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1 Introduction

Let s = o0+t be a complex variable, and ((s) the Riemann zeta-function. The mean square
formula of the form

T
/O C(L + it)Pdt = Tlog T — (log 27 — 2y + 1)T + E(T)

for T > 2, where «y is Euler’s constant and E(7T) is the error term, has been known from
1920’s. The estimate
(1.1) E(T) = O(T*")
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with o < 3 was first proved by Balasubramanian [2]. Here, and throughout this paper, ¢

denotes an arbitrarily small positive number, not necessarily the same on each occurrence.
Balasubramanian’s argument, based on the Riemann-Siegel formula, is quite involved. Sev-
eral years later, Jutila [10] found a simple elegant way of deriving (1.1) from the explicit

formula of E(T') proved by Atkinson [1]. At present v = 5= is known (Huxley [6]).

Atkinson’s method is useful not only on the critical line o = %, but also in the critical
strip + < o < 1. As an analogue of (1.1), the second author [18] proved, among other things,

(1.2) E,(T) = O (T"0+) log T)?)
for % <o < %, where

B,(0) = [ 1o+ it — (2007 — (amye S22 e

and the implied constant depends only on o. To show (1.2), the second author proved

an analogue of Atkinson’s explicit formula for % <o < %; a similar analogue was also

discussed by Laurincikas [13] [14]. Motohashi then proved that (1.2) holds for any o satisfying

1 < o < 1. His manuscript [25] is unpublished, but a modified version of his argument

2
is presented in Section 2.7 of Ivi¢ [8]. The fundamental idea of this method is to apply

Atkinson’s dissection device to the weighted integral

(13) o | i = i) ay,
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where u and v are complex and A > 0. The explicit formula of Atkinson’s type itself is not
necessary here. For further improvements and refinements of (1.2), see Ivié-Matsumoto [9],
Kacénas [11] [12] and Laurincikas [16].

It is the purpose of the present paper to prove a generalization of the estimates (1.1) and
(1.2) to the case of Dirichlet L-functions. Let ¢ be a positive integer, x a Dirichlet character
mod ¢, and L(s, x) the corresponding Dirichlet L-function. Define

(1.4) E(T,y) = E L

1
_#la) log = +2y—1+2% L)1
q 2m p\qp_l

T
(T, x) = / |L(L +it, ) |2dt — MTlogT
0 q

where ¢(q) is Euler’s function and p runs over all prime divisors of ¢, and

T
(1.5) E,(T,x) = [ Lo+ it )Pdt = Lo, xo)T
0
_(2r v L(2 — 20, XO)T272U
q 2—-20

for % < 0 < 1, where Yy is the principal character mod g. We shall prove

Theorem 1. Let ¢ = p be a prime, and x a primitive character mod p. Then
(1.6) E(T,x) = O{(pT)3 (log pT)? + p? (log pT)* log T’} .

Theorem 2. Let ¢ = p be a prime, and x a primitive character mod p. Then, for
% <o<l1,
(1.7) E,(T,x) = O{ (pT)"/**4 log pT + p* (log pT)"+* }.

Remark. In the above theorems we should restrict ourselves to the case that ¢ = p is a
prime, because we use Weil’s estimate in Section 9 (see Lemma 10). Our arguments are
given for general modulus ¢ up to Section 8. See also the end of this paper.

To prove these theorems, we introduce the weighted integral
1 00
Ar LOO L(u + iy, x) L(v — iy, X)e” /2 dy

as a generalization of (1.3), where Y is the complex conjugate of y, and apply the argument
similar to that given in Section 2.7 of Ivi¢’s monograph [8]. The analogue of Ivi¢’s Lemma 2.5
is our Lemma 4, stated at the end of Section 4, which reduces our problem to the evaluation
of certain integrals. Then we evaluate them by Atkinson’s saddle point lemma, the first and
the second derivative tests, and Weil’s estimate [28] of Kloosterman sums.

The usefulness of Weil’s estimate in the present problem was already noticed in the second
author’s note [17], in which E(T), x) is estimated by a generalization of Balasubramanian’s
method [2]. However, [17] includes a serious error. The corrected version [19] was published
later, which includes the assertion E(T,y) = O((qT)3*) for any odd integer ¢, when T >
q*°. The details of the lengthy proof are given in [20] (unpublished).
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Motohashi [23] announced that if ¢ = p is a prime, then

(1.8) E(T,x) = O{((pT)3 + p?) (log pT)" |

holds. He described a very brief sketch of his method in [23], which is a variant of Atkinson’s
method, combined with Weil’s estimate. Actually he treated the error term

E(T,x) = 2/ IL(L + it ) |2dt — ()TlogT

1
) (log2 +2y—142% Ogﬁ) T,
q plg

hence (1.8) should be read as the estimate for E(T, ) instead of E(T, ). If y is real, then
E (T, x) = E(T, x), but in general equality does not hold. The details of Motohashi’s method
are written in his unpublished manuscript [24], but it includes several gaps. (It is possible
to fill these gaps.)

At about the same time, Meurman considered the same problem by Atkinson’s method,
but his manuscript [22] is also unpublished.

We mention that Atkinson’s explicit formula has been satisfactorily generalized by Meur-
man [21] to the mean square of the form

> / L+t x)Pdt,
x( mod q)

and its analogue for o > % was studied by Laurincikas [15]. It is highly desirable to establish
the explicit formula of Atkinson’s type for our E(T, ) and E, (T, x).
The authors would like to thank the referee for valuable comments.

