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Abstract. We give corrected statements of some theorems from [5] and [6] on joint value
distribution of Lerch zeta-functions (limit theorems, universality, functional independence). We
also present a new direct proof of a joint limit theorem in the space of analytic functions and
an extension of a joint universality theorem.
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1. INTRODUCTION

Let, as usual, s = o + it, denote a complex variable, and let N, Ny, Z, R and
C be the set of all positive integers, non-negative integers, integers, real and com-
plex numbers, respectively. The Lerch zeta-function L(\, «, s) with fixed parame-
ters o, A € R, 0 < a < 1, for o > 1, is defined by

Qm)\m

LA a,s) Z()m+a

If A € Z, then the Lerch zeta-function becomes the Hurwitz zeta-function

im—&— o>1,

m=0

and ((s, «), for @ = 1, reduces to the Riemann zeta-function.

The paper is conditioned by [5] and [6], where the joint value distribution of
Lerch zeta-functions was considered and some inaccuracies in the statements of
some theorems in these papers were remained. The aim of this paper is to correct
and comment the results of [5] and [6], and to give for some of them new proofs
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as well as certain their extensions. For this, first we recall the results of [5]. De-
note by B(S) the class of Borel sets of the space S, and let, for T' > 0,

ZAGRE %meas{t €0,1]:...},

where meas{ A} is the Lebesgue measure of a measurable set A C R, in place of
dots a condition satisfied by ¢ is to be written, and the sign ¢ in vt means that
the measure is taken over ¢t € [0, 7.

Let r € N\ {1}, and let L(Ay, 1,01 +it), ..., L(Ar, o, 0 + it) be a collection
of Lerch zeta-functions. Throughout the paper, as in [5], we suppose that \; & Z,
j=1,..r.

Theorem 1 of [5] remains without any changes. It asserts that, for min o; >

IIRT
%, on (C",B(C")), there exists a probability measure P such that the probability
measure

vk ((L(\i, 1,01 +it), ..., L(\p, ap, 0 +it)) € A), A€ B(C"),

converges weakly to P as T' — oo. Now we will present the corrected statement
of Theorem 2 from [5]. This theorem deals with joint distribution of Lerch zeta-
functions in the space of analytic functions, and differently from Theorem 1, gives
the explicit form of the limit measure. For its statement, we need some additional
notation. For D = {s € C : o > 3}, denote by H(D) the space of analytic on
D functions equipped with the topology of uniform convergence on compacta, and
let H"(D) = H(D) x ... x H(D). Let vy ={s € C: |s| = 1}, and define

T

oo

Q= H’Yma

m=0

where v, = v for all m € Ny. By the Tikhonov theorem the infinite-dimensional

torus (2 is a compact topological Abelian group, therefore, the probability Haar
measure my on (€, B(2)) can be defined. This gives a probability space (2, B(2), mp).
Denote by w(m) the projection of w € Q to the coordinate space 7,,. Moreover,

define 2" = Oy x ... x §2,., where Q; = Q for j =1,...,7. Then Q" is also a compact
topological group. Denote by mp, the probability Haar measure on (Q", B(Q")),

and on the probability space (27, B(Q"), mp,) define an H"(D)-valued random

element L(s,w) by

L(*&Q) = (L()\hala Sawl)a ceey L<)\T7 Qp, S7wT)) )

where
e eQ’T“‘jmw‘(m)
CHIREEDD mra)
J

m=0
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wj € Q,j=1,.,r,and w = (w1,...,w,). Denote by Py, the distribution of the
random element L(s,w), that is

PrL(A)=mpg, (we Q" : L(s,w) € A), AeB(H"(D)),

and define the probability measure Pr by
Pr(A) =vr ((L(A1,01,8 +47), ..., L( A,y s +i7)) € A), A€ B(H"(D)).

We recall that the numbers aq, ..., a, are algebraically independent over the
field of rational numbers Q if the coefficients of every polynomial p with rational
coefficients satistfying p(aq, ..., a,) = 0 are equal to zero.

