEZ,T<27 17 R 17 S) + CEZ,T<17 27 17 RS 17 S)
"+CEZ7"(]-717---7278)+SCEZ,7"(]-7---7]-78+1>}

+ Z C(k = §)Cpza(1,.. . 1,9)

LEFLZ LR LTCO
Euler-Zagier OZEMOEHE CTOME (ZEE—FH) 1, 25 L7z
AR TH, BEFREORBOBEBERR EHFDO I E IERS \E? IZBNT
BB EERRE THS 2 &7 1990 £k 2o CRR# SN, < O
FBREIND LI ot BEHRFRE LTIF AT

7T2r

(4.8) Cezr(2,2,...,2) = G 1)




ZEY— ¥ BEROBITHER & ORH 11

27T4T

(4r +2)V

EVoS AR ONTWD, FTBEEY—FEORICHK Y SLOBfFRR
& LT, Bk, 1A= (Granville [38] |, Zagier), Hoffman DBFRE
[46], 25 ZH#E— LI KERAKROBIRK [97], 5 WVITHEOE OB
DFmM» 6 RE I Le LA EIEROBRK [66] 72 EIHEHEITL D
2 A ZORRBRARH S TWT, A CTIXZ OFEMARBMIT TE 7220,
R [7) [p5] AL [56] BBBIIRDBEA Y, ZEE—FEOMOME
RADEEICEET 5 Zagier DTFARIZ-DOUVNTD Goncharov [37] ROSFAl
KFK[106] OLE, —EY vy 7/VBHRRIZEET % Racinet [98] °F
JFEERERES, 7K & Zagier [49] OAFZEIZ DOV TILSFAIER OFRFE [107]
ROV,

(4.9) Cezor(1,3,1,3,...,1,3) =

5. BBFEBEEK L L TD EULER-ZAGIER

AIEl TR L7z BEuler-Zagier DL BRI DAL, £ DZ < HARFERME
IZDOWTDERTHT, ZOHRTHRINK L& FROFHIL 5] 72713,
BREOEBEBRERE R\, o EREEEZR-T-BIT, &
Y Bernoulli HOEERIZH -7, KV Bernoulli % B¥ & 1,

Ek(l — e*t) - > () t"
(5.1) = ;B o
TEBESNIBTHIN, k=120 Li(1—c )=t Z0b BY 13l
#® Bernoulli 8 B,, (72721 By, = 1/2) IZ—%7 %, #% ?® Bernoulli
X Riemann B — ¥ B OAOEE S COEICENLIETHHIND,
N Y Bernoulli B b HNDLE ST —F BB ORERE & MR
THZLBHFETEDTHA D, il « &F [5] 1FEBR, (4.6) TEEL
TR & (s) DADELER TOMETHRY Bernoulli EEFKRT 53

(5.2) BY = (=1)" {&(-n) = & (—n + 1)}

ERH L, ZLT &((s) 1, (47) OBKRT, Hb2EOLEY — 4B
BERBRTZENTEDDITTHD, B &(s) DE s FHE~DREHT
B A R (4.6) ICEDWTRTZ EITEEL <13 A2vn, [l - & 71X
Cozp(k, ... ko1, s) bEFENEITEERR CE 2 Z &AL, -
T (4.7) 1Z& s FEIZBWTHRY LOXTH 5,

L2 L, Euler-Zagier FIDER (4.1) 2T 5201, ZOR%E r
EROBEREEEBEEE AT, 20 C" ~OffETER 2 Z 2 5 OB AR
Th D, EE, Zhao [125] &KL, L %M, B)IEFEO=K[1] IZ
Lo TENENMSLIZIR DO EF DR ST,

EE 4 ([125), [1]) ZEEE (4.1) 38R r ZHOBHKE LT C £
E~FHEA T EE C & 2,
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Zhao DF¥EIL Gel'fand-Shilov D— MBI OBFHIZEES < DT, Fk
(L« Lk - &)1IE Euler-Maclaurin OFARE WS, L #1ZER725E
AE B2 CT\5b, MBITER SN (4.1) OADEK R TOMEIZONT
VAR - B (3], 8EEF [54) ICE s TEELSFARDNL TV D,