2 Atkinson’s dissection

Let g be a positive integer, x a primitive Dirichlet character mod ¢, A a positive parameter,
and define

~/A) g

(2.1) I(u,v; A) A\F L(u iy, x)L(v — iy, X)e y
for any complex v and v. At first we assume Reu > 1 and Rev > 1. Then
I(u,v; A) Z Z x(m n)/ m e WA gy
m 1n=1 —oe

We divide this double sum into three parts according to the conditions m = n, m < n and
m > n to obtain

(2.2) I(u,v; A) = L(u+ v, x0) + L1 (u,v; A) + [,(7,T; A),

where g is the principal character mod ¢ and

Ii(u,v; A) =

n)ym="n v/°° (E)’y W/ gy
—oco \TN

m<n



Applying the well-known formula

o0 9 T\ A?
/m exp(At — B2)dt — (E) ep (1) (ReB>0)

(see (A.38) of Ivi¢ [7]), and then putting m = kg + a and n = m + lg + b, we obtain

q 00
(2.3) L(u,v;A) = > x(a)x(a+b) > (¢k+a)™"

ab=1 k,1=0

g+b\" 1o, o ql+b
—=A~1 1 .
< gk +a ) exp( 4 & Jqu—i—a
Let, for Rev > Res > 0,
I(v+ iy — ) _ 2

2.4 A) W/D)?2 gy,
(2.4 Ms,8) = 5oz [ =t y

Then M (s,v; A) has the following properties, which have been shown in Section 5.2 of Ivié

[3]:

(i) For Res > 0 and any v, we have

(2.5) M(s,v;A) = /OO (1 +2) Y exp <—iA2 log?(1 + m)) dz.
0

(ii) M(s,v; A) is entire in v, and can be continued to a meromorphic function of s, holomor-
phic except for the poles at s =0,—1,—2,....

(iii) For any fixed ¢ > 0, we have
M(s,0;8) = O ((1+]s])7)
as |Im s| — 400, uniformly for bounded v and bounded Re s.

(iv) If Rev > a > 0 and > 0, then

1 1
2. [ M(s,0: A)eds = (1+2) " exp —~ A log?(1 )
(26) 3 [, Ms.vi 8)a~ds = (14 2) 7 exp (— A Log*(1 +))

where the path of integration is the vertical line from o — ioco to o + 0.

From (2.3) and (2.6) we have, for Reu > 1 and Rev > a > 1,

q
(2.7) L(u,v;A) = > x(a)x(a+b)— / M(s,v; A)
a,b=1 27 J(a)

X Y (gk+a)™" """ (gl + b)"*ds

k,l=0

= —“UZX X(a + b)— / M (s,v; A)
271 J(a)

a,b=1

xC(u+v—s,a/q)((s,b/q)ds,
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where ((s,z) =322 j(n+x)~* (Res > 1) is the Hurwitz zeta-function.
Let 8 > «a, and temporarily assume that Reu > 1, Rev > a > 1, Re(u +v) < g+ 1.
Shifting the path of integration in (2.7) to Re s = 3, we obtain

(2.8) I (u, v; A) =q¢ " "Mu-+uv—1uvA)
XZX X(a+0)C(u+v—1,b/q) + P(u,v; A)
a,b=1
where
(2.9) Pu,v;A) = ¢ *7° Z x(a)x(a+b)=— 2 /()M(S,U;A)
i

a,b=1

XC(u+wv—s,a/q)((s,b/q)ds

We note that

(2.10) > xla)x(a+b) = > ulg/d)d,

a=1 d|(a.b)

where p(n) denotes the Mobius function. In fact, denoting by @ the integer satisfying aa = 1
(mod q), we have

(a,q)=1 (a,q)=1
q q
= 7007 X Yo x(ee((1+ab)e/q),
a=1 c=1
(a,9)=1

where 7(x) = >7_; x(k)e(k/q) is the Gauss sum and e(z) = exp(2miz). Here the last
equality follows from the well-known property of the Gauss sum (cf. formula (2) in Chapter
9 of Davenport [3]). Changing the order of summation, we find that the resulting inner sum
is equal to Ramanujan’s sum

q

> elrd/a) = Y wlg/d)d,

S di(ah)
hence (2.10) follows.
From (2.8) and (2.10) we obtain
(2.11) Lu,v;A) = ¢ " Mu+v—1,0;A)(u+v—1)
x [](1 = p"*"7?) + P(u,v; A),

plg

because

q

> 2 wlg/d)d-C(u+v—1,b/q)

b=1d|(q,b)



= zm%gauﬂ— 1,¢/d)

dlq
— qzu du+v2 u+v_1)
dlq
— gClutv—1) (1 —p2).

plg

The formula (2.11) gives the meromorphic continuation of I;(u, v; A) to any (u,v) satisfying
Re(u +v) < f+ 1. From (2.2) and (2.11) we obtain

(2.12) I(u,v; A) = L{u+v,x0) + ¢" 7 “Clu+v—1) ][ -p"?)
plg
x{M(u+v—1LuA)+Mu+v—10v;A)}
+P(u,v; A) + P(v,7; A)

for Re(u +v) <+ 1.

3 The weighted mean square

Let T > 2, Ay a sufficiently large positive number, L = Ay(log qT)%, and assume that A
satisfies

T
3.1 L<A< —.
(3.1) SAS T
To ensure the existence of such a A, we need
(3.2) AL? < T,

which we assume hereafter. As for the opposite case, see Remark 2 at the end of this section.
Define

Jo(t; A) Lo +i(t+y),x) e @2 dy.

A\F

Lemma 1. We have

qt 1—20
(3.3) T.(t:A) = L(20, xo) + (%) L(2 = 20, yo)
+P,(t; A) + P, (t; A) + O(ql_QaT_Q"A)
for% <o<landt =T (ie. T <t <K T), where
P,(t; A) = P(o +it,o —it; A).
Proof: Putting u = 0 + it and v = 0 — it in (2.12), we have

(3.4) Jo(t; A) = L(20, x0) + ¢' ¢ (20 = 1) [[(1 = p*?)

plg
x{M20c —1,0+it;A)+ M(20 — 1,0 —it; A)}
+P,(t; A) + P,(t; A).