THEOREM 1. Suppose that aq, ..., . are algebraically independent over Q and
that \j € Z, j = 1,...,7. Then the probability measure Py converges weakly to Pr,
as T — o0.

Theorem 1 is the corrected statement of Theorem 2 from [5]. In Theorem 2 of
[5] it is required that the numbers ay, ..., @, should be transcendental, however,
this is not sufficient for the proof of Lemma 9 of [5]. Since, for o > 1, the shift-
ing parameters of the functions L(A1, a1, ), ..., L(Ar, a;, s) are different, for the
proof of Lemma 9 of [5] we need a limit theorem on the torus 2" (see Lemma 4
below). Moreover, in this theorem, the limit measure must be the Haar measure.
Therefore, we have to use a condition that the set

U U flog(m +a;)}

j=1 m=0

should be linearly independent over Q. The latter requirement is satisfied if the
numbers aq, ..., o, are algebraically independent over Q. This is also used in ap-
plication of elements of ergodic theory for the identification of the limit measure.
So, except for the above change in the proof of Lemma 9 of [5], the proof of The-
orem 2 from [5] remains the same, and only in its statement the condition of the
transcendence of aq, ..., . is changed by the algebraic independence over Q. Be-
low we will give a new direct proof of Theorem 1 which does not use the modified
Cramér-Wald criterion (a statement of the type of Lemma 9 in [5]).

We note that Theorem 3 of [5] is true. In the case of rational A, the Dirichlet
series for L(\, a, s) is reduced to ordinary Dirichlet series (with exponents logm),
therefore, even in the multidimensional case, we can use a limit theorem on the

torus .
Q= H Yp>
P

where vy, = v for all primes p, and the linear independence over Q of logarithms
of prime numbers. The further proof runs in a standard way.

The same changes must be done also in Theorems 1 and 2 from [6], on the
joint universality and functional independence of Lerch zeta-functions, since their
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proof is based on Theorem 2 of [5]. Thus, in Theorems 1 and 2 of [6] the condi-
tion that oy, ..., a, are transcendental must be changed by a more strong require-
ment that the numbers ag, ..., a, are algebraically independent over Q.

We also note that the same changes must be done in Theorems 5.3.1, 5.3.2,
6.3.1 and 7.2.1 of [4].

For example, the transcendental numbers o; = e~! and ay = e~ 2 are not
algebraically independent over Q, therefore they do not satisfy the hypotheses of
Theorem 1. On the other hand, it is known that the numbers e™ and 7 are al-
gebraically independent over Q. So, we can take, for example, a; = €™/12 and
ag = /4 in Theorem 1.

Now we state one generalization of Theorems 1 and 2 (after the above cor-
rection) from [6]. Let Ay, ..., A, be arbitrary rational numbers with denominators

2

q1, -, ¢r, respectively. Denote by k = [q¢1, ..., ¢-] the least common multiple, and
define
6271'1')\1 6271'1')\2 627ri)\1«
QAT pAmidg L pAming
A =
e?ﬂ'ki)q eQﬂ'ki)xz . eQTrki/\T

THEOREM 2. Suppose that aq, ..., . are algebraically independent over Q and
that rank(A) = r. Let K; be a compact subset of the strip Dy = {s € C: 3 <o <1}
with connected complement, and let f;(s) be a continuous on K; function which is
analytic in the interior of K;, j =1,...,r. Then, for everye >0

liTminfu% ( sup sup |L(Aj, o, s +1i7) — fi(s)] < 5) > 0.
—00

1<j<Sr s€eK;

THEOREM 3. Suppose that aq, ..., . are algebraically independent over Q and
that rank(A) = r. Let F; be a continuous on CN" function, j = 0,...,1, and

1
Z sTE;(L(A\1,a1,8), o, LAy iy 8), L' (A1, 1, 8), s
=0

L'y @y 8)y o, LN "D\, 1, 8), o, LYV (N, 0y 8)) = 0
identically for s € C. Then F; =0, 7 =0,...,1.

Theorem 3 is deduced from Theorem 2 in the same way as in [6] where Theo-
rem 2 of [6] is obtained from Theorem 1 of [6].