7R B _Hi TR R7= X 51T Essouabri 1%, OB [29] NEEEKD
BAICHILRTE 5 2 LICRARDFE LRI [28] O T—Ffilir T
D3, ZDEEHS LT Essouabri D FEIX (4.1) 2z b, - T
(4.1) DL E L TOMPTEHIEEEIC Essouabri 12X 2T 1995
FIZERINTWE, LEHZ LB TE D, £7[F CEH, Goncharov,
Kontsevich, Zagier & ZVZNMILIT (4.1) OFNTEREOFEA Z & T
72, b2 L ThDH, LOLINLDOFERITNTIHAR I TR,

B =HiC, Dirichlet ® L E#=° Hurwitz O ¥ — % B D EHE DT
FRBAICRE I 2 HI & EF OMIRICE K LTz, £DREDFIEIL Riemann
B contour FELG TH - 7=M, £ DHIEMKIX, Mellin-Barnes DFE4%y
AR (15) ZAVWD Z & T, EERAORMRERAN/TOND Z L %
FR U7z ([57) [58])e EFILZ OFEBKOERIZRER ST, Mellin-
Barnes DS AR L EY —ZBEICER T 2R A2 M Lz, 4]
I% Mellin-Barnes f&53 D HIEIZ XL D [76] DFMRE, &) HEEHRT
HE L2720, BT —ZBEOZ L1300 &2 TWizs, 1999 4F 11
A, &R r B —F B (py, OBHRR

1 L(s, + 2)I'(—2)
271 /(C) [(s,)

X CE'Z,rfl(Slu vy Sp—2,8r1 + Sy + Z)C(_Z)dz

ZEWOWe, ZHE Euler-Zagier F1DOEZE (4.1) 1T (1.5) Z#EH
T2 LEBIH/ONLRED, FESBEEIX (pr, 1 ZETDITIEND,
r BT 2 IRMEE AV, oz O CT71 ~OfENT R 2 E TS,
(5.3) ICBWTHEN KA LT NTHZ LICEY (uy, OEBHTEERRIGEH
T& 5, 9 LTEREIT Buler-Zagier F1DOFENTEERE D, Mellin-Barnes
B OFEICLDREEREZ RH L ([79), Zhnd, EFEX—KO r B
B —Z BB AT L IR o T2 Th B,
EFEDOFRIT Mellin-Barnes ZBUFE 5 FR%&#E L T,

(5.3) Cezr(S1,-..,8) =

(5'4) QEZ,T - CEZ,r—1 — s CEZ,Q - C

(F¥ElE Riemann B— % BIEK) O OIFMAIEGRE 5 2 T\ 5 L fEIRT
HZ & HTE D, Mellin-Barnes HESERRZDH DL, F—H T~
72 £ 9 IZBRIZ Mellin (& & THIHA STV 223, Mellin OBEFETIE—
BELPH > TOWRVOTED K S 2IFMBERITIEZ by, #
T2 L9, ZOEDIFHHIBIRIIZEY —XBEBOEDOHFIZES &
TATFELTWDZ ENHBALSOH DN, TN HITS LB EH A 1RE
WCAND Z & THIDTHEBTE 5BHRRDTH D,
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6. Tl x DO—figfl & s H

BEHIOKREIZEBW T, Barnes ® B — %% & Euler f1Z2a@FE L
72 (3.10) ZEEZENEALILZEIERLED, — KD r EOBEITD,

(6.1) Gr(S1y ey Spy Q1 oo Qpy WY, .y W)
o0 o
= Z e Z (o1 + wimy) " (g + wimy + wamsg) ™2
m1=0 my=0

Sr

X oo X (ap +wymy + -+ wem,)”

LB L&, ZNiX Barnes @ (1.1) & Euler-Zagier @ (4.1) Z £ IZResk
REE L LTEULEMKE 0D, ZOROBREITIEEDR 78] [79] T
AL, [79] [81] TZORENTEHEE w, (AT AETEREEZ R Lz, —
HY— 2 BERO%E OB RIRIIE =& Tl ~72 X 512 [76] i2BT
B O TWIZA, Mellin-Barnes B2 < [79] [81] DFHFIEL,
DT T MZTTEREREAZSBRICH T 5 L0 ) B TR
HATH D, EBE, FIZIX (3.11) OAEB DKL, Mellin-Barnes &4 D
FERE ok Ey 7 L EITERTHBOBEE L TERICE
B, E7-[76] IZBTDFERIT |we| — 0o DEXDREDHRTH T
23, Mellin-Barnes f&5r D FHEIL |w,| — oo DEEDHRLT (V7 F
DFHEEHZT DT T) |lw,| — 0 DL XOEERBELELND LW
IR %,

