Anal. Probab. Methods Number Theory, pp. 1-1
E. Manstaviuset al. (Eds)
© 2011 TEV, Vilnius

FUNCTIONAL RELATIONS FOR ZETA-FUNCTIONS OF WEIGHT
LATTICES OF LIE GROUPS OF TYPE Aj;

YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

Department of Mathematics, Rikkyo University, Nishi-lkebukuro, Toshima-ku, Tokyo 171-8501,
Japan
e-mail: komori@rikkyo.ac.jp

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8602, Japan
e-mail: kohjimat@math.nagoya-u.ac.jp

Department of Mathematics and Information Sciences, Tokyo Metropolitan University, Hachioji,
Tokyo 192-0397, Japan

e-mail: tsumura@tmu.ac.jp

ABSTRACT

We study zeta-functions of weight lattices of compact connected semisimple Lie groups dfstypetu-
ally we consider zeta-functions 6fU(4), SO(6) and PU (4), and give some functional relations and new
classes of evaluation formulas for them.

1. INTRODUCTION

For any semisimple Lie algebgga the Witten zeta-functiodyy (s; g) is defined by

Cw(s;g) =) (dimp) ™", (1.1)
P
wheres € C andp runs over all finite dimensional irreducible representationg. of his was
formulated by Zagier (see (26, Section 7)), who was inspired by Witten’s work (25). Witten’s
motivation of introducing the above zeta-functions is to express the volumes of certain moduli
spaces in terms of special values(gf(s; g). The result is called Witten’s volume formula, and
from which it can be shown that

Cw (2k; g) = Cw (2k, g) ™ (1.2)

for any £ € N, whereCw (2k,g) € Q (see (26, Theorem, p.506)). The explicit value of
Cw (2k, g) was not determined in their work.

Gunnells and Sczech introduced a method to compuid2k, g) explicitly (see (3)). The
theory of Szenes ((21), (22)) also gives a different algorithm of computing2k, g).
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Letr be the rank ofj, A(g) the root system correspondinggpandn the number of positive
roots belonging taA(g). In (6; 7; 11; 19), the authors defined the zeta-functip(s; A(g))
of the root system\(g), wheres = (s;) € C™ (see Section 3). This may be regarded as a
multi-variable version ofyy (s; g) (see also survey papers (10), (16)). The authors further in-
troduced a generalization of Bernoulli polynomials associated with root systems in (7; 9; 13).
Using these tools, we can generalize (1.2) ((13, Theorem 4.6)) and expie@s:, g) in terms
of Bernoulli polynomials of root systems (see also (10)), hence gives another algorithm for com-
puting Cy (2k, g). Moreover we can give various functional relations for zeta-functions of root
systems (see (6; 7; 8; 9; 13; 14; 19); we will discuss this matter further in the next section).

More recently, the authors defined zeta-functions of weight lattices of compact connected
semisimple Lie groups (see (17)). If the group is simply-connected, these zeta-functions coin-
cide with ordinary zeta-functions of root systems of associated Lie algebras. We considered the
general connected (but not necessarily simply-connected) case and proved a result analogous to
(1.2) for these zeta-functions, and further prove functional relations among them. The present
paper is a continuation of (17), and we study zeta-functions of lattices of Lie groups whose as-
sociated Lie algebras are of typl. The reason why we treat the cade will be mentioned in
Section 3.

Throughout this paper, |&t be the set of positive integefSy = NU{0}, Z the ring of rational
integers(Q the rational number field® the real number field, and the complex number field.

2. FUNCTIONAL RELATIONS: A MOTIVATION

In this section we comment our motivation on the study of functional relatiofite Euler-
Zagierr-ple sum is defined by

oo

)= S — : , (2.2)

mil (ml —+ WLQ)SZ o (ml 4+ -4 mr)sr

mi,...,mp=1

wheres = (s1,...,s,) € C" (see (4), (26)). Special values of (2.1) fer= k, where

k = (ki,...,k.) € N" with k. > 2, are known to be important in various fields of mathe-
matics. Euler already obtained the following relations among those values in the ease
The harmonic product relation

C(k1)C(k2) = Cez2(k1, ko) + Crz,2(k2, k1) + (k1 + ko), (2.2)

1The contents of this section was given in the talk of the second-named author on the problem session of the confer-
ence.
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where((s) = (rz1(s) is the Riemann zeta-function, and the sum formula

k—1
> Cpzalk—4,5) = ((k) (2.3)
j=2

for k € N, k > 3. After the discovery of the importance of Euler-Zagier sums (around 1990,
according to the work of Drinfel'd, Goncharov, Kontsevich, Hoffman and Zagier), many people
began to search for various relations among special values of (2.1), and indeed a lot of relations
have been discovered.

Around 2000, the second-named author raised a question: are those relations valid only at
positive integers, or valid also continuously at other values?

In fact, it is easy to see that (2.2) is valid for any complex numbgrs, except for singulari-
ties, that is

C(51)C(s2) = Crz2(51,82) + (Bz,2(52,51) + ((51 + s2). (2.4)

Therefore the harmonic product relation is actually a “functional relation”. So far, except for
(2.4) and its relatives, no other such functional relations among Euler-Zagier sums has been
discovered. (In the double zeta case, the functional equation (12) is known, but it is not a formula
which interpolates some known value-relation.)

However, when we consider more extended classes of multiple series, we can find a lot of
functional relations! The first examples were reported by the third-named author (23), in which
functional relations among(s) and the Tornheim double sum

o0

Cumr2(81, 82, 83) = Z

m,n=1

1
ms1ins2(m + n)ss

(2.5)

are proved. Those relations can be regarded as functional relations among zeta-functions of root
systems, becausg;r 2 (s1, s2, s3) coincides with the zeta-function of the root syst&rfsu(3)).

It is known that irreducible root systems are classified as tyfeqwhere X is one of
A, B,C,D, E, F,G) by the Killing-Cartan theory. Wher(g) is of type X,., we denote the
corresponding zeta-function 8s(s; X,-). Using this notation, we see that (2.5)igs; As).