2. PROOF OF THEOREM 1

2.1. Joint limit theorems for Dirichlet polynomials. First we will prove
a joint limit theorem on the torus Q" for the probability measure

Qr,(A) =v7 (m+ 1) :meNy),...,(m+ )" :meNg)) € 4), A e B(Q").



Joint value-distribution theorems on Lerch zeta-functions. II 5
LEMMA 4. The probability measure Qr . converges weakly to the Haar mea-
sure mp, on (Q7,B(27)) as T — oo.

Proof. The dual group of Q" is

T

B Zm;.

j=1 m=0

ceey v

where Z,,,; = Z for allm € Ny and j = 1,...,r. The element (k;,....k,.) =

o0
(ko1; k11, ..., kor, kir,...) € @ @ Z,,j, where only a finite number of integers
j=1 m=0

kmj, m € Ng, j =1,...,r, are distinct from zero, acts on §2" by

(Zyy s ,) — (9:1 . H H :rm] ) = (x15,%25,...), Tmj €7, m €Ny, j=1,...

j=1m=0

Therefore, the Fourier transform gr,.(kq, ..., k,) of the measure Qr,, is

gT,r(Elw"aEr):/H H deQTr:
gr J=1m=0

/Tr
0

j=1m

e kmj log,(nL-l-a])dT —

::18

H\H

0

T

:f/exp nZkaJlongraJ) dr.
j=1m=1

Since aj, ..., a,. are algebraically independent over Q, we find that

1 lf (Ela "'?Er) ( )7
exp{iTZ Y kmjlog(m+a;)}—1

gT,’I‘(El) "'7Er) =

1 m=0

e if (kys - k) # (0, .., 0).
iT > kg log(m+ay)

1m=0

Consequently, we have

PEED)

B0

Hence by continuity theorems for probability measures on locally compact groups

([2], Theorem 1.4.2), we obtain that the measure Qr, converges weakly to mg,
as T — oo.

1if (ky,onk,) = (0
0'if (y, oo

(=N=]

ThlnoogT,r(Elv'“’Er) - { i’ |
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Now let o1; > %, and, for m,n € Ny,

m+a;\ 7Y ,
vj(m,n) :exp{— <n+a7> }, j=1,...r
j

Define, for N; € No, w; € Q, s € D,

J 2miN Mg,
e i(m, n)
Ly, jn(Njs Z
Jn Jo J’ ~ m+a] )
Ny 2miIN;m ~
. e N My (m, n)w;(m) .
LNjJ;"()‘jaajvvaj) = (mj+01)5 2 , g=1,...,m7,
J

m=0

and consider the weak convergence of the probability measures
Prong,...Nen(A) = v (Lnyan (Ao, s +47), o, Lng rn(Ar, gy s +47)) € A)
and
Proy,Nen(A) =V (Lng (M, a1, 8 +07,01), ooy Ly rin (A, iy s +07,0,)) € A)
where A € B(H"(D)).

THEOREM 5. The probability measures Pr n,.... N,n and ]ADT,NL__WNT,” both
converge weakly to the same probability measure on (H™(D),B(H"(D))) as T —
00.

Proof. Let a function h : Q" — H"(D) be defined by

" | %1: 2™ MMy, (m, n)wl (m) Ny e2miArmy (m n)wt(m)

W1y eeey Wy ) =

1y ey W (m + 041)3 y ey (m+ Oér)s )
m—0 m=0

(W1, ...,wy) € Q7. Then the function h is continuous, and
h(((m+a1)'™ :m € Np), ..., (m+a,)'" : m € Np))

= ((LNl,l,n(A17 aq, S + iT)> sy LNT,T,n()\T7aT7 s+ ZT)) .

Hence Pr .. Nn = Qr,h~!, therefore by Lemma 4 and Theorem 5.1 of [1] we
obtain that the measure Pr n,, . n,n converges weakly to mpyrh~t as T — 0.
Now let hy : Q7 — Q" be given by

hl(wl, ...,wr) = (wldjfl, ...,wrdjr_l).