Sl >) >

(6.2) (81,80 A) = Z e Z (ayymy + - -+ + aym, )

mi1=1 myr=1
X X (anlml +o anrmr)_sn

DD EY — & B2t Mellin-Barnes B D FiEIT@EA T 5,

FE 5 ([80]) 175 A DB NIFAELR T, K178 L OKFN 13D
KEHb—2 0 TRVRGBHEETDHETH, Z0Lx (6.2) X C" &
RICH B IR B T & D,

TZTREN 0 IZRDZEDHFRINTVDLZ ENEERKRTHD
(FRTLD (2.4) TETARTORKIZETRITUIR S oTeZ &I
HRE), FREKIC 0 DHFRESINTWVDEENT T, ZORBOLEREIL, (6.1)
LISMZ, (2.4), (3.5), (3.6), (3.7), Z L THiR D Witten BIZEE — ¥ [
Bir LD DEERFIZ G,

ZZETHIb SN2 D & Mellin-Barnes B8O HiE L ITE -
T, EOBOEMAR Y 7 2T T+ Tiai <l BREOSHMRIL
(IR Uz, D2 IAB AT RBRBORBEHRLEILRD, ZOEBIE
[80] IZBWTHID TEASNIER, ZOHFEICLIUE, (6.2) DEET%
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—RAD D —DOBERBEOLE UL L TH, FREDELNET
HIVTFERRIC U THIT B2 R E 2D ([83)),

ENTEEGE N EEA T X A 2 EMRIB O &V 9 AT, Lo EREIT
Essouabri [28] [29] D& RIC/R B RIT/RVY, LA>L Mellin-Barnes 847
0)ji/£ (TEICRITEER & 5 2 5 120 TR, DR T WRORD KRR %

BHZENRTELDT, Eibb‘fﬁ%ﬁﬁ%%‘?‘( IS EnANA L fEF]
73?3 EWH D,

f5il 21X, Mellin-Barnes B OB R RROE DK EZ T 7 T 5& ET, K
AEMZEUEDNEROE CHIMICEHNLS DT, FEEOMERED
FRATRO M 2 R DIZHMER RV, E oA HERE S 1L ST I8 1)
B —ZBEBOEMEDO KR E SITOWThH, AIIFHRKEEFIL, gz,
DFEI ﬁ/\%®/7ﬁ®ﬁﬁ%9i<1§$ XY, RV SLH
Ao 1o B A5 LD = EERLTVD ([53]).

Mellin-Barnes B4 D53 R GWL RN BRI/ LD Z L 13EE
WU, SHIZEDFRE LTELEN o ~BROEERALESIZED
o ([77], [81] o M), [77] IZBWTIEEZREIIMNET 25 HFEOE—
S BB ORBHEOENIRAR T L, BHBEROMER [32] [33] &HEW
135 Z L CEHLTWD, ZOMOREREIL, E_RIEE Q((Vd) &
EL L&, (nWdy o, O OREEBRBS 5,

b O OEDOERER~DGAAFIL Hurwitz £ — & B OB~ X
SEEEICEET 56O TH D, EOFEE L & qIlTHL,

s,0) =Y _((s,a/q)",  Vi(s,q) =D [¢(s,a/q)["

EBNT, INLDRD ¢ \[CBT 5 EEEB 4 E 25, BRI T D)
THE R B R TRDD LN TE S, LAL Vi(s,q) LT
X, BEEEICTERLEFEICILY, g IOWTOWITERE CIRETE
DT ERMBITUWE ([60]), 1L EKE%EE [26] 1, Uh(s,q) & Vils, q)
AR LZEL M TEHARTLZLICLY EED hIZXL, £
D g ICET SRR ROND Z k’i’ﬂ‘bﬁo Bl 21X Uy (s, q) I
DWTIE,