Various other functional relations have then been proved in several articles of the authors: on
Az ((13)), on A3 ((19), (6), (8), (15)), onBy = C2 ((8), (9)), onB3 and (3 ((8)), and onG,
((14)). A general treatment on the theory of functional relations is given in (13), (9). Those
functional relations in fact include various known value-relations among special values of Euler-
Zagier sums, and also include Witten'’s formula (1.2) in several cases.

Moreover, functional relations also exist among zeta-functions of lattices of (not necessarily
simply-connected) Lie groups in the sense of (17). In (17), we proved functional relations among
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zeta-functions whose associated root systems are ofdyme Cs.

In this paper we study zeta-functions of weight lattices of compact connected semisimple Lie
groups of typeds. More precisely, we consider zeta-functionsSéf (4), SO(6) and PU (4).

In Section 3, we recall the definition of those zeta-functions. In Section 4, we prepare some
lemmas which will be necessary later. Then in the remaining sections we prove some functional
relations for those zeta-functions which are the main results in this paper (see Theorems 8, 9,
12, 17 and 18). Moreover we give new classes of evaluation formulas for these zeta-functions
in terms of the Riemann zeta-function (see Propositions 10 and 13, and Examples 11 and 14)
and the DirichletL-function with the primitive character of conductor 4 (see Proposition 19 and
Examples 20 and 21).

3. ZETA-FUNCTIONS OF WEIGHT LATTICES

In this section, we recall the definition and some properties of zeta-functions of weight lattices
of compact connected semisimple Lie groups which we considered in our previous paper (17,
Section 3).

We first prepare the same notation as in (9; 11; 13) (see also (6; 7; 10; 14))/ hetan
r-dimensional real vector space equipped with an inner pra@du¢t The normy|-|| is defined by
|v]| = (v,v)*/2. The dual spac&* is identified with} via the inner product oF’. Let A be a
finite reduced root system which may not be irreducible, &@ind {a4, ..., a, } its fundamental
system. We fixA ; andA_ as the set of all positive roots and negative roots respectively. Then
we have a decomposition of the root systAm= A [TA_ . Let@ = Q(A) be the root lattice,
Q" the coroot latticeP = P(A) the weight lattice PV the coweight lattice, an#, the set of
integral dominant weights defined by

Qzé}Z% QV=GT9Z%V, (3.1)
i=1 =1
P=FPzx, PV =Pz, (3.2)
=1 i=1
Py = ETBNO A (3.3)
=1

respectively, where the fundamental weights }”_, and the fundamental coweigh{a.y }7_,
are the dual bases &' and¥ satisfying(a;’, \;) = d;; and(\), «;) = d;; respectively. Let

pZ% Za:ZAj (3.4)
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be the lowest strongly dominant weight. Let be the reflection with respect to a raete A
defined as

0oV =V, o0 v v —{a v)a. (3.5)

For a subsed C A, let W(A) be the group generated by reflections for all @ € A. In
particular,)- = W(A) is the Weyl group, ando; = o, |1 < j < r} generate$V.

Let G be a simply-connected compact connected semisimple Lie groupg aﬂdﬂe(é).
There is a one-to-one correspondence between a compact connected semisimple L& group
whose universal covering group s, and a latticeL with Q(A(g)) ¢ L c P(A(g)) up to
automorphisms by takingg = L(G) as the weight lattice ofr. Let L, = P, N L.

Now we recall the definition of the zeta-function of the weight lattice= L(G) of the
semisimple Lie grou-, that is,

1

Gloyi @) = Gyt = 3 TN T o

AEL+p aEA L

(3.6)

wherey € V. Note that this zeta-function can be continued meromorphicall§to When

y = 0, we sometimes write this zeta-function @$s; G) or ¢.-(s; L; A) for brevity. It is to be
noted that ifG = G, thenL = P and(,(s; G) coincides with(,.(s; g), also written ag,.(s; A(g))
and¢,(s; X,.) whenA(g) is of type X,., which is called the zeta-function of the root system of
type X,. studied in our previous papers (see, for example, (6; 10; 11; 13)).

In the present paper we concentrate our attention on the case ofityfs® we write down
the explicit form of zeta-functions in this case. L&t = A(As) with ¥ = {1, asg, as},
Ay ={aq, ag, as, a1+as, agtag, ag+astaz}, P = Z?Zl Z); andQ = Z?:1 Zaj. Itis
known thatP/Q ~ Z/4Z. Therefore there is a unique intermediate latfigavith P 2 L, 2 Q,
satisfying(L; : Q) = 2. The group corresponding 8 (resp.Q) is SU(4) (resp.PU(4)). The
groupG = G(Lq) is SU(4)/{=1}, which is known to be isomorphic t§0(6). We know (for
the details, see (17, Example 4.3)) that

G(s,y;9U(4)) = (3(s,y; P; A3) 3.7

oo 2mi{y,miA1+maia+msAs)

(&
- my m;ﬂs—l milmSngs (ml + /rn2)84 (m2 + m3)85 (ml + ma + m3)86 ’
9 b -

with

A 5 +1 +1 A L + +1 A ! +1 +3
=-a1+ -+ -« =-—a1taz+ -« =-a1 + o + —as.
1= ot 502+ 703, A2 = oo 2T 5@, A3= a1t oAt oAy

Note that(s(s, 0; SU(4)) = (3(s; As). Further we have

G(s,y;90(6)) = (3(s,y; L1; A3) (3.8)
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e e2mi(y,m1A1+maiz+msAs)

RN e e e
m1=mg (mod2)

G(s,y; PU(4)) = (3(s,y; Q; A3) (3.9)
00 e2mi{y,m1A1+mada+msAs)
. mz; _ mi'mymz® (my 4 ma)si(ma + m3)®s (my + ma 4+ mg)s
my +2m12‘+32"y1352 (mod 4)
In particular,
C3(s,AY; SU(4)) = Ca(s, A5 P; As) (3.10)
o) Z-3l+2m+n
= G e
Cs(s, )\g; SU(4)) = (s(s, )\g; P; As) (3.11)
- i (_1)l+n
a i Istms2nss (I + m)ss(m +n)ss (I +m + n)se’
Cs(s, )\g; SU(4)) = (s(s, )\g; P; A3) (3.12)
oo Z‘l+2m+3n
Note that