Then
(Lnyin(A, 01,8 +49T,01), ooy LNy ron (A, 0y 8 +07,0p)) =
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=h(h ((m+01)7 :meNy),...,(m+ )" :m €Ng))) .

Similarly as above we find that PT’ Nyp,...,Ny,n converges weakly to the measure
er(hhl)_1 as T'— oo. However, the invariance of the measure my, yields

mpy(hhy) ™" = (mp,hy BT = myh ™
and the theorem follows.

2.2. Limit theorems for absolutely convergent series. For j = 1,...,r,
let w; € Q, and
e 27ri)\jmv . (

e m,n)
LN a,8) = > ’

= (m+taj)s

and
e eQ?ri)\j m

wj(m)vs (m, n)

L j (A, 0, 8,w;5) = (m + )
J

m=0
Note that these two series both converge absolutely for o > % Define the proba-
bility measures
Pr,(A) =vp (Lpi(M,a1,8+107), ooy Ly » (A, i, s +07)) € A)
and
Pra(A) = vi (Lna(A,an, s +i7,w1), ooy Ly (A 0y 5 + i7,0,)) € A)
where A € B(H"(D)).

THEOREM 6. On (H"(D),B(H"(D))) there exists a probability measure P,
such that the measures Pr,, and Pr, both converge weakly to P, asT — oo.

Proof. We apply Theorem 5 with Ny = ... = N, “IN. Then by Theorem 5

the measures Pr n,,.. N, n difPT,N’n and PT’NLW’NT,” dépr,N,n both converge to
the same measure Py, as T — oo.

First we observe that, for any fixed n, the family {Py , : N € Ny} is tight. Let
1 be a random variable defined on a certain probability space (€2, B(€2),P) and
uniformly distributed on [0, 1]. Define, for j =1,...,r,

X7 Njn = XN jn(s) = L jn(Nj, a8 +1iTn),

which is an H (D) - valued random element defined on (€2, B(2), P). Then by

Theorem 5 ;
d D
Xonm = (XoN1ms o X1 N ) ol X (1)

where X, = (XN,1,ns s XNrn) 18 an H"(D)-valued random element with the

e D e .
distribution Py ,, and — means the convergence in distribution.
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For the investigation of the weak convergence of the measures Pr, and PT,n
we need a metric on H" (D) which induces its topology. Let {K,} be a sequence
o0

of compact subsets of D such that |J K, = D, K,, C K, 41, and if K is a com-
n=1
pact of D, then K C K,, for some n. Then

—n  Pn f7)

pn(f,9) = sup [f(s) — g(s)l,

s€Kn

is a metric on H (D) which induces its topology. Then

pr(f,9) = max p(f;,9;),

1<j<r

where f = (f1,..., fn) € H (D), g = (91, ..,9n) € H"(D), is a desired metric on
H"(D). ;

The series for L, ;(\j, o, 8), j = 1,...,r, converge absolutely for o > % There-
fore, for Mj; >0, j=1,...,r, l € N, and some o; > 1/2

limsupP | sup | X7 njn(s)| > M;; for atleast one j=1,...,7 | <
T—o0 sEK;

thsup]P’ <sup | X7 N, jn(s)] > Mlj) <

]1T~>oo seK;

T

-

1 1

< Z —— sup limsup — / sup |Ln jn(Aj, aj,s +47)]|dT <
* Mij N>0 T—oo ) sek)

T

1 .
< Z —— sup limsup — / |Ln,jn(Aj, 0,00 +it)|dt <4
j=1 lj N>20 T—oo A

T

1 1 2T 1/2
< —— sup lim sup (/ Ly jn(Nj, 05,00+t 2dt>
; Mij N>0 T—oo \2T ) HEwjn(As 0 )

N 2 1/2
v (m,n)
< Z Sup < Z (m + a2 S
=0

Ml] N30

T o0

<CZL Z 1 1/2defCZRlJ
S e My 0 (m+ o) * M

j=1 lj m=



Joint value-distribution theorems on Lerch zeta-functions. II 9
with a certain C; > 0 and