By the definition (2.4) we have

M2 — 1,0 +it; A) + M (20 — 1,0 —it; A)
=2ReM(20 — 1 a—l—z’t'A)

_ 21 20—1 R / 1_U+Z(t+y))€*(y/A)2dy.
[(o+i(t+y)

Hence, in view of the functional equation

(2m)*1¢(2 = 20)

20—1) =
(2o =1) = 5 amoIr @ = 1)’
it suffices to show
1—0+z(t+y) NG _ A
35 WP gy — 4120 o( )
( ) A\/_ oo 1—\ U+Z(t+y)) y Sln<ﬂ-a)+ t20’

To show this, we divide the integral as
~AL AL
Y
—00 —AL
The first and the third integrals can be easily seen to be small. By using Stirling’s formula,
we have

AL AL
_ lm‘(kza)/ A-20 14 0 (+! 1 ~(w/A)? g
[, = e [ {10 (7 )+ 1) ey
= eami(1=20)41=20 A {\/7? +O0(e™) + O(t*lA)} :
hence (3.5) follows. Lemma 1 is proved. O

Next we consider the case on the critical line. Put o = % + 9 in (3.4), where ¢ is small.
Then

(3.6) M(20 — 1,0 +it;A) = 2—5—B(t;A)—7+O(6),
where
_ B(t; A) —W/A)? gy
(3.7) (t: A\F ( it + y)) WA gy
Hence, taking the limit 6 — 0 in (3.4), with noting that
1
C(1+29) = 25—1—7—1—0(5)

C(26) = —% _ (log 27)5 + O(8),
and

H<1—p12‘5>=H(1—1>{ +23° gp5+052>}

plg plg p p\q



we obtain

w(Q){ log p
. L(A) = 2 log 4 42y 42
(3.8) Ji(t; A) . og2 + 27+ %p 0
+%B(t, A)+ = B(—t; A)} 4Pt A) + Pt A)
We can show . A
(3.9) B(t; A) = %o +logt + 0 <7)

for t < T. This can be proved similarly to (3.5) by using Stirling’s formula, so we omit the
details. Combining (3.8) and (3.9) we obtain

Lemma 2. Fort =T we have

J%(t;A) = (p(q)(logt+log—+27+22 1)

plg

+Py(1;A) + Pyt A)+O< E]‘D?)

Remark 1. The error terms in (3.5) and (3.9) can be sharpened to O(t7%7 + ¢t~ 1727A?) by
refining the argument.

Remark 2. Here we consider the case
(3.10) AgLl? > T.
Let ¢ = p be a prime as in our theorems. Heath-Brown’s estimate [5]
(3.11) L(% +it,x) = O{(p(|t] + 1))},
and the convexity argument show that
(3.12) L(o +it,x) = Of(p(t| + 1)30=7%}  (J<o<1).

From (3.12) and trivial estimation we obtain E, (T, x) = O(T(pT)31-)+<) for i <o <1,
which supersedes (1.6) and (1.7) when

(313) P > COT(773U)/(71+3U)+?7

where 7 = n(e) > 0 is arbitrarily small and ¢q > 0. If ¢y is small enough, then (3.10) implies
(3.13), hence Theorems 1 and 2 follow in the case of (3.10). Note that the classical convexity
bound (4.6) (below) is insufficient for the above argument.



4 The integral of J,(t;A)

We first prove the following

Lemma 3. For % <o <1, we have

2T+LA 2T ] 9 72 l—ote
(4.1) / T, (8 A)dt > / L(o + it, ¥)|2dt + O(e BT (qT)=7+),
T—LA T
and
2T-LA 2T . ) 2 e
(4.2) / T, (8 A)dt < / L(o + it, y)[2dt + O(e~ P T(¢T)'=7+).
T+LA T

Proof: By the definition of J,(t; A) we have

2TiLAJ Ad
43 / (t A)dt
(43 " )

1 S I o [2TELA n—t 2 itd
- ] — | — tdn.
sz L it [ e (- (151)

Hence

2T+LA
/ T, (t; A)dt

T—LA

1 2T 2T+LA n—t\2
o e o st 7 (- (5
> A\/%/T Lo +in )P |~ eXp< A dtdn

The inner integral is equal to

(4.4) AVT 4+ O(Ae™),

hence
2T+LA 2T

(45) [ = [ e+ in 0Py
T—LA T

, 2T
+0 <eL /T |L(a+i77,x)\2dn>.

The convexity bound
1
(4.6) Lio +it,x) = O ((q(t]| +1))2""7*)

is valid for 0 < o < 1. (see Prachar [26]). Estimating the error term in (4.5) by (4.6), we
obtain (4.1).
Next, from (4.3) we have

2T—LA ]_ T 2T 0
N A — L . 2
/T+LA ol At = R (/_oo +/T * /2T> Lo+ i)

27— LA n—t\2
X / exp (— (—) ) dtdn
T+LA A

= Ji+Jy+ Js,




say. Consider J;. Changing the order of integration and then putting (t — n)/A = w, we
have

7 1  2T—LA foo . R o
p— —_— . t _ —w t
' VT LA /(t—T)/A Lo +( w), x)|"e w
1 [2T—LA

ﬁ T+LA /L [L(o +i(t — Aw), X)|2€_w2dwdt
IT—LA—wA

1 © 2
= — —w L it x)|*dtdw.
VT /L ‘ /TJrLAwA | E(o + it x)Pdtdw

Hence, using (4.6), we obtain
B« [Te T (T + w]A) T du
< €7L2T<QT)170+€,

and the same estimate also holds for J3. Lastly, we see that

1 2TL o [2T+LA n—t 2 dnd
< ’ (L= t
J2_Aﬁ/T |L(0 + in, x)| /T_LA eXp< (A)>n ,

and the inner integral is equal to (4.4). These results complete the proof of (4.2), hence of
Lemma 3.

Next we establish the connection between the integral of J,(t;A) and E,(T,x) (or
E(T,x)). In the case of 1 < ¢ < 1, from Lemma 1 we have

(4.7) / T A

T—LA

B L(2—20,x0) ({ ¢ \'™%7 , 5 2T+LA
= IKQO,Xoxjj%-QLJX)+-——??:?i;——'(5;) t L:T—LA
2T+ LA

+ {Po(t; A) + Po(6A8) b dt + O ((g7)' > A)

T—LA

L(2—20,x0) [ ¢\ o 52T

= L(2 T+ ——— | — e
RoxoT + =55, (271') o

2T+LA
Py(t; A) + Py (; A)} dt + O(LA).