C3((s1, 82, 83, 54, 85, 56)s Ay ; SU(4)) = (3((s3, 52, 51, S5, 54, S6), A3 ; SU (4)), (3.13)
C3((s1, 82, 83, 54, 85, 56), Ay ; SU(4)) = (3((s3, 52, 51, S5, 54, S6), A3 ; SU (4)), (3.14)

as well as

C3((51, 52,83, 54755756)3143) = C3((53,52,51,55754,36);A3)~ (3.15)

There are several reasons why the study on the dgsgeserves one paper. First, since the
caseAd; was studied in (17), it is a natural continuation. Second, since the functional relation for
(3(s; As) given in (8) is restricted to the case of even integers, we supply a more general result
(Theorem 9) here. The third reason is that Lie algebras of typare the most interesting in
view of the theory of (17), becaus®(A(A4,))/Q(A(A,))| — oo asr — oo (hence there are
many intermediate lattices betwerand(@), while| P/Q| remains small for any Lie algebras of
other types (see Bourbaki (2)).

Lastly in this section we quote here one more general result, which is a generalization and a
refinement of (1.2).

THEOREM1. (17, Theorem 3.2for a compact connected semisimple Lie gragdet A =
A(G) be its root system, and = L(G) be its weight lattice. Lek = (ko)aea, € N
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(n = |A4|) satisfyingk, = kg whenevetl|a| = ||5]. Letk = )" 2k,,. Then we have for

vePrPY/QY,

a€EA L

¢r(2k, v G) = G (2k,v; Ly A)

1) 9/~ ) 2 . 3.16
:(W% (II ( égj )P@kVJzA)E@'Wv (310

aEA L

whereP(2k, v; L; A) is the Bernoulli function associated wifhy defined in (17).

Note that whernl, = P, (3.16) coincides with our previous result in (13, Theorem 4.6).
As an example, here we apply this Theorem to the caselof).

ExAMPLE 2. The generating function dP(k,y; As) has been given in (9, Example 2).
Therefore, by (17, (3.8)), we have

P((27 27 27 2) 27 2)7 Oa Q7 A3>

= L (P((2.2.2,2.2,2).0:45) - P((2.2.2,2.2,2). 3} 4))

+P((2,2,2,2,2,2), A5 A3) — P((2,2,2,2,2,2),\Y; 43))  (3.17)
47 1103
96888422400’

becaus€p = 3a;+4as+3a3 and hencé0, 2p) = 0, (\Y,2p) = 3, (\y, 2p) = 4, (\Y, 2p) = 3.
Therefore by Theorem 1, we obtain

1103712

<3((2,2,2,272,2),0,PU(4)) = m

(3.18)

4. SOME PREPARATORY LEMMAS

In this section, we give explicit functional relations for double polylogarithms (see Lemma 5 and
Corollary 6). By use of these results, we give certain functional relations for triple zeta-functions
of weight lattices in the next section.

First we quote the following two lemmas. Léts) = >, -, (—1)"n"* = (2'7° — 1) {(s)
ande,, = {1+ (-1)™}/2form € Z. Let{B,,(X)} be the Bernoulli polynomials defined by

= D BulX)—.

teXt > tm
m!
m=

0

LEMMA 3. ((9, Lemma 9.1), (18, Lemma 2.1)ptc € [0,27) C R, andh : Ny — C be a
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function (which may depend @ Then, forp € N,

y J c—m)f _ 1y (2ri)€ ¢
]z:(:)(b(p Ep 7fzz:oh ?——52}1(}7—5) al B¢ ({%}), (4.2)
and
Z¢(p — J)ep—j Zh(J — &)~ g Z C(2v)h(p — 2v) — 7h( _), 4.2)
=0 =0 !

where[z] is the integer part ok € R and{z} = = — [z].

The next lemma is the key to proving functional relations for zeta-functionsh EoN, let

¢:={C()eCl|leZ, |+#0},
D:={D(N;m;n) e R|N,m,n€Z, N#A0, m>0,1<n<h},
2 :={a, e N|1<n<h}

be sets of numbers indexed by integers, and let

<x) R ke,
k) )1 (k= 0).

LEMMA 4. (8, Lemma 6.2)\ith the above notation, we assume that the infinite series ap-
pearing in

S DN —23° S play — K)ew,

%ig n=1k=0
(4.3)
k .
. i6)¢
xg > (~1)ND(N; k- &n)e'™? (E!)
=0 | Nez
N#0

are absolutely convergent fére [—x, 7], and that (4.3) is a constant function fére (—m, 7).
Then, ford € N,

an

_1\N iNO
Z%—2ZZ¢ n— k)Ea,—k (4.4)

Neo n=1 k=0
ko k¢ . ,
wH+d—1 " (=)™ D(m; k — & — win)e™® ) (i6)¢
5 éz { 2‘6 ( w )(_1) Z Tt } al
=0 w= meEZ

m#£0

N el By { izl (5w
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(m;a —w;n) ) (i0)¢
x Z mkn §+w+1 } £l

meZL
m##0

holds forf € [—m, 7], where the infinite series appearing on both sides of (4.4) are absolutely
convergent fo € [—, 7.

Forp € N, itis known that (see, for example, (8, (4.31), (4.32)))

L—oo
—L<I<L j=0
1#0

ll@ p i 7
lim > e =2 ¢( —ggpj(jf (0 € (—m,m)). (4.5)

Note that the left-hand side is uniformly convergentfioe (—, ) (see (24§ 3.35)), and is
also absolutely convergent fpr> 2. We prove the following lemma. Note that the case when
andq are even has been already proved in (8, (7.55)).