THE 6 ([26) N ZHRY, h>2 TN,

h!
hs
Un(s,q) = C(hs)q™ + g g hl!---hr!{XT(hlS"”’hrs)q
r=2 hi+-+hp=
h;>1 (1<J<r)
N-1 (—1)"
+ ' C(his = n)Y, ,(has, ..., hrs)ths_" + O(q%l_N%)}
n!
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MWLYo, ZZIZ X, Y, IEARHICEZ bND, ¢ ICEBRWVWET
»H5b,

EHMEDORIEIZ—ITIERRARZ IR DT ERRICHE L RDHDT,
ZDOEIEBORBRAREIIX L TCETERBERENEONDDIXR
LV,

BIHE A~ & LT, Laplacian OFHENH 5, @R ITTERE

St ={(z1,...,29) eERI |2+ a2 =1}
Lo O #%BEE D Laplacian ®IEHLITFIRIL, Dirichlet #&3K

w0 () s

m=1

(DfEHTEERE) DOEBIRD 0 TOME TR TE, £ DOBHRARIT Vardi
[118] 72 EMANDAXIZE > TROHILTV D, Weng K & EFH [89)
X, K0 —%iz

(6.4) (s:P,Q) = ZP ) (P,Q 13 ER)

DEOE — & B (EREICIZEIURET 5 285 — # Bi%X) % Mellin-
Barnes F& O FFIETHRW, C(0; P, Q) & ('(0; P, Q) DHIRIZ2E R %R
DLRBLORNWHEZRR L, Lcdi-> THR Rl a e LT
EFE Vardi b OfEROBFEANFE LN D, £ DOFEIT—RIZAD
BRORICBN TS, $7oEmBERRICH L CHEARRETH D,

AIEIDOERE T Euler-Zagier FIOHFAEITR 72 X 912, Mellin-Barnes
BOBIIZEY—7BELY —BRE#E] Lt— ?E'@J#C%_’?EZ** ol
BIZEDHES TERT D, LN TEEY —Z BEEOERED IR 72
BELFRVICT 5, HlITEEIT (78] [80] ITBWT, (3.5), (3.7) &
ETNEN—BL L2 E L — & Bk

(65) CMT,T(Sla ey Spy Sr—i—l)

D
= E E myt - "(my 4+ my) T
mi1=1

my=1
(66) CAVT‘<817 <oy Spy 3r+1)

= ) - Z my e (my 4 my) T

1<mi<--<myr<oco

ZEA LA, (6.5) (Mordell-Tornheim #Y) i3

(6~7) CMT,T - CMT,r—l e CMT,Q - C
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705 RINIOHEE 2 D, Z DREZICIND = ¥ |2 X - CHRATEEEASEE
BAC& %, £72 (6.6) (Apostol-Vu ) (2D T, flBIRY 72 BI%k

(68) QOjr(Sl,.. y 853 Sj4+15 - - - ST;ST+1>

=2 > m” T(my A my) T

1<my <---<my- <00

FEATHZELIZE-T

(69) CAV,T‘ = Qry 7 Pr—1p 0 > P1y = CEZ,T‘

RDIFNFN R T LN TE, ZNEHANWD Z LIZX Y Euler-Zagier 1
Kﬁ%ﬁ%éo%#-mmmgﬁﬁﬁﬁﬁ—&%ﬁ(mgéﬁaﬁm
FIOFEILZEDOBEIZ [19], —KDFEITIL [81] @ 1T TRINT
W5, ZOX57R Melhn Barnes DfE5 RRICED  IRFMHREEILZ%
B —SBEBOEOFITIRITEESTEY, TOF/MFIZWD Z &
W2V, 2L DOZEL—XEEOME D, HKEAIZ Riemann £—#
ﬁ'@ Hurwitz € — % B OMEITIRE S 5 TIRMINIZFER T 2
ZEDRHIFEEN D, TDZ EiE Mellin-Barnes oD HEICL D, 2 E
B— 2 BB O —ERIEE CE DFBEL TR L TWH00ns L
ARA AN