+ T—LA {

Comparing this with the definition (1.5) of E, (7 x), we find that

2T
(48) BT -E(TX) = [ Lo +it,x)|dt
2T+LA 2T+LA
- J,(t; A)dt + {Po(t; A) + P, (6 A} dt + O(LA).
T—LA T—LA

In much the same way we can also derive

2T
(49) BT -E(TX) = [ Lo +it,x)|dt
2T—LA 2T—LA
- J,(t; A)dt + {Po(t; A) + P, (6 A} dt + O(LA).
T+LA T+LA
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Combining (4.8) with (4.1), we obtain

(4.10) E,(2T,x) — E,(T,x) < /T 2_TL+ALA{PJ(1€; A)+ Py (tA)} dt

+O(LA).

Similarly, from (4.9) and (4.2) we obtain

(4.11) E,(2T,x) — E,(T,x) > /;} iFL:A{PU(t; A)+ B (G A) ) dt

+O(LA).

By (4.10) and (4.11) we finish the proof of the case 1 < o <1 of the following lemma. The
proof of the case o = $ can be done quite similarly, by using (1.4) and Lemma 2.

Lemma 4. For % <o <1 we have

|E¢7(2T7 X) - EJ<T7 X)| S

/2T+LA {Pg(t; N m} dt‘

T-LA
e A A O (LA
P, (t; P, (t; dt LAY,
T )+ B a4 0 (127)
where w =1 or 0 according as o = % 07’% <o <l

5 An infinite series expression of P,(t;A)

Now our problem is reduced to the evaluation of the integral of P,(¢; A). In this section we
derive a useful infinite series expression of P,(t; A). From (2.9) we have

P,(t;A) = _ZUZX a+b /()M(s,a—it;A)
B

a,b=1

XC(QU ) a/Q)C(Sv b/Q>d8

for o < (3 +1). Substituting the functional equation (cf. formula (2.17.3) of Titchmarsh
[27])
F'l—20+s)( _1. ots o—1_s
C(Qo'—(g?a/q) = 27T1 %oTs {6 smi(1— 2+)Z ma/q 20—1

1(1—20+s) i ma/q 20—1—5}
m=1

into the above, and noting

[e.9]

C(s,b/q) Y e(ma)m '~

m=1

=q° Z O1_2(n; 0, q, b)n?717¢

n=1

11



with
o120 (nya,q,b) = > e(na/l)I'7%,

ln
1=b( mod q)

we obtain

—20 it
P,(t;A) =q Z x(a a+b)2m /(B)M(87U it; A)

a,b=1

I'(l1—-20+s —1ri(1—20+s SOO o—1—s
W{e zmi(1=2 +)q 201720(71;@/(1;(]75)”2 '

n=1

te2 m(l 20+s) q Zal 20 a/q q, ) 2ols}ds.

n=1

Changing the summation and integration, we have the following absolutely convergent infi-
nite series expression:

q o]

61 R = ¢ Y x@xat+h) Y {oralnia/e.a.b)QE (Eng)

a,b=1 n=1

+01-20(n; —a/q, q, )Qo(t;n,q)}
= > a120(n, X)QE (tn,q) + Y a1-95(n,X)Q, (£; 71, q)
n=1

n=1
for o < (8 + 1), where

1
+(t. — - _
(5.2) Q5 (tin,q) = g /(ﬁ) M(s,o —it; A)T'(1 — 20 + s)

1 _ _1—
><(6:|:27rzq 127T7’L)20 1 Sds

and

(5.3) a1_95(n,x) =q -1 Z ZX X+ a)e (an/ql)ll’%.
a=1 |n

Note that

(5.4) la1-25(n, X)| < 01-25(n) = O(n%)

for any € > 0.

Let 1(£6) be the half-line which starts from the origin and proceeds to the direction e**
(0 < 6 < 3m). It is easily seen that the path of the integral (2.5) may be rotated to I(+6).
After this rotation, we substitute the resulting expression of M(s,o —it; A) into (5.2), and

then change the order of integration by Fubini’s theorem to obtain

1

: 1
55 + ;. _ / 20-2(1 — it (——Azl 21 )
(5.5) Q5 (tin,q) omi Jiso? (1+y) " exp ( —7Alog™ (1 +y)

X / (1 —20+ s){ei%”(qy)_127m}2(’_1_5dsdy.
(8)
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Applying the well-known formula

1
—/( TEX s =¥ (ReX >0)
B

271

to the inner integral of (5.5), we obtain

< 1
y2072(1 + y)faJrzt exp (_ZAQ 10g2(1 + y))

i%ﬂi(

(5.6) Qiting) = |

1(0)

x exp{—e qy) " '2mn}dy.

6 The integral of Q=(¢;n,q)

We use the abbreviations 77 = T'F LA and Ty = 2T + LA respectively. We note that T} < T
and T5 < T. Let + <o < 1. From (5.1) we have

T

TQ o T2
(6.1) / Pt A)dt = S arsn(n,y) /T QF (t;n, q)dt
n=1 1

o0 To
+ Z a1—20 (nu Y) /T Q; <t7 n, q>dt
n=1 1

We have to evaluate the integrals on the right-hand side. Substituting (5.6) into those
integrals, and then using Fubini’s theorem, we obtain

Ty 1
(6.2) / Q5 (t;n, q)dt = / Y2 (1+y) 7 exp (——A2 log®(1 + y))
T1 1(£6) 4
. T
tlmio V1 exp (itlog(1 +y))
X exp{—e 2" (qy)” 2mn , dy.
{ (qy) } Togl+y) |

Now we claim that the path [(+6) in the above can be rotated back to the positive real
axis. To prove this claim, denote the integrand on the right-hand side by W (y). Then

W (y) = i(Ty — Ty)y* > exp{—e*2" (qy) '2mn} (1+ O(y))
for small y. Hence, putting y = e, we find that
0 ) )
/ W (cet®)eetdy
0

o . 2
= (T, — Tl)/0 (€)% exp (CJL:(— sin ¢ F 4 cos w)) (1+0(e))de

4 2

< (Ty — Tl)/ {520—1 exp (—Ln sin gp) + 520} dy
0 qe

< (T, — Th)e™,

which vanishes when ¢ tends to zero. This implies the above claim, hence we conclude that

1 /oo exp (—iAQ log*(1 + y))
0

T
6.3 / E(tin, q)dt = =
(6:3) 7 Qs (i, q) i Y22 (1 + y)7 log(1 + y)