LEMMA 5. Forp € N, s € Rwiths > 1 andz € C with |z| = 1,

>

( 1)l+m m i(l+m)0

1£0, m>1 IPms (l + m)
I+m#£0
P J m m zm@
g—1+j— ) ¢ (i6)*
—9 — e )= (4.6)
]Z:(:) J)ep- jz_:o( qg—1 Z ms+q+] € ¢l
J 00 .
Z Z _1+J_§ -1 E: z™ (i0)¢ _
+2 (b - ] Eq—j ( ) (_1)17 ms+p+j_£ 5' =0
=0 m=1

for 6 € [—m, m].

Proof. First we assumg > 2. Then, forf € (—m, x), it follows from (4.5) that

—1)leilt p . i0)J > (1 m g pimé
S EUE 0 s g, W | S T o G
ez j=0 N | m

where the left-hand side is absolutely and uniformly convergert for(—, 7). Therefore we
have

(_1)l+mxmei(l+m)9 p ) & (_1)mxmeim9 (29)]
—9 _ L
Z Pms Z ¢(p ])Ep J mzz:l ms j!
1m0 (4.8)

— (_1\pt1 T
_( 1> st+p
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for 0 € (—m, 7). Now we use Lemma 4 with = 1, a; = p,

m

X
C(N)= Y o (N€Z, N #0)
o

andD(N; ;1) = 2N N~* (if u = 0andN > 1), or = 0 (otherwise). Under these settings, we
see that the left-hand side of (4.8) is of the form (4.3). Furthermore the right-hand side of (4.8)
is a constant as a function ¢éh Therefore we can apply Lemma 4 with= ¢ € N. Then (4.4)
gives (4.6) forp > 2.

Next we prove the cage= 1. As we proved above, (4.6) in the cgse- 2 holds. Replacing
x by —z¢e' in this case, we have

Z (_1)meeil9
2ms(l +m)e

1#0, m>1
14+m#0
2 J g—1+j x™ 29)
— a o 3
S SRTREN (AE R (R S
]:
q . & 71m9
I 3] (i e
3=0 =0 m=1
for § € [—m, w]. We denote the first, the second and the third term on the left hand side of (4.9)

by I (9), I2(0) andI5(6), respectively. We differentiate these termginWe can easily compute
I7(9) andI;(6). As for I5(9), we have

q j e’} m e —imb 7
140) = azoqxq—j)eq-j{ ~i3 i -9 Z_ T (Z)
j © —imb i
+i2(1 +7 =& (1) Z ( 29+2+J £ ((50) 1)! }
¢=1 m=l

Note that as for the second member in the curly brackets on the right-hang sidg, also run
from1toj + 1 becausd + j — (j + 1) = 0 in the summand. Hence, by replacifig- 1 by ¢,
we have

/ —imb (19)
I5(0) = 2i Z q—j)eq— JZZ ms+1+7 € g

E=0m=1

Thus, we see thdt’| (9) + I,(0) + I4()) /1, replacingr by —ze®, gives (4.6) in the cage= 1.
This completes the proof.

The following special cases of (4.6) will be necessary in the next section.
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COROLLARY 6. Forp,q € N,s > landz,y € Cwith|z| < land|y| <1, let

1, m
Tp, s, q0,y) = Y M:j(l%m)q (4.10)
g
Then
[p/2]
st ) =217 Y ("0 T e @y
k=0
lq/2]
+2(-17 Y C(2k) (p + qpill_ 2k)g(s +p+q—2k),
k=0
[p/2]
S -1 =217 Y 00" T e @2
k=0
lq/2]
v Y o) (P70 T ot a2,
k=0
o ptq—1-—2k
Spoat-D =201 Y cen (T T o @y
k=0
la/2]
21 3 ¢ ("0 T ot kg - 2m)
k=0
o pt+q—1—2k
Spoai-1 -0 =201 Y o (P T e @ag
k=0
la/2]
+2(-17 Y 9(2k) <p * ‘1]):11’ 2’“) C(s+p+q—2k)
k=0

Proof. We can directly obtain (4.14) and (4.12) by lettifag 6) = (1,0), (—1,0), respectively in
(4.6). (Since = 0, all the terms corresponding {o> 1 vanish on the right-hand side of (4.6).)
As for (4.13) and (4.11), we ldtz, ) = (—1,7), (1, 7), respectively in (4.6) and use Lemma 3.

REMARK 7. The results of the above corollary are not new. The formula (4.11) was first
proved in (23), and then, by a different method, Nakamura (20, Theorem 3.1) has shown all of
the above (see also a survey given in (8, Section 3)).
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5. THE ZETA-FUNCTION OF SU(4)

Now we start to prove functional relations for zeta-functions for lattices of ##peWe use the
same technique as in our previous paper (8, Section 7). Hence the details of their proofs will be
omitted.

In this section we study the zeta-function associated with the gsa{). Our starting point
is similar to (4.7), or (8, Equation (7.58)). We begin by considering
(_I)M+nxmynei(m+n)9

e (5.1)

_1)eito r i0)7
Z(lz)p‘QZo ¢(p—j)ep-j@ >

LEZ ‘] mEZL, m#0
1#£0 n>1
m~4n#0

for 0 € [—m, «], wherep, ¢, b € Nwithp > 2, s € Rwith s > 1 andz,y € Cwith |z| = |y| = 1.
Then, by the (almost) same argument as in (8, pp. 158-160), we obtain

(_1)l+7nzmynei(l+m)9

5.2
Lm;’@l Pmans (I +m)*(m + n)b(l + m + n)c (52)
I+m=£0, m+nz£0
l+m-+4n#0
P k k—=¢
w+a-—1 wfk—§—w4+c—1
SO ITEEENS 35 Sl Ll CT (b
k=0 £=0 w=0
% (_1)k7§7w Z (_l)mxmyneim(i (20)5
ot matatwps (m + n)b+c+k757w 5[
nziéz,;()
c k k—=¢ wta—1 y k’—f—w{-p-l
RN ) wl G ()] Gk
=0 £=0w=0 p
_1\n,m,n, —ind -0\
_1\p—1+atw ( 1) rTye (29)
x ( 1) 7;) mdnstatw (m + n)p+b+k7€*w &!
7711%1#0
- = wt+k—¢ wfP+tc—2—-w
SED DRI 3 o GRSV Gty
k=0 £=0w=0 p
- T (i6)¢
X (_1)p e c—E+w s c—1—w
Z;o matk—{+wtlp:s (m 4 n)p+b+, 1 5!
o
a k c—1
wt+k—¢ wfPptc—2—-w
)RR RN ) B (sl [0 (RN
k=0 £=0w=0 p
m,mn 0\ &
_q\pth—tw Ty (i6)
x (-1) Z;O mins Th—E+etl (i 4 p)pibte—1-w ¢

n>1
m+n#0
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for 0 € [—m,w] andp, ¢,a,b,c € N. (A small difference is that, in the course of the argument,
we replaced: by —e~% in (8), while this time we replacg by —ye~%.) Note that (5.2) in the
casep = 1 can be proved similarly to Lemma 5.