%Ef“5@@@@bfigﬁﬂﬁm@—fﬁyﬁﬁﬁﬁhﬁ%ﬁo
R AT T2 EMTH S, #l21X Euler-Zagier 1 (4.1) IZ Dirichlet
fEAE 2 fHT 7 2 EFX, Goncharov [36], KL« A1 [2], A [51] [52],
Tl - &F 6] REZLDALITLESTEZLNTWVD, THEAKER
[120] ([83] ZH&) 1% (6.5), (6.6) T Dirichlet 81 % 1) 7= Z EFn DOFEHT
Bt aim U T 5,

BINK EEF [84] 1L XV — I

(610) Z Z CL1 my az(mQ) e ar(mr)

m1+m2)52...(m1+...+mr)5r

mip=1

@%®§§Dmﬂa&ﬁ%ﬁoto

Rs > (> 0) THERHNR L, S PEICABARICHERESNT s = ap T
OHEHBRTIEER, 25 |Ss| (BT 2 BRENE 4 SHEAOKE S 72
51T, (6.10) b O RHICHEBIC IR S 1L, HRIEOBUN SR

HERTE D, FEITH op(s) MBS 51X (6.10) HEMETH D,

AEFIZRIZ Y Mellin-Barnes B3 IC LD, (—EBOHEITII, {IJ:
&pmﬁ%tﬁ%®%ﬁ%ﬁ&1wéo)&Hﬁi&k%ﬁ@&
BK—%®§§DMMaﬁ§kH%¢5§EﬁUnﬁ%%szé
ZERY) v I NLEP—F BB EERBEREROZ LIIFENHICE
WTHIES L7, BHIZE > T [86] 23, ZEARY v ZICE TEED
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FHFHZ LT =R OBE CTh o 7=, Mellin-Barnes f&57 D 1% O G
A ZERY v ZI0E TIRT T < Z &1, KEI T~ 25 BEEEEFRAD
MGG OREEEROTH D,

PLED X 912 & F S F 2 BEan 7245385 FF > L E Dirichlet #k3 %
2.5 Z L1%, Essouabri OREETHIZ2 k7 £ & T Mellin- Barnes
&7 o)jﬂfﬁ)ﬁ'@‘éﬁ% REFICTHD, Essouabri BHH b &L
XX [31] T, BGaWIBEE % 0 1 IC# ¥ 72 £ E Dirichlet M % Melhn—
Barnes ﬁ/\%‘:mb\f_i/ff?&b\ Manin O FE~NSHL TV,

BRI R EOZEMOMEL, XI5 d 5% E Dirichlet #&EDFEHTHY
HBEEBRT D L CHAD LNTED, ZOL S RHEFEITS
EREMOHEIZ, BIIK [52] IZX> THImINLN, [84] OFERZ A
WIS B I —EORRI S ER AT 2 513 CTh s, EETETO
fEFRZ 2001 £ 6 AD Lille (77 v R) TOMRESTHE LN, £
TR SITITE & £ o TR,

75, S ap(m)m™* 23 [84] TEFFI N TV D REZT- S 2V
BT, (6.10) DIRBENBERZR->TL 2, {LEREEE 27 1%, 2D &
9 R BRI 7256 & L THFIZ von Mangoldt D BEE A(m) A#-> 7z
_ERK

(6.11) 2:2:7m+m2

mi=1mo=1

% Mellin-Barnes 0O HETEE LT, R EZB D729, Riemann
DOE—ZE8E ((s) D Riemann FHEZEE L TEZ 5, %ﬂ 1% ((s) @
FEHARBEROFETLNTRT1/2 THHEAH, LI FRTH-oT,
HICERDOERE v TRIZLIZTH L, ED v EBITHFEEE E—
KMSETHA D, LW FRLH D,

EIE 8 ([27]) (1) MEr (6.11) 1%, (MERPUFEILIL Rs > 2 7228) ((s) D
Riemann PREZIRKET UL Rs > 1 £ THEAHEITER T 5,

(ii) Riemann FARIZHIZ T, BEROEEICET 2 LR OTFEGIE T
Do TDELEDy(s) X Rs =1 ZHRER L LTED,

Z DRRER o(s) 1TEEGR O AR EERM TH 2D Goldbach FAIZES
235, Lo BREROEEIL, Goldbach FAHOEEE X D—o>DH
NRDDE LIV,