=) 1 1/2
Ry = ( Z (m+aj)2”l) < 0.

m=0

Taking M;; = C;R;;2'r /e, hence we find that

limsupP | sup | X7 njn(s)| > M;; for atleast one j=1,...,7 | < % (2)
T—o0 seK; 2
Now (1) and (2) show that, for all I € N,
P(sup | XN jn(s)| > M;; for atleast one j =1,...,7) < % (3)
seK;

Define

HI ={(f1,-, fr) € H'(D) : sup [fi()] < Myj,j=1,....r 1 € N}
seK

Then the set H! is compact, and by (3)
P(Xy,(s) € H) >1—¢,
or, by the definition of X,
Pnno(HI)>1—¢

for all N € Ny. This proves the tightness of the family {Py.,, : N € Ny}.
By the definition, for j =1,...,7,

lim LN,j,n()\ja Oéj, S) = Ln’j()\j, Oéj7 S),
—00

the convergence being uniform on compact subsets of D. Therefore, for every & >
0,
lim limsup vz (pr(Ly, (s +17), L, (s +i71)) > €) <

—30 T 00

T
1
< lim limsupT—/pT(LNn(erZ'T),Ln(eriT))dTg
- :

—° Tooo

0
” T
< lim lims iz (L jn(s4iT), Ly j(s +47))dT = 0 (4)
\Ngnoo 1;nj01<1>pT8j71 PILN jn(s+12T), Ly (s +7))aT = 0.
-0

Here
LN’n(s) = (LN,IJL(A17 agq, S), eeey LN,T,n()\Ta Qr, S))
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and
L"(S) = (Ln,l()\l,al, S)a ceey Ln,T(AT‘a (075 S))

Now define, for j =1, ...,r,
Xt jin = X1jn(8) = Ln,j(Aj, a5, 8 +Tn),

and put
XT,n = (XT,l,nv "°7XT,r,n)~

Then in view of (4)

lim lim sup P(pT(lT,N,nvlT,n) > E) =0. (5)
— T—oo
Since the family {Py, : N € Ny} is tight, by the Prokhorov theorem it is
relatively compact. Let {Pn, n} C {Pnn} be such that Py, , converges weakly to
some measure P, as N1 — oco. Then we have that

D
XNLTL N:oo Pn (6)

The space H"(D) is separable, and (1), (5) and (6) show that the hypothesis of
Theorem 4.2 from [1] are satisfied. Consequently,

XT’ i) Pna (7)

and this is equivalent to the weak convergence of the measure Pr, to P, as T —
00.

Formula (7) shows that the measure P, is independent of the sequence Nj.
Therefore, we have

D
XN,n N—> P,. (8)
— 00
Now, repeating the above arguments for the random elements
XT,N,n - (LN,l,n()\lv a1, S + iTThw)a eeey LN,r,n()\ra Qp, S + ZT’I],(U))

and
Xrn = Lni(A, 1,8 +iT0,w), oo Ly (A iy s + 1T, w)),

and using (8) we similarly obtain that the measure ]3T,n also converges weakly to
P, as T — oo. The theorem is proved.
2.3. Proof of Theorem 1. We start with approximation in mean of the
vectors (L(A\1, a1, $), ..., L(a1, A1,8)) and (L(A1, a1, 8,w1), ..., L(Ar, @y S,w;)) by
the vectors (Ly 1(A1,01,8), oo; L r (Ary @y 8, ) and (L 1 (A1, @1, 8,w1), ooy Ly (Ary 0ty 8, w07)),
respectively. Let
L(s) = (L(AM1,@1,8), ., L(Ar, iy ),

L(Sag) = (L(Ala aq, 87w1)7 "'7L()‘Ta Qe Sywr))

and
Ln(sag) = (Ln7l()\17a17 S,O.)l), AR Ln,r()\marv 57(“)7‘))'
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LEMMA 7. We have

T
1
lim lim sup T /pr(L(s +i7),L,(s +47))dT =0

n—x0 T .00

0
and, for almost allw € Q"

T
1
lim limsup T / pr(L(s +iT,w), L, (s +it,w))dr = 0.