Now we put(z,y,6) = (—1,—1,0) in (5.2), namely we take notice of the constant term of
(5.2). We proceed similarly to the argument in (8); that is, we decompose the left-hand side of
(5.2) by the method written in (8, p.160), while apply (4.2) to the right-hand side. Then we
obtain the following theorem.

THEOREM8. Forp,q,a,b,c € N,

G((p, g5 5,a,0,¢), 735 SU(4)) + (=1)PG((p, a, 5,9, ¢,0), A3 ; SU(4)) (5.3)
+ (=DPG((g, a,¢,p,5,0), A35 SU ) + (=1)PT44G((g 5, ¢,b,a,p), A3 SU(4))
+(=1)%G((a,4,b,p, 5,¢), A3 SU4)) + (=1)7*°¢s((a, 5,b, ¢, ¢, p), A ; SU(4))

+ (=) G((a,p,b,g,¢,9), A3 SU ) + (1)1 ¢s((a, ¢,b,5,p,9), A SU(4))

+ (1)1 (s, ¢,p, a, b, 9), /\275U( ) + (=1)PT(3((g, p, ¢, a,b, 5), A3 SU(4))
+ ()Pt (g, b, ¢, 8, p, a), A3 SU(4))

+ (—1)Pratetttecs((s,b,p, q, ¢, a), A275U(4))

zzpnp%?¢@n§%(“ﬁiv<p+cc?1W1>

7=0 w=0
XxT(q+a+tw,s,p+b+c—2j—w;l,—1)

/2] c=2j .
1 w+a—-1\/p+c—2j—w—-1
> ¥ (*7)
T(q7s+a+w p+b+c—2j—w;—1,1)

la/2]
w+a—2j\[(p+c—2—w
s e S ()

x%(g+a—-2j4+w+1,s,p+b+c—1—-w;—1,-1)

la/2] = wt+a—2j\(p+tc—2—-w
D”ﬂ§:¢@ﬁ§:( )( )
, w p—1
7=0 w=0
x%(g,s+a—2j+w+1,p+b+c—1—w;—1,-1)

holds fors € C except for singularities of functions on both sides, whg(e, s, ¢; z,y) is
defined by(4.10) Moreover, from4.11)(4.14)we see that the right-hand side of the above can
be written in terms of the Riemann zeta-function.
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Setting(a, b, ¢, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k € N, we obtain
C3((2k7 2k7 2k7 2k7 2k? 2k)3 A¥7 SU(4)) € Q : 7712k7
and the rational coefficients can be determined explicitly. This gives an example of (17, Theorem
3.2).
Similarly, by putting(x, y,6) = (1,1, ) in (5.2) and using (4.2) in Lemma 3, we obtain the
following theorem for(s(s; As) = (3(s, 0; SU(4)) (see (3.7)).

THEOREM9. Forp,q,a,b,c € N,

G((p g, s,a,b,¢); A3) + (=1)PG((p, a, 5, ¢, ¢, b); As) (5.4)
—1)P*¢3((q, a, ¢, py 5,0); Az) + (=1)PF*FC3((q, 5, ¢, b, a, p); A3)
)%C3((a, q,b,p, 5, ¢); As) + (=1)C3((a, 5, b, ¢, ¢, p); As)
—1)7G((a,p, b, g, ¢, 8); Az) + (=17 HGs((a, ¢,b, 5, p, q); As)
—D)IFHEG (5,000, b,0); As) + (=1)PF (g, ¢, 0., 5); As)
PRI (g, by ¢y 8,0, a); Ag) 4+ (= 1)PFIEOHHG((s,0,p, g, ¢, a); As)

_2(_1)P[§)]§(2j)p§ (w+a1> <p+c2jw1>

w c—1
Jj= w=0

-1

xT(q+a+w,s,p+b+c—2j—w;1,1)
[c/2] c—2j

e S S (7)Y

xZ(qg,s+a+w,p+b+c—2j—w;1,1)

la/2] L, w+a—25 +c—-2—-w
rap e 3 (UTOTH) (PO
7=0 w=0 w
x%T(g+a—-2j+w+1,s,p+b+c—1—-w;1,1)
[a/2] c—1 .
. wt+a—25\[(p+2-2—-w
Lot Y (2 ( )( )
(1) ;) ( )Z:O N o1

x%(g,s+a—2j+w+1,p+b+c—w-—1;1,1)

holds fors € C except for singularities of functions on both sides.

Whenp, ¢, a, b, c are all even, this theorem has already been proved in (8, Theorem 7.1). The
expression of the left-hand side in (8) is a little different from the above, but we can easily check
that those two expressions are equal, using (3.15).

Setting (a,b,¢,p,q,8) = (2k, 2k, 2k, 2k, 2k, 2k) for £ € N, we obtain (1.2) forA; with
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the explicit value of the coefficient. On the other hand, whes ¢ = a = b = ¢ which
is an odd integer, the left-hand sides of the above two theorems are equal to 0. This is be-

Causefg((p,p,p,s7p7p);A3) = C3((papvpvpa Sap);A3) and<3((pap7pvsvp7p),)‘¥;SU(4)) =
¢3((pypy 0y S, 1), Ay 3 SU(4)), by (3.14), (3.15). Hence, unfortunately we can obtain no in-

formation about, for examples((2k + 1,2k + 1,2k + 1,2k + 1,2k + 1,2k + 1); A3) and
CG(((2k + 1,2k + 1,2k + 1,2k + 1,2k + 1,2k + 1)), Ay; SU(4)) (k € Ny) from the above
theorems.