13



< fe (1081 +1)) — e (2 tou(1 +0)) feln/an)dy
l/oo exp (—iAQ log?(1 + i))
0y (1+y)°log (1 + i)

?
T2 1 Tl 1
« {e <% log (1 T §>> —e <% log <1 + 5)) } e(Fny/q)dy.
We may write

(6.4) /TT Q, (t;n,q)dt = 1 lim {/Oygo(y)e(f(y;Tz) Fny/q) dy

1 Y—oo

- /OY 9o (y)e (f(y; T1) F ny/q) dy},

where
exp (—iAQ log2(1 + i))
y7(1+ y) log(1+ 1)

Yo <y> =

and

fly;T) = %log <1+ 5) )

7 Application of Atkinson’s saddle-point lemma

In this section we estimate the integrals on the right-hand side of (6.4) for large n, by
applying the saddle-point lemma of Atkinson [1]. First we quote the lemma of Atkinson
(Lemma 1 of [1]; see also Theorem 2.2 of Ivi¢ [7]). In what follows, A denotes a positive
constant, not necessarily the same on each occurrence.

Lemma 5 (Atkinson). Let f(z), g(z) be two functions of the complex variable z, and
la,b] a real interval, such that

(i) f(z) is real and f"(z) >0 fora <z <b;

(ii) there exists a positive differentiable function u(x) defined on [a,b], such that f(z), g(2)
are analytic in the region D = {z| |z — x| < p(z), a <x <b};

(i1i) there exist positive functions F(x), G(z) defined on [a,b] such that g(z) = O(G(x)),
f'(z) = O(F(z)u Y (x)) and f"(z)™' = O(p*(x)F~'(x)) on D, where the implied con-

stants are absolute.

Let ¢ be any real number, and if f'(x) + ¢ has a zero in [a,b] denote it by xy. Let the values
of f(x), g(x), etc., at a, xo, b be characterized by the suffizes a, 0 and b, respectively. Then

[ otwre (7e) + cado = ool ) Fe (fo+ o+

+0 [ 6le)oxp (~Alluto) = AP() (s + duto))

G G )
+O G F 2 +O 1 +O 1 .
< oMoL'g ) <|fé+c‘+(falt/>§> <|fz;+c|+( l;/)§
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If f'(x) 4+ ¢ has no zero in [a,b] then the terms involving xo are to be omitted.

Atkinson applied this lemma to the integral

(7.1) /abya(l ty) P <log (1 + é))v e <% log <1 + é) + cy> dy,

where a(# 1), # and « are positive, and obtained an asymptotic formula for (7.1) (Lemma 2
of Atkinson [1]). Save for the factor exp(—1A?log*(1+ i)), our integral is the same as (7.1),
therefore we can apply a modification of Atkinson’s argument to our case. We use Lemma
5 with f(2) = f(%,T), g(z) = g-(2), which are defined at the end of Section 6, [a,b] = [n,Y]
where 7 is small positive and Y is large positive, ¢ = Fn/q, p(z) = 1z, F(z) = T/(1 + )
and

Gz)=2"7(1+z) 7 exp (—%AQ log® (1 + %)) :

The conditions (i)—(iii) in Lemma 5 are clearly valid except for the inequality g(z) = O(G(z)).
To verify the last inequality, we notice that

1\\? 1 112
(7.2) (arg (1 + —)) < - (log 1+ - )
z b} z
and
, 1 112
(7.3) log (1 + —) <4 (log 1+ = )

x z
forany z € D and a < z < bwith |z—xz| < p(z). To show these inequalities, put z = x;+1y;.
Then

1 1 1+ 22,
7.4 log|l+ | = ~log (14+ =11
4 onlt 2] = s (1)

Note that |y1| < 3z and 3z < 2y < 22. From (7.4) and

-1
1+ 21 214 x? 3
|22 T 2} + (x/4)? <:1:1 - 16£L‘1> T 2z

(7.3) follows. Let ¢; = (e¥®™ — 1)72. If |z| < ¢y, then (7.2) follows from

SHE

Y

1 1 1 1 1 -
Ta2l > Zloef1e —)>2loe(1+=]>v5. "
+J = 20g< +|z\2>—20g< +c%>—f 2

> 5

1
arg (1 + —)
z

where the first inequality comes from (7.4). If |z| > ¢;, then

log

Y

1+ 224 < 1+ 2|7 - 1+ 2¢

= 0.06056...
E SRR a )
SO
1+2 1+2 2
BE EERRNPE

15



with ¢y = ¢; ' log(1 +¢;) = 0.97088 . ... Hence we see

1
(1Y) -
z

< 11
— 1o
302g

arctan( Y1 >|< Y1 <|y1| T

1212421 )| ~ |22+ m W — 3|22

1
Y
z

which implies (7.2). By using (7.2) and (7.3), we have
1 1 1 112
exp (——A2 log? (1 + —>)‘ exp{ — -A? (log 1+ - >
4 z 4 z
1 1\\?
+-A? <arg (1 + —>) }
4 z
2
< exp <—1A2 (log 1+ E ) )
3 z
1 1
< ——A?log? (1 —))
< exp ( 20 0g + =)

hence the desired inequality g(z) = O(G(x)). Therefore we can use Lemma 5. Similarly to
Lemma 2 of Atkinson [1] (see also Lemma 15.1 of Ivi¢ [7]), we can show the following

Lemma 6. For % <o <1 we have

(7.5) / " o) (Fi ) + cy) dy

= 0(c)AN(T;¢)+ O (/ny G(y) exp (—A|c|y - 1ATTy> dy)

+O(' 7T 1) + O(Y e[ 1) + 6(c)R(T's ),

where §(c) =1 or 0 according as ¢ >0 or c <0,

T3 exp(—LA212 TV L1
A(T;0) = — 2258V (G el —5e+gm)
2e/TVUZ(U? = 1/4)7 \ 2 28
T 1\:
g T = - ”
U=U(T) <27TC * 4> 7
e
V =V(T) arsinh y /oo,
TH7¢" T exp(—AA%CT ) fe<T,
(76)  R(Tic) < 1 A
T-370o1 exp <—2—0A2 log? <1 + %)) if ¢>T,

and the implied constants in (7.5) and (7.6) are uniform for |o — 1| > €.
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First assume % < 0 < 1, and take the limit » — 0, Y — oco. Then the second and the

third error terms in (7.5) vanish. After this procedure, we take the limit ¢ — % + 0 to get
the result for ¢ = 1. Consequently, from (6.4), we obtain

(7.7) /T1T2 Q5 (t;n, q)dt = %5 <3Fg> {A <T2; ¢§> —A <T1§ ¢§>}
+0 (/OOO G(y) exp (—A% - lAf2y> dy)
+0 (/OOO G(y) exp (—A% - 1Af1y> dy)

1
)l o)
¢ q q q
for % <o<l.