7. ZEY— ¥ BB

ZEY — RO RMEE 2R L TV D LHETORICR D8
fo— Oir&iﬁ & BAEUIAT O 2 DBEFERZ /T D0, &0 Z
ETHAY, HlziX (3.10) TEE LI ZEE—Z BT, Hurwitz B—
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ZEBDO_EHI, LEZX DD, & T AD Hurwitz € — & BEEUL,

I'l-s
(71) C(S,Oé) - Z-(Qﬂ_)l_
DEDBEBERE T, 72720 ¢(s,a) = o exp(2mina)n~* 1% Lerch
DE—Z A TH D (Titchmarsh [108] D _EHMH), EH [82] I,
ZoRZE ZE L2 OBEERD (3.10) 1Tk LT Y S22 s
IMEoTZ, FHEOD (3.10) Tw, =1, w, =w & L, EHEHRA
FHE—2fFHF M T,

(7.2) Cur2(s1, s2;, B,w)

2 {e”s/ngS(l —s,a) — e””'s/%(l — s, —a)}

o [o.¢]
= Z (v +mq)™ Z ™m0 (o 4 my + wmy) T2
m1=0 mo=1

725 _HE Hurwitz-Lerch B —#B#%#Ex %, £L T

(7.3) 9(s1, 823, B,w) = Cura(s1, 825, B, w)
[(1—s1)

~ T(s)
LB, ToEE, [82] @ Proposition 1 & Proposition 2 & & ¥
5E, REED,
EHE 9 ([82]) BAfRK
(7.4)g(s1, s2; ¢, B, w) =T'(1 — 31)w1_51_82
X {F (1 —=s9,1—s1;0,a,w)+ F_(1 = 59,1 —5;03,—a,w)}
NS ARV AS T b

[(s1+ 89— 1)d(s1 + 59 — 1, B)w' 517

(7.5) Fyi(s1,s9; 0, f,w) = Z Osy+s9—1 (K5 0, B)W (2, 81 + o5 £2mikw)
k=1

(76) Uc(k?; a, ﬁ) _ Z 627rid04627ri(k/d)ﬁdc’
dlk

Rz U IFERAER TR TH D,

Z D U(sy, 51+ 895 £2mikw) V& (£2mikw) 2 ZHIE L T HHLEEMR %
FODT, (7.5) x—FEO—{LS 7z Dirichlet #&3 & # 2 I, (7.4)
% (7.1) ODZELE LTD Cypalst, s2;a, B, w) OBEFERLE BRI Z
k 75§T% 50 ZD (74) 75)601 (81, 82) k (]_ — S9, 1-— 81) k @Fﬁﬁ@ﬂﬂ
HDHRBT o & [ICETIRMMEZ LR TS ZLNTE S, i
X [82] DEFEIZZD (74) 2D LEZELLEEONIAKXTH S,
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EFHD [82] THWIZFEEX [76] L FEED contour D IZES b D
ol BARNOEDE Z A, ZOFIEZ=ZEU ELOBAITITER
TERV, £ T—ROLEEY —ZBEHROBEEXZHETIL, o7
T —FEEIDLLEND B,

BUFHORBTER LILX 512, ZEY— 7 BERORREOHIZITZ
SOBEBRRBEY LT ERMBNTWD, 29 LRERAIT, FFERE
WXt L CEITE Y SEo TWADIEA D by, v e bR A EHaIZ B 5>
LTHAY OB E L TORBRBRREFEREND L ZATRTNDLD
725 973 Bl 2L Euler @ (3.2) 13BI% & L TRV SLOBURNTH 528,
Iz Z D & 5 RBEMRRIITFEE L2V DA 9 b, EHIT 2000 4ELEH
N6, ZORMIZHOWT, BFFEES7 & T UL LITRERE L T& 7,

ZOEFEDMWPTFITH LT, OB RRE % 5 2 Te D3
METHD, BFEKIZLETH S, Mordell-Tornheim B Z&EfE#K (3.5)
(ZEH L THRZED TV, T ORBOREBRMEIC OV T, HE=8iT
=& L7z Mordell & Tornheim OFFFELARE S < DD W 7 72438
TN TE 72 ([48] [105]) 23, EEAFFEKIL parameter u ZFA L TIR
R LIEBREEE XD Z LITL D, Mordell-Tornheim @ (3.5) %
DOIRARBAEELL ([110] [111] [112]), =X —f&D (6.5) ([114]) DF&
BOoLTOEIZH L T2 DAREZRL TV,