=00 oo

0

Proof. Since ay, ..., a, are algebraically independent over Q, they are tran-
scendental. Therefore, for each j = 1,...,7, Lemmas 5.2.11 and 5.2.13 of [4] imply

T
1
lim limsupf/p(L()\j,ozj,sJriT),Ln,j(/\j,ozj,eriT))d’r =0

n—oo T—o00

and, for almost all w; € Q,

T
1
lim hmsupT/p(L(/\j,aj,s—|—iT,wj),Ln7j()\j,ozj,s—|—z'7',wj))d7' =0.

n—oo T—00

From this and the definition of p, the lemma follows.
For A € B(H"(D)), define

Pr(A) =vi((L(A\, 1,8 +iT,w1), e, LA, iy s HiT,w,)) € A).

THEOREM 8. On (H"(D),B(H"(D))) there exists a probability measure P

such that the measures Pr and Pr (for almost all w) both converge weakly to P
as T — oo.

Proof. We use the same way as that in the proof of Theorem 6. First we will
show that the family of probability measures {P, : n € Np} is tight.
By Theorem 6
XT,n 2) Xn’ (9)

T—o00

where X,, = (Xn1,..., Xn,r) is an H"(D) - valued random element with the distri-
bution P,.
Since Ly, j(Aj, a;, s) is convergent absolutely for o > 1/2,7 =1,...,r, we have

1 < v(m,n) > 1

T

: N2 94— J

lim T/‘L”J(A]?a]’o-_'_m‘:)‘ dt = Z W < Z W
0

T—o00
m=0 m=0
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uniformly in n. Hence it is not difficult to see that, for some o; > 1/2,

T
1 1 1/2
limsup—/ sup |Ly ; (A}, aj, s+iT)|dr < Cplimsup < / |Ln7j()\j,aj,ol+it)|2dt>
T—o0 sEK; T—00 2T
0 0
< Clle < 00

with a certain constant C; > 0, where

) 1 1/2
5 = (Z <m+aj)2ffl> '

m=0

Therefore, for M;; = C/R;;2'r /e, j = 1,...,r,l €N,

limsup P(sup | X7 jn(s)| > M;; for at least one j =1,...,7) < 51
T—oo seK;

This and (9) imply

P(sup | X5, ;(s)| > M;; for at least one j =1,...,7) < o
seK;
Hence we find that
P(H)>1-¢

for all n € Ny, that is the family {P, : n € Ny} is tight.
Now let, for j =1,...;7,

XT,j = XTJ(S) = L()\j, aj, s+ iTn)7

and let
Xrp=Xr1,00 X10).

Then in view of Lemma 7, for every ¢ > 0,

lim limsup vp(pr(L(s+i7),L,(s+i7)) > €) <

n—oo T—o00

T
1
E—T /pr s+ir), L, (s+1ir))dr =0.
0
Hence
lim.lim sup P(p, (X (), X, (s)) > £) = 0. (10)
n—oo To0 '

The family {P, : n € No} is relatively compact. Let {P,, } C {P,} be such
that P,, converges weakly to some measure P on (H"(D),B(H"(D))) as n1 — oo.
Then

x, = P

1 ni—00
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This, (10), (9) and Theorem 4.2 of [1] show that

Xy =P (1)
that is Pp converges weakly to P as T' — oc.

By (11) the measure P is independent on the sequence n;. Therefore,

x, =P (12)

—n
n—oo

By the same way as above, using (12), we obtain that the measure ]3T for al-
most all w also converges weakly to P as T" — oo.

To identify the limit measure in Theorem 8, we will apply some facts from er-
godic theory.

Let a;; = {(m+ ;)77 :m € No},7 € R,j = 1,...,7. Then {a,; : 7 € R},
for each j = 1,...,7, is a one - parameter group. Define the one - parameter family
{®; : 7 € R} = {¢r1,...., 0rr : T € R} of transformations on Q" by ¢, ;(w;) =
arjwj,wj € Q5,5 =1,...,7. Then we have a one - parameter group of measurable
transformations on Q.