However, choosinga, b, ¢, p, g, s) suitably, we can obtain some classes of evaluation formulas
for them. For example, set

(a,bye,pyq,8) = (2k+ 1,2k + 1,2k + 1,2k + 1,2k, 2k + 1) (k eN)
in (5.3) and (5.4). Then the left-hand sides of them are

2¢3((2k + 1,2k, 2k + 1,2k + 1,2k + 1,2k + 1), Ay ; SU(4))
—2C3((2k 4 1,2k + 1,2k + 1,2k, 2k + 1,2k + 1), \Y; SU(4))
= —2(3((2k, 2k + 1,2k + 1,2k + 1,2k + 1,2k + 1), \y; SU(4)),
203((2k + 1,2k, 2k 4+ 1,2k + 1,2k + 1,2k + 1); A3)
—2C3((2k 4 1,2k + 1,2k + 1,2k, 2k + 1,2k + 1); A3)
= —2C3((2k, 2k + 1,2k + 1,2k + 1,2k + 1,2k + 1); A3),

respectively, by using the relation
1 1 1

RRHIn2k ([ 4 )2k 1 2Rl 2ht (] )2k 2Rkt L (] 42k

Therefore we obtain the following.

PropPOSITION10O. Fork € N,

Cs((2k, 2k + 1,2k + 1,2k + 1,2k + 1,2k + 1), A3 SU(4)) € Q[{¢(j) | J € N>1}l,
C3((2k, 2k + 1,2k + 1,2k + 1,2k + 1,2k + 1); A3) € Q[{¢(j) |7 € Ns1}],

and the rational coefficients can be determined explicitly.

ExAMPLE 11. Setting(a,b,c,p,q,s) = 2k+1,2k+1,2k+ 1,2k + 1,2k, 2k +1) in (5.4),
we can obtain

16 19974

2,3,3,3,3,3; A3) = 11
C3(a ) Dy 0y Iy, 3) 63C( )+ 30

C3(4a 5a 57 57 57 57 A3)

¢(13) — 36572 ¢(15) + 2941 ¢(17),
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152712 17710 2978 9797
= —— ((17 19 21
18243225 C( ) + 6237 C( ) + 54 C( ) +

1 4
BI85 (95) — 660975m2 (27) + 5634565 ¢(29),

¢(23)

<3(6a 77 77 77 77 77 A3)
2062718 11776716 gl
=P DT r(25) 4+ X (27
506224616625 > + 5367718125 ¢ ) T 13305 ¢ 27
10223594712 103486710 545997878
TUELOOTT T (29) 4 T (31 4 222000 (33
o1a16125 “VF Tgors  SBD+ a5 ¢(33)
34649747 4196362174
444f£§4137<(35)4-4444i§44357g(37)—-1456076440ﬂ2g(39)
+ 12758984832 C(41),

<3(8a 97 97 97 97 97 A3)

B 64586724 (29 + 422704722 (31)
T 37355158168453125 298841265347625
10664720 663259718 2307883716
—— et N o (37
19085409375 %) T Te32120675 ¢ V) T Sazarzs0 ¢C7)
+63276467714 ( )*_860790601w12 (1) 380997529%10<(43)
1488375 1488375 4725
786761935378 1640351207337 5974023812974
SO C(45) + T gr) 4 ST (49
Toso C(45) + 15 C(47) + 5 ((49)
— 35146353763957> ((51) + 31198575194215 ((53),
C3(10,11,11,11,11,11,11; A3)
221912776730 10705232728
_ ¢(35) + ¢(37)
332660210652234981140625 13854831558583640625
5135896726 q)+(mmwmﬂ4q )2nwmmﬂqm
12250072111921875 33250195732359375 6269397175125
2480639377420 2589565814718 1188339011716
ittt OO T C(AT) + T (49
3569532553125 © 2 T 00600125 (47 7aaists oY)
3650193872714 ( H_117827652213447712 ( 3)+_35232949154w10<(55)
178605 4465125 135
186016606279797% 3933663149527547
57 59
945 (67) + 315 ¢(59)
105068044713474774

¢(61) — 894796454848667872 ((63)

15
+ 80075393000830422 ¢ (65).

Also, setting(a, b, ¢, p,q,s) = (2k+1,2k+1,2k+1,2k+1, 2k, 2k +1) in (5.3), we can obtain

§3((2a 3; 37 37 3a 3)5 A;/a SU(4))
T gy 2R ) A9005Tt BT830 11189819
344064 1720320 16384 98304 16384
63((4a 57 57 57 5a 5)) A¥7 SU(4))

¢(17),
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69354714 714624223712 28726157710
_'510117543936004(15)+'816188070297604(17)*‘110729625605(19)
2590609478378 917792154576 24221209709097
54358179840 2D+ 113246208 23)+ 671088640 <(25)
779805001482572 270498379148235
134217728 <@27) - 268435456 <(29),
C3((6,7,7,7,7,7), A ; SU(4))
_ 2752145869720 @D+ 1098434242057681 718 (@)
773055350341160140800 255108265612582846464000
150866953637716 ( )+_20612241204619ﬂ14g<27)
68882685493248000 34824024332697600
19614225808011463#12C( )+_6776217678200971ﬂloc(31>
179094982282444800 417470821171200
3372346708755665337° ( >+_7289362333395816433W6<<35)
139156940390400 43293270343680
3412540143011100899w4<( )+_32450037853433343325#2C(Sg)
515396075520 274877906944
__274409134558621990125<(41)
137438953472

The authors also checked, by using Mathematjdhat the above formulas agree with numerical

computation, based on the definitions of zeta-functions.