Let N > ¢qTA72L? and now we estimate the subsum Y, . on the right-hand side of
(6.1) by using (7.7). In view of (5.4), it is enough to estimate the sum

o g
+ 3 an) [ Glyesn (<4 - )
e p(r)

= X1(N) + Ba(N) + Z3(N),
say, for j =1, 2.

Lemma 7. The above quantity (7.8) is estimated as O(q* o e=4T + (¢T)~¢), where c is
a large positive constant.

Proof: First consider ¥;(N). Since

1 1
qT)§ T \ 2
= — >A|l—
v (n ’ V2 <2qT>

for n < ¢Tj, the contribution of the part N < n < ¢T} to ¥;(N) is

(79) < Z q% (qT)gfon*%J”’Jre exp <_

N<n<qTj

[V

< q

s AAZN
(qT)*™ 7 exp (— )

qT N<n<qT;
< qi(qT)ztee AL,
Also, noting
Ux=1l, V > log(mn/2qT;) > 1

17



for n > ¢Tj, we find that the contribution of the remaining part is

2
1 1 ™
(7.10) < > (g ”n"*HEexp ——A? (log )
n>qT} 4 2(]’]—']
< g2 (qT)2" /OO 271 exp [ —2a2 (1og 22 2 dz
! aTy-1 Pl & 04T;
< %(C]T) “exp(—AA?) < q%(qT)%J’a exp(—AL?).

Here the last inequality follows by using (3.1). From (7.9) and (7.10) we obtain
(7.11) Y1 (N) = 0((¢T)™)

if Ag is large enough.
Next consider ¥o(N). We have

2a(N)
9 1 Any
< 201 20 ( /y exp ——A log? [1+-) ——=2 — AT | dy
n>N Yy q
1 1 Any AT
n ) / U A%log? (14 ) A A Ny
n;vgm V" eXp( 20° % y g 1+y)"

= Yo1(N) + Baa(N),
say. We put ny = n in the first integral and get

221<N) < eiAT Z 01,20(7”0)71071

n>N

Vi n 1 n An
— ——A%log? [14+ =) = =) dn.
><</0 —|—/\/ﬁ>77 exp( 20 og(+n> q) n

We see that
vn 2 —A
/ < exp <——OA log (1+f>/ n e A dy
0
< q'"7exp (—%Nlog (1+f))
and
< exp exp|—— | d
/\/ﬁ < 2q \/ﬁn 2 ) "
A
S ql UeXp (_ \/ﬁ> ’
2q

and the contribution of the latter integral to ¥s; (N) can be estimated by the same manner

as in (7.10). Hence we have
(7.12) Yo1(N) = O(g"Toee=4T).

18



As for Y 95(N), we split the integral at y = T'L~2. The contribution of the integral on the
interval [1,TL72] to Y95(N) is

An AT
E —9p(n)T L2 .
< n>N 71-20{n) P ( q 1+ TL2>

< TL- efAL2 Z 01,20(71)67’4"/61
n>N

< ¢'teTL e AP
By using the estimate

/ u ey < X% X (X >0, a>0),
X

we find that the contribution of the remaining integral is

< Z 0_1_20(”)/ yl—ZJe—Any/qdy

-2
n>N TL

AnT
< qTL2)" ¥ p e exp (_ n )

n>N

< qQ(TL—Q)—QoN—H-e exp (_

ANT
qL?
< q2<TL72)720<qTA72L2)71+8 eXp(—ALQ).

Here the last inequality follows by using (3.1). Hence we have
(7.13) Y2(N) =0((¢T)™)

if Ay is large enough.
Lastly consider ¥5(/N). Using (7.6), we find that the contribution of the part N < n < ¢T;
to X3(N) is

N

< q%(qT)%_"exp (—AAZ-—> > no-ite
qT; N<n<qT;

L2

3
< qﬁe_A
The contribution of the remaining part is

3 1 1 An
S(gT) 37 o—1+e ——A2l 2 1 -
< ¢ (qT)277 Y n exp( 552 los - T

n>qT}
< q3(qT) T exp(—AA?)
< q2exp(—AL?),

again by using (3.1). Hence we obtain ¥3(N) = O((¢7)~°) if Ay is large enough. Combining
this with (7.11)—(7.13), we complete the proof of Lemma 7. O
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8 Estimates for the integrals of QF(t:n,q)

We set
n<N
+ > ar- 2an></ Q, (t;n, q)dt

n<N
which is a truncation of (6.1), and define
hi (yin) = go(){e(f (y: 1)) — e(f (y: £T1)) Ye(—ny/q).
Then we see by (6.3) that

(8.2) Yo (T1, To; X) Z ai_os(n, X / ht (y;n)dy

n<N

Z a1-20(n, X / hy (y;n)dy.

n<N

The purpose of this section is to give an upper-bound estimate for the right-hand side of
(8.2).
We first show

Lemma 8. The estimates

LA
(83) S a1 a0(n, / bt (y: n)dy = O(e™ ¥ NT (log Nlog T)*)
n<N
and
LA 9
(8.4) Y a1-a0(n,X / h (y,n)dy = O(e ¥ NT(log N log T)*)
n<N

hold, where A is a positive absolute constant and w is defined in the statement of Lemma 4.