EHOMBERE L2 CEMN KX, REEPENTHZZR DDA
DEBBERRNE LTHRILL TV ENEI DEBER L, FEY—F
BB ORHREEZHR ) B OMBRENLIV EZ AL LTWERKERESE
AREHETOETHH E VD Z EICREMITEFEL TWDH DI L
T, RO u-method TN L VAT CTH V|, BEEIBRRXDOELE
WCRSIERT 52 N TE T, ZORRE U TEMNKIX [115] [116]
[117] 123 T, Mordell-Tornheim @ (3.5) RFELL L 72 fth > “E#REEKIC
B9 2 fE~ ORISR Z IR Lz, Zo—BiRER(bidd « B
7203, B 20X

(77) CMT,Q(L S, 3) — CMT,Q(L 3; S) + CMT,2(3, S, 1)
— (s 4+ 4) — 2(2)C(s +2)

EWV o R EET, ZTORXTs=3 B L
(7.8) Cura(3,3;1) = 4¢(7) — 2¢(2)¢(5)

225, Zhud Tornheim [109]) Z/{FTWERTH D, TR0OH (7.7)
i, BEGR COEOMOIER A RBERREZ S LREKRBREX RO TH S,
T PATER [96] 1XR 25 FIET, [116] OFERO X 0 ffARER 5
W5,

BT & EE [87] 1, ((s) DBEEEND Hardy [39] 1& X 5 —FEHIZ
by MEBT, KV —BROZEE— & BEROBBEIRA L KD 58772
FHEEER Uiz, Bl21E Buler ® (3.4) 28317254 & L CETLREK
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BN ZoFETHELND, FHEMOFETERY v iaxtd
BB BB LN TN D ([88)]).

29 LIEBEBE/RRDZ I, 2EBUL L2 L THID TR A biLD
bOTHDLHZ L%z, WHOTEALTEI 9, £7HKIE de Crisenoy [24]
X, HEO—EHLEY—YBEEDOADOEHK S TOMEERIDITH,
BEERBEZEZ D EBEHTHLZEEROHL TS, ZD de
Crisenoy DEZEIL Essouabri D HFEEZ LRICLTWDNR, ZOHFMET
HEEBUENBEEREREFLHED TNHEDITTH D,

STERD &S ICESE S ERBEHBEHRRN RO -THE, 251
TZBAMRAD T E— AR TRV SLo TWANERETHZ &
NEE|Z/R-TL b, ZDODO—2>0OF#A L LT, Witten DEE
Y- 2B aEE 2 L5, FEH Lie 8 g ICx L, ZOFRKTHENER
B p &fkicbz s

(7.9) Cw(sig) =Y (dimp)~
p
% g @ Witten B—# B9, ZHUIE 7 — VHEROMEICEE
L T Witten [119] IZ &> TEZDRERENBLR SN2 LD TH Y | Zagier
[124] 2% (7.9) OFICERIL LT Witten €— ¥ Bk & 4 fHT, S BICE
DEERIZRT DEN 7 OFBEEfE LD LB L, XL
ni¥ g DIEOL— FDEHTH 5,
BRBLDOKTEIE Weyl DIRFTEARIC L > THETE LD T, (i(s; g
DEVARHNRRREB/BDLZLENTE D, ThbbL, g DKL r, £
KUz & N, N &L,

(7.10)  Cw(s;9) = (C(g))°

X i ---iﬁ<a3/,m1)\1+---+mr)\r>_5

mi=1 myr=1j5=1

EET D, LELEIED V= of £F2D72Y, <, > (T Killing
BERICKBNE, £/

~—

(7.11) Clg)=][<e) M+ +X\>
j=1
ThD, ZOBFAR (7.10) OELOLEFHROWE 2T, =
ITHRIEY, TNEZEHELL T
(7.12) G810y 8n:8)