6. THE ZETA-FUNCTION OF SO(6)

Next we considecs(s; SO(6)). It follows from (3.7) and (3.8) that

gxs;scxﬁ))zz%{ggﬁ;As)+—gxs7xg,9U(4»}. 6.1)

Combining Theorems 8 and 9 and using (6.1), we can obtain functional relations ggisng0(6))

and((s).

THEOREM12. Forp,q,a,b,c € N,

G((pg;8,a,b,¢);50(6)) + (—1)"G((p, a, 5,4, ¢,b); SO(6)) (6.2)
(=1)P*G((g, a, ¢, p, 5,0); SO(6)) + (=1)PF*¢G3((g, 5, ¢, b, a,p); SO(6))
(=1)%Gs((a,4,b,p, 5, ¢); SO(6)) + (=1)TCs((a, 5,b, ¢, ¢, p); SO(6))

(=1)7*G((a,p, b, g, ¢,8); SO(6)) + (=1)T*C3((a, ¢, b, 5,p, 0); SO(6))

(—=1)TF e+ (s, ¢, p, a,b,9); SO(6)) + (=1)PTG3((q, p, ¢, 0, b, 5); SO(6))

( LPHtatecy((g,b, ¢, 5,p,a); SO(6)) + (=1)PHIHeHeG (5,0, p, ¢, ¢, a); SO(6))

R AR AR

=3 (J0+J2)
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holds fors € C except for singularities of functions on both sides, whé&yeand J, are the
right-hand sides of5.4) and (5.3), respectively.

Similarly to Proposition 10 and Example 11, we can obtain the following.

ProPOSITION13. Fork € N,

C3((2k, 2k, 2k, 2k, 2k, 2k); SO(6)) € Q - 712F,
C3((2k, 2k + 1,2k + 1,2k + 1,2k + 1,2k 4+ 1); SO(6)) € Q[{¢(j) | j € N1},

and the rational coefficients can be determined explicitly.

EXAMPLE 14. Setting(a,b,c,p,q,s) = (2,2,2,2,2,s) in (6.2), we obtain

2(3((27 S, 27 23 25 2)’ SO(G)) + 4<3((2a 27 S, 27 27 2)7 50(6)) (63)
+ 4<3((27 27 27 S, 27 2); SO(G)) + 2(3((27 2a 27 27 27 S); 50(6))
= (9327578 4+306) ((s +10) + (3-27°"* —260) ¢(2)((s + 8)

— (67-2757° —110) ¢(4)¢(s + 6) (5-2757% —21) ¢(6)¢(s + 4).

1
8

In particular, whers = 2 in (6.3), we have

. B 10411 12
Also, combining (6.1) and the results in Example 11, we obtain, for example,
1778 1504617° 23652837
2 ; = 1)+ ———((1 6.5
3211265372 36995525
- ——((1 ——C(17).
196608 ¢(15) + 32768 ¢a7)

7. THE ZETA-FUNCTION OF PU (4)

Finally we consider the case of the grofd/(4). An interesting feature in this case is the
appearance of a Dirichldi-function, so we will describe some details of the argument.
First we slightly generalize the results used in the previous sections. Let

oo
¢(5;a) _ Z e2mmamfs

m=1

be the Lerch zeta-function far € R. We can easily see thai(s; 1/2) is equal tog(s) =
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(2175 — 1) {(s) used in Section 4, and
¢(s;1/4) =27 (275 = 1) ((s) +iL(s, xa), (7.1)
¢(s;—1/4) =27 (275 = 1) {(s) —iL(s, xa), (7.2)

where L(s,x1) = ,,5o(=1)™(2m + 1)~ be the DirichletZ-function associated with the
primitive Dirichlet charactef, of conductord. Moreover we let

A(s;i) = Z Z—W; =27° (1 + *’”s) (21 s — ) C(s) +1 (1 - ef’”'s) L(s, x4),
meZ~{0}
As; —i) = Z (*sz =275 (T4+e ™) (2175 — 1) ¢(s) —i (1 — e ™) L(s, x4),
meZ~{0}

wherem—* = exp(—s(log |m| + wi)) for m < 0. In particular, fork € N and! € Ny, we have

A(2k; i) = 2172 (21728 — 1) ¢(2k); A(20 + 1;4) = 20L(20 + 1, xa), (7.3)
A(2k; —i) = 2'72F (21728 — 1) ((2k); A(20+1;—i) = —2iL(20 + 1, x4). (7.4)

Also, it is well-known that

K 2mika \J
e 2me)7
lim = (27i)

Ko Joi (j €N;ae0,1) (7.5)

k#0

(see, for example, (1, Theorem 12.19)). Here, settirgr/2 and3x/2 in (4.1) and using (7.5)
with o = +1/4, we obtain the following.

LEMMA 15. For anyp € N and any functiorh : Ny — C,

P (—im/2)8 1 .

> - i)ep- yzhjf Tziz/l(f;@h(pfé)v (7.6)
Jj=0 £=0

> 60— ey Zh o' DLy Ag-ome—o (.7
Jj=0 £€=0

Set (CC, 0) = (717 0)7 (71.’ 7T/2)5 (717 7T/2)a (Zv 0)3 (Za 77‘-/2)7 (713 777/2) in (46) and use
Lemma 15. Then, by the same method as in the proof of Corollary 6, we obtain the following.

LEMMA 16. Forp,q € Nands > 1,

(p/2]
] . p+q—1—-2k
T(pa 5, 4; 7132) = 2(71)10 E ¢(2k)( q-— 1

)¢(s+p+q2k;1/4) (7.8)
k=0
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e pt+q—1—2k
2003 o) (T o g - 2ki-1/a)
k=0
ptq—1-
qg—1

T —is-1) = (417 3 A=) (-1 Notsspra-0 @9

=0
+ (—1)1”2 A(l; —1) <p +1I(OJ: 11 - l)qb(s +p+q—1-1/4),

ptqg—1-1

S(osvai i) = (0P Y -y (P

)q’)(s +p+q—1;1/4) (7.10)

=0
INE A(h—z’)(“q_1_l)¢(s+p+q—l>,

1=0 p—1
i ptq—1-2k
S L) =200 3 o0 (T T o gy
k=0
e pt+q—1—2k
w2003 o0 (M0 T Yo 4 pra - 2k1/a),
k=0

E@@gn,1)(1y§:AUﬂxn<?+q1

!
l o1 )¢(s+p+ql) (7.12)

=0
+ (=17 AL:) (p+§:11 _l)¢(s+p+q—l;1/4),

+q-1

B l) d(s+p+q—1;—1/4) (7.13)
l

=0
sy aa) ("I ot apra- .