Proof: Note that L7'A > 1 by (3.1). Then using the inequalities
1 1
exp (—ZAQ log? (1 + —)) <e M (0<y< L'A),
)

e(fy:T) —e(fly:Th) <y 'T  (y=1),
and (5.4), we find that the left-hand side of (8.3) can be estimated as

1 efAL2 LA efALQT
< Lo it h )
< e *P’TN(logTlog N).
Here the last inequality follows from
(8.5) > o120 (n) < a(loga)” (0= 3).
n<e
Hence we obtain (8.3). The estimate (8.4) can be derived by the same manner. O

20



We next estimate the integrals over the interval [L™'A, cc0). Defining

v e(=mnfa) e o
G = [ o e (0 ET) — e 7))

we have, by integration by parts,

(8.6) /;A hy (y; n)dy = 7 (00;n) — /

L1

Y

oo

+/,,. /
L Pe (Win)ga(y)dy
with
5 (00in) = lim @3 (y;n).
Here the existence of the limit is ensured by the fact

(0 £T)) — e 05 £T3) = 4i(T; ~ 1) + 0 (f;—) (1= +o0)

and the second mean value theorem.
To estimate the second term on the right-hand side of (8.6) we first prove, for y > L™1A,

(8.7) o (y;n)
(L*IA)PQ"ygT*% if n<qiL*A72,

<! (LA (3 + y%T%) it TI2A™2 < n < gTy[*A2,
n
q
n

(LTA) 2 if n>qlhl?A™2
Setting
2mn 1
Di(n; 1)) = ———n £ Tjlog <1 + —)
q n
and )
U(n) = (n(n+1))27°,
we have
Yy
(8.5) eilyin) = [ Wln) exp(i®u(ni T2))d
Y
— | W(n)exp(i®x(n; T1))dn.
L—1A

The inequalities
n .
@ Tl > G =1,2)

hold trivially for n > 0 and n > 1. Hence by the first derivative test (cf. (2.3) of Ivi¢ [7]) we
have

(8.9) [ exp(i, (5 Ty)dn < (L7 Ay =L,

LA n
Let n; (j = 1,2) be the unique positive zero of ®_(n;Tj). If n > ¢T5L*A~2, then
2mn T}

O (L7IAT) = — :
,( ) ]) q _'_L—lA(L_lA—l—l) <O’

21



and so n; < L™'A. Hence we have, for n € [L7'A, y],
_ n
O (n; T5)| = [@(L7'ATG)| > 7

Therefore the same estimate as (8.9) holds for the integral involving ®_(n;7};) instead of
. (n;T;). The case n > ¢TL*A~? of (8.7) now follows. Next, to treat the case n <
qT1 L*A~2, we apply the second derivative test (cf. (2.5) of Ivi¢ [7]). Noting that

1 1
& (nT)= 79T | — — ——
1(777 j) +21; (773 (77+1>3>
are monotonic for n > 0, we have
|5 (n; T))| = [ (y: T))| > Ty~

forn € [L7'A, y]. Hence the case n < Ty L*A~2 of (8.7) follows. The result for the remaining
case can be derived by combining the estimates for the other cases.
It is easily seen that

(8.10) gily) < A% (y>1).
Using the bounds (8.7) and (8.10), we find that

8.11 /OO = (y: 1) (y)d
(8.11) L PeWin)gy(y)dy
AX(LIA)z 20T if n< g L*A™?,
A2<L71A)7172ag
n

< 1 1
+AY(L7IA)2 72T if TV LAPA™? < n < qTLLPA2,

A2(L1A) 1% if n > qT,L2A2
n

The treatment of p=(oco;n) on the right-hand side of (8.6) is more involved. We show
the estimate

(8.12) ¢, (005 n)
T\ T
N (”—> if n<qlyL2A2,
< n q
(L1A)2 4 if n>qTyL2A2.
n

If n > qToL?A~2, then the result immediately follows from (8.7). Suppose next that n <
qT' L>A~2. Let § be a positive parameter which will be specified later, and we temporarily
assume that

(8.13) L7'A<n—d6  (j=12)
We divide
y . n;—6 n;+0 Y
(8.14) /L—m W(n) exp(i®_(n; T;))dn = /L_lA + /7,5 * /,7j+5
= K1+ Ky + K,
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say. We see that

(8.15) O (n; £ 6;T)) = — T;6(6 & (20, + 1))

ni(mj + )y £6)(m; £+ 1)

Hence if § < %nj then
[ (nj & 6; T3)| > 0 T30,

so by the first derivative test we have
K, K3« (LflA)lf%nj.’(éTj)*l.

T

J

Sl
N[=

Clearly Ky < (L7'A)7%7§ holds. Therefore if we can choose § = 7
n; = (¢T3/n)?, we obtain

, noting that

LA n\ q

From this estimate and (8.9), the case n < ¢T1 L?A~? of (8.12) follows under the assumption
3 1

[ wyesp(io- (:T)dn < (L7 A) (ﬂ) "

0 < %77]‘- The choice § = nij_E agrees with this assumption only if 7; < %Tj If n; > %Tj,
we choose 6 = £7;. Then from (8.15) we have
| (n; + 6: T3)| > n;*T;
so that
(8.16) 7, vy explie_(n:77)d /"j+5+/y
: Lo ) expu@-tns dy))dn = | -
< (LflA)lfQU,nj 4 (LflA)lf%rn]erjfl.

Using n; < (qu/n)% and the assumption 7; > 17}, we see that

q n
Therefore, from these estimates and (8.9), the case n < ¢T}L?A™2 of (8.12) follows under
the assumption n; > 7. The remaining case ¢T1L*A™2 < n < ¢ToL*A~? of (8.12) can be
treated by combining the estimates for the other cases.

Finally, when the assumption (8.13) does not hold, we replace the lower (and upper)
limits 7; £ & of the integrals appearing in (8.14) and (8.16) by max(n; + §, L~'A), and
proceed similarly. This completes the proof of (8.12).