LEMMA 9. The one - parameter group {®, : 7 € R} is ergodic.

Proof. Let x : Q0" — 7 be a character. Then

x@) =TTl w™m), weqr,

j=1m=0

where only a finite number of integers ky,; are distinct from zero. Suppose that x
is a non - principal character. Then

X1y sary) = [T TT (m +a) 7 mi = exp{=iT Y Y kg log(m + ay)},

j=1m=0 j=1m=0

where only a finite number of integers k,,; # 0. Since a1, ..., a, are algebraically
independent, we have that there exists a 7y # 0 such that

X(arg,1s ey Oy ) 7# 1.

The further proof runs in the same way as than in [3], Theorem 5.3.6.
Proof of Theorem 1. Let A € B(H"(D)) be a continuity set of the measure P
in Theorem 8. Then by Theorem 2.1 of [1] and Theorem 8

Tlim vp((L(M, 01,8 +iT,w1), oo, LA,y s +i7,0,)) € A) = P(A) (13)
for almost all w € Q7. Now we fix the set A and define a random variable 6 on
the space (2", B(2"), mpu,) by the formula

{ 1 if L(s,w) € A,

0W=10 it Lisw)¢A
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Denote by E(6) the expectation of §. Then we have that

E(9) = /HdeT =mpr(w € Q" : L(s,w) € A) = Pr(A). (14)
QT

In virtue of Lemma 9 the random process 0(®,(w)) is ergodic. Therefore, by the
Birkhoff-Khinchine theorem

lim l/0(<I>T(g))d7':E(9) (15)

/O(QT(g))dT =vi.((L(A1, 1,8 +iT,w1), ..o, L(Ar, iy s +i7,0,)) € A).

This and (14), (15) show that

Tlim vi((L(A\1, 01,8+ i1,w01), ooy LA, @ty s +i7,w0;)) € A) = Pr(A)
—00

for almost all w € Q. Hence, by (13), P(A) = Pr(A) for any continuity set
A of the measure P, and this implies the equality P(A) = Pr(A) for all A €
B(H"(D)). The theorem is proved.

3. PROOF OF THEOREM 2.

3.1. A limit theorem. The proof of Theorem 2 is based on a corollary of
Theorem 1. Denote by Pp, the restriction of the distribution Pp, of the random
element L(s,w) to H"(Dy).

COROLLARY 10. Suppose that aq, ..., a,. are algebraically independent over Q.

Then the probability measure
V}((L()‘laalvs +i7_)7 "'7L()‘7‘;a7“78 + T)) € A)? A€ B(HT(DO))7

converges weakly to P as T — oo.

Proof. The function h : H(D) — H"(Dy) defined by h(g9) = glsepy,9 €
H7" (D), obviously, is continuous. Therefore, the corollary follows from Theorem 1
and Theorem 5.1 of [1].

3.2. The support of the measure P, . We recall that the support of the
measure Py is a minimal closed set SPAO C H"(Dyg) such that PSPLO = 1. The

set S Py, consists of all g € H"(D) such that for every neighborhood G of g the
inequality Pr (G) > 0 holds.
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THEOREM 10. Suppose that a, ..., . are algebraically independent over Q
and rank(A) = r. Then the support of Py, is the whole of H"(Do).

Let

o~

Lo(s,w) = (L(A\1, 01, 8,w), ..., L(Ap, @y 8,w)), s € Dy,

where

oo e27r7,m)\J w(m)

L(Aj, 05,5,w) = (m+ ;)
J

m=0

)

w e Q5 =1,...,7. Then, clearly, SPLO ) sz . Therefore, it suffices to prove that
= Lo
S P = H"(Dy).
Ly
The support of each w(m) is the unit circle v. Thus, the support of

eQTrzm)\ w(m)

(m + ay)*

is the set

eQTrz'm)\ ia

H(Dy) : = — Ng,7=1,...
{ge ( 0) g(S) (m—l—aj) GE’Y}, m € No, J yeen T

Since {w(m) : m € Ny} is a sequence of independent random variables defined on
the probability space (2, B(R2), mg),

eszmA w(m)