= i ---iﬁ<ay,m1)\1+---+mr)\r>_sf

mi1=1 my=1j5=1
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ZHEZ DT DM TRITETT D, Lie R g IMHET DL 5 2%
TP — Z B, W) g = s0(5) DFAITEF N [80] THEAL, KW
TERMK &L EHDILE 85 ITBWT—HD A, B Lie 88 sl(r + 1) 1Zxt
LU CREZ I, BHEAIZ [63] IZBWT—&D g IZkt+ 5 EEX (7.12)
NEZONIZbDTHD, A BOHE, /NS r OEICK L TEER
WZEET S L,

(T.13)  Gi(s581(2)) = ¢(s),
(7.14)  Ca(s1, 82, 53;81(3)) = Cura(s1, 523 83),
(715) <3(81,82,83784,85786;5[(4»

(o] o0 o0
= >0 T DT mrtmg g (ma + ma) 7 (my + mg)

mi1=1mo=1ms3=1

X (m1 + mo + mg)i%

mELRD, OFEV A, B Lie BRICHT 2 (7.12) 1% Mordell-Tornheim
D_EE—FERO—EO—BtE 52 2L EE—FZBRORIIT /-
TWD, Z0D(7.12) 1% (6.2) DFRIRGERDT, C ~DF BIUR T2
A TE, EATEITER Lc & O RIFMIIBENR AD Z & bbnd,

ZOREDLE Y —F BERORREDBRRIT, g = s0(5) DHEITEA
K [113] IC Lo THRDbIZ, 72 [85] ITBWTITEM KD u-method
IZE o T g=sl(4) DHEOBEEBEXARDOENTND, Zhb—i#
AT EHEZR DT Z IR R0, fil 20 E

(7.16) (3(81, 892, 1,83,0,2;80(4)) — (3(s1, 82,2, 83,0, 1;5[(4))
— (3(1,0, 89, 51,2, s3;60(4)) — (3(51,0,2, 1, 89, s3;5[(4))
= 3Cumr2(51, 82583 + 3) + Cura(s1 + 1, 82 + 25 83)
— 20(2)Cura(s1, 52,83 + 1)
LWV TEBRADBREIND, £
(7.17) G(1,1,1,2,1,2:50(4))

_12_795g(2)4 +C(3)¢(5) — %CEZ,Q(Z 6)

DL RBHREOERBELND,

B U7z X 91T Cprp 1 s1(3) OB — X Bk L MR T & 208, /NERIE
Weyl HEOSETHHATE A Z L EER LT, ZOFED Weyl BEIZ X 5
FEIRIX, G (s;9) DIBBUR TOMEIZEET 2 Zagier [124] OFEiRO FITH
BEIZBN TV D, /IREOEFEBRITL Y —&D (A, BIE IR S 720 Lie
BRIZXT 5 (7.12) IR L THEATE, ZHIZOWT/MREK, EATK
CEFIIBELRE ([63] [64] [65]) ZEDTVWDHLZATHD, L
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DURNLHED L Z A, Weyl BEOXFMEIZEES AN AERE/R DI,
BEICE O TV A BEEEIRROF THLZO—HICBE vy, HHED
ZERIa7ETEXDL L XYL OBKBEGRRIHAFRRICZR D X
ITHDIN, bONDORFRIIRE 2B, 2EY — ¥ %o Bk BIR
DOARGHI R R %2 R@E T F TR > TNk 5 Th b,

AR AR TIIEROBERICOVWTHAIBREFEL SB72D, L
THROEREMBEL L) L LD TIERWVWI LEZBH LI TR
720, ER, ZLOEBRBERIZONVTEfNAZ LR TE 2o
7. Barnes READOZEEL—FBEKIZOWTORIIIMESK, B)IEE
K, FIUZERK, &K O OMFIEICIEE R TE R o7 L, Dedekind
& OERIZOWVWTH =R XS o7, Euler-Zagier FIiZ-OW
T® Borwein, Bradley & OHFFRIZ b filtit TRV, E7T AR Tida<
Wb oleZA T DEEE—FBEE S, Hoffstein B ALZLZE
Dirichlet &3, BIINKDOMERTT v Y VEOHKZ L Y, BEERLON
Br b, THLHIZOWTITERZRDOFIZ L > THRIRTLENEIN
HOMNEELWNTHA I,

i EELR TS E2REFEL LI oL EER, INRE, EERTESC
DEERBIORL 72 ) —DOFICHEEL2EL TBE 2V,
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