We substitute the bounds (8.11) and (8.12) into the right-hand side of (8.6) to obtain

(8.17) /OO he (y;n)dy
L—1A

1
nT:\ 1
n; <K % <—]> and n?Tj*l < q

T\ 1
I-1A 1—20{g<1 ni 4>
(L) (1 (5)
+A%L%T_% if n< quLQA_Q,
T\ 1
<! (-A 12U{Q(L2 ni 4)
LAy o (L ( p )
+A%L%T%} if ¢TVL*A™% < n < qTyL*A2,
(LA 224 if n>qTyL2A2
n
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This together with Lemma 8 gives
Lemma 9. For $ <o <1 and N > ¢TL*A~?, it holds that

3 a1oas(n, x / hi (y;n)dy

n<N
< Y aw(o)(LTA)
n<qT1L2A—2
q nT'y;
x —(1+( ) )+A2L2T
n q
+ > |a1-20(n, X) (L' A) 7%

qT1 L2A—2<n<qToL2A—2

x{3<L2 + (ﬂ)i) + A%L%T—%}
n q

+ Y awm )L A) 2

qToL2A—2<n<N n

+e A NT(log Nlog T)*,

and the same estimate holds for

> a1 (n, X / h; (y;n)dy.

n<N

9 Application of Weil’s estimate

In the last two sections we assume that ¢ = p is a prime number. Then we have the following
lemma, which is a consequence of Weil’s estimate [28] of Kloosterman sums.

Lemma 10. Let g = p be a prime, and % <o < 1. Then we have

S

1
|a1-26 (7, X)| < 201-25(n)(p, n)>p

Proof: We write

(9.1) a1—25(n,x) =p "> d' 7 S(p; X, d,n/d)
dn

where

S(p;x,d, k) = ZX (r +d)x(r)e(rk/p).

Heath-Brown [4] studied this sum in detail, and Lemma 8 of [4] asserts that, if (p,d) = 1,
then

Heath-Brown used Weil’s estimate essentially to prove (9.2). To obtain the assertion of
Lemma 10, we apply (9.2) to (9.1) when (p,n) = 1, while the trivial estimate

|S(p; x,d, k)| <p

is enough when p|n. O
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Applying Lemma 10, we get

(9.3) Yo larao(n, X))l

n<pT;L2A~2
1 1
< PpEe Y os(mpit Y ois(n)
n<pT;L2A~2 n<pT;LZA~2
pln (p,n)=1
1
< 2 ) oia(pm)+2p7F Y 01-9.(n)
m<T;L2A—2 n<pT;L?A—2
for j = 1,2. We can show
(94) 01—20(17771) < 0'1,2(7(777,),

where the implied constant depends only on o. In fact, writing m = p®m’ with a > 0 and
(p,m’') =1, we have

a+1
o1as(pm) = D> ()T
j=0 d’\m’
1
(a + 2)0’1,20<TTLI) if o= 5,
1 — (pl—Qa)a—I—Q , ) 1
== o1-9,(m') if o> X

Comparing this with the corresponding expression of 01_5,(m), we obtain (9.4).
Applying (8.5) and (9.4) to (9.3), we get

ST arae(n, )| < pITLH2 A2,

nﬁijLQA*2
Similarly, with partial summation, we get

Z |a’1—20(n7 X)|TL_% < p_%T%L%-FZwA—%’
n<pT;L2A—2

S s (n )T < pTELA
nSijLQA*2

and

ST Jarae(n,x)|nt < pE(log N)H.
pTaL2A—2<n<N

We combine these estimates with the assertion of Lemma 9. Then from (8.2) we obtain

Lemma 11. For i <o <1 and N > pT' L*A~? we have

Yon (T, To;X)
< A%_QUP%T%LQG%HW + Al—Zap%LZO—&-?H-Zw
FAT27pE 27 (1og N)H 4 42 NT(log N log T).
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10 Completion of the proofs

We are now ready for the final stage of the proofs of Theorems 1 and 2. The collection of
Lemmas 4, 7 and 11, with noting (6.1), (7.7) and (8.1), implies that

(10.1) E, (2T, x) — E+(T, )
< A%72gp%T%L20+%+2w + Al’z"p%L%HH“’
+A1*2UP%L20+1 (log N)'t + e*ALQNT(log NlogT)~
+pl-i-a—‘rae—AT + (pT)—c + ALH—QW

for % <o <1land N> pT'L?A~2, with a large positive c.

We first prove Theorem 1. We take N = pT, and assume that T° > clpl_l2 with some
c1 > 0, since otherwise the theorem follows trivially from Heath-Brown’s estimate (3.11)
(see Remark 2 at the end of Section 3). Then we find from (10.1) that

(10.2) EQT,x) — E(T,x) < A 2p2T3L% + p2 S + ALP.
If we can choose .

(10.3) A=p3TsL,

we obtain ) )

(10.4) E(2T,x) — E(T, x) < (pT)#(logpT)* + pz(log pT)*.

The choice (10.3) agrees with (3.1) only when 7% > A3pLS. Otherwise we take A = T'/AyL.
Then (10.2) implies the estimate E(27T, x) — E(T, x) < p?(logpT)?® in this case. Replacing
T by 27T in (10.4) with j = 1,2,...,J(= [log(T/c1p/*?)/log2]), and summing them up,
we have

E(T,x) — EQ27'T, x) < (pT)3 (log pT)? + p? (log pT)* log T.

Noting the estimate E(27/T, x) < p*/%*¢ (see Remark 2 at the end of Section 3), we obtain
the assertion of Theorem 1.

The proof of Theorem 2 is similar. We take N = pT" and assume that 7" > cop® with
some ¢y > 0 where a = (=14 30)/(7.5 — 30). If T* > A}t*pL** then we can choose
A = (pT)Y1+49) [ and obtain

2% o) L
Eo(2T,x) = Eo(T, x) < (pT)"/ 4 Nog pT + (pT) " =27/ 4 p3 (log pT).
Otherwise we take A =T/AoL to get
E, (2T, X) = Eo(T, x) < T p? (log pT) +>".

Finally we carry out the summing up process similarly to the proof of Theorem 1, with
1

noting the estimate E,(27/T,y) < p2~Go-D/126=20)+< (] = [log(T/cop®)/log?2]); in this

case the extra log-factor does not appear, because of the existence of the negative exponents

of T'. This completes the proof of Theorem 2.

Finally we mention the case of arbitrary modulus ¢q. The second author’s papers [17] [19]
[20] contain the treatment of the case of odd composite modulus g. Motohashi [24] discussed
the case of general ¢, including the even modulus case. Both of them are based on the idea
in Heath-Brown’s paper [4]. It is probably possible to combine Heath-Brown’s method with
our weighted integral approach to obtain the result for the general case.
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