{ (m+aj)*

:m € No}, j=1,..r,

is a sequence of independent H(Dy) - valued random elements defined on the
above space. Therefore, by Lemma 5 of [7] the support Sp. is the closure of the
Lo

set of all convergent series

> e27rim)\1am eZﬂ'imAT am
. , 16
> (Grar et 1o

m=0

where a,, € 7. Thus, we have to show that the latter set is dense in H"(Dy). For
this we will use Lemma 6 of [7].
Let {by : by, € 7,m € Ny} be a sequence such that the series

i e271'im)\1 bm eQﬂ'im)\r bm
(m+a1)s7~.-7 (m+a7‘)s

m=0

converges in H"(Dy). Such a sequence exists, since

i < 27rzm)\1w(m) 627Tim)\7~w(m))
(m+ai)s 777 (m+a,)s

=0
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is an H"(Dy) - valued random element. By the definition of Dy, for every com-

pact subset K of Dy,
D) IR TN
m=0 j— 1561( m+a

Therefore, it remains to verify only the hypothesis a) of Lemma 6 from [7]. Let
1, -, by be complex measures on (C, B(C)) with compact supports contained in

Dg and such that
27rzm)\
. 1
Z/mw dps(s)| < oo (1)

Since (see [6])
(m4+a) ™ =m™"+ O(m_l_”|s|eo(‘3|)),

(17) and the properties of the measures p1, ..., tt, show that

Z / 27rzm)\ )

Jj=1

< 0.

=0

Hence, by the periodicity of e2™i for every | = 1, ..., k,
oo
0

T eZﬂ'il)\j
2 Z / Wdﬂj(s)

— i=1
m=l(modk) *~C

Define

I

n(A)=>_ e*™Nip;(4),  AeB(C),l=1,..k

J=1

Then, clearly, 11, ..., v, are complex measures on (C, B(C)) with compact supports
obtained in Dy, and in view of (18)

io ’ / m=*du(s)

mzrl?r;odk) c

<oo, l=1,..k (19)

Now we put

pi(z) = /e_szdul(s), ze€C, 1=1,..k.
C

Then by (19)

oo

>

m=0
m=l(modk)

pl(logm)‘ < 00, l=1,..k (20)
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Clearly, p;(z) is an entire function of exponential type, I = 1,...,k. Thus, by
Lemma 6.4.10 of [3], either p; =0, or

1
lmsup 2812 @0 Sk (21)
T—00 xT

Suppose that (21) is true. Then Lemma 5 of [6] (which is a version of the
7 positive density method”) shows that

and this contradicts (20). Therefore, we have that, for I = 1,...,k,pi(z) = 0.
Hence, by the definition of the measures v, ..., v,

2627711)\]' /e_szdﬂj(s) =0, l=1,.. k.
=1

C

Since rank(A) = r, this implies

/e_szduj(s) =0, ji=1,..,rm,
C

and we easily deduce that

/Slduj(s) =0
C

forall j = 1,...,7 and [ € Ny. Hence we obtain that all hypotheses of Lemma 6
from [7] are satisfied, and we have that the set of all convergent series

i <627rim/\1bmam 627Tim)‘Tbmam>
(m+a)s 777 (m+ap)®

m=0

with a,,, € 7 is dense in H"(Dy). Clearly, the set of all convergent series (16) also
has the same property. The theorem is proved.

Proof of Theorem 2. The proof uses Theorem 10 and is the same that of The-
orem 1 from [6].
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Jungtinés reikSmiy pasiskirstymo teoremos Lercho dzeta funkcijoms. II

A. Laurincikas, K. Matsumoto.

Pateikti istaisyti kai kuriy teoremy is [5] ir [6] formulavimai apie jungtini Lercho dzeta
funkcijy reikdmiy pasiskirstyma (ribinés teoremos, universalumas, funkcinis nepriklauso-
mumas). Be to, pateiktas naujas tiesioginis jungtinés ribinés teoremos analiziniy funkcijy
erdvéje irodymas bei praplésta jungtiné universalmuo teorema.
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