Setting(z,y,0) = (—i,i,7/2) and (i, —i, —m/2) in (5.2), and using Lemma 15, we obtain
the following.

THEOREM17. Forp,q,a,b,c € N,

G g, 5,a,b,¢), M5 SU4)) + (=1)PCG((ps as 5,4, ¢,0), M SU(4)) (7.14)
DPYG((g, a,¢,p,8,0), A5 SU(4)) + (1P ((q, 5, ¢, b, a,p), Af5 SU(4))
1)7¢((a,q,b,p,5,¢), A3 SU(4)) + (=1)7°C3((a, 5,b, ¢, ¢,p), A ; SU(4))

1) ((a,p,b, g, ¢,8), A3 SUA)) + (=1)7 G ((a, ¢, b, 5,p,9), A5 SU(4))
LTty ((s,¢,p,a,0,0), A SU(4) + (=1)PF7G((g,p, ¢, a, b, 5), A 5 SU(4))

)

(
(-
(-
(-
(-
(=D)PFteGy((g, by e, 5,p,a), AY'3 SU(4))

+
N
N
N
N
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+ (71)p+q+a+b+c<3((57 bapv q,C, a‘)7 )‘}/7 SU(4))

P p—J .
L ; wta—1\(ptc—j—w-—1
o3z aunen L () ()
=0

j= w=0
XxZ(g+a+tw,s,p+b+c—j—w;—1,17)

c c—j .
. +a—-1\(/pt+c—j—-—w-1
P+a A w
X (UL
7=0 w=0
x%(g,s+a+w,p+b+c—j—w;—i,—1)

w+a—j\[(p+c—2—w
A(j
S S (1) ()
x5@+a—j+w+L&p+b+c—1—m—uﬂ

1>””‘i0 A1 S I [

w=0

x%(g,s+a—j+w+1l,p+b+c—1—w;—i,i)
and

G((p, q, 8,a,b,¢), \Y: SU(4)) + (=1)P¢((p, a, 8, q, ¢, b), Ay ; SU(4)) (7.15)
(=1)P*G((g, ay¢,p, 5,0), Ay SU(4)) + (=1)PFG((g, 5, ¢, b, a,p), A SU(4))
(=1)7¢((a,9,b,p, 5, ¢), A3 SU4)) + (=1)7°C3((a, 5, b, ¢,4,p), Ay SU(4))
(=1)7G((a,p,b,9,¢,8), A5 SU4)) + (=1)7*°C3((a, ¢,b,5,p,9), Ay SU(4))
(=) T+ (s, ¢,p,a,0,0), A3 SU4)) + (=1)PF9C3((g, ps ¢, a, b, 5), A3 SU(4))
(=1)PFIrFeC3((q, b, ¢, 5, p, a), Ay ; SU(4))
(—1)PFararttecy((s,b,p, g, ¢, a), AY; SU(4))

1

p p—j .
w+a-— ptrc—j—w-—1
oy (LT (L)

j= w=0

+ o+ + + + o+

)
)¢
)
)
)
)

xZ(g+a+w,s,p+b+c—j—w;—1,—1)

-1 +ec—j-—w—-1
1)p+e A( w+ta p
> a3 (41
T@s+a+wp+b+c—j—m@—”
— (wH+a—j\/p+c—2—w
A(
gL (7))

xT(q+a—j+w+1ls,p+b+c—1—w;i,—1i)
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a c—1 .
@ .. ; w+a—j\[(p+c—2—w
ey G-y ( )| )
, w p—1
7=0 w=0
x¥(qg,s+a—j+w+1l,p+b+c—1—w;i,—i)

hold for s € C except for singularities of functions on both sides. Moreover, sit{ge+i) and
T(p, s, q; x,y) satisfy(7.3}(7.4)and (7.8)(7.13) respectively, we find that the right-hand sides
of (7.14)and(7.15)can be written in terms af(s) and L(s, x4)-

Setting(a, b, ¢, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k € N, we obtain

G((2k, 2k, 2k, 2k, 2k, 2k), \Y; SU(4)) € Q - ©'2*F  (j =1,3),

) 70

because, sincg, is an odd character, (2] + 1, x4) € Q - 72!+ (see, for example, (5, p.12)).
This is again an example of (17, Theorem 3.2).
Now we note that

. . 4 ifl+2m+3n =2 (mod4)
_ s3l4+2m—+n _1\lt+n _ sl+2m43n )
1= +(=1) ‘ { 0 otherwise. (7.16)
This is becaus¢—1)!*" = 1 andi3!+2m+n = l+2m+3n when| andn are both even or both
odd, while(—1)+" = —1 and;3+2m+n = _jl+2m+3n otherwise. Therefore
G3(s,{0}; PU(4)) (7.17)

_ i(cg(s, A5) = Gals, AY 3 SU(4)) + Ga(s, Y5 SU(L) — (s, A SU <4>>>7

which is further equal to

1

(2606 50(0) ~ o A5 5U) - o3 5U ) )

by (6.1). Hence it follows from (3.13) and (3.14) that
43((817 52) 837 54) 857 56)7 {0}7 PU(4)) = 43((837 52) 817 55) 843 56)7 {0}7 PU(4)) (718)

Using (7.17) and combining Theorem 12 and Theorem 17, we obtain the following functional
relation among;s(s, {0}; PU(4)), {(s) andL(s, x4).

THEOREM18. Forp,q,a,b,c € N,

C3((p7 q,$,a, b7 C)a O; PU(4)) + (—1)pC3((P7 a,$,4,C, b)a 0; PU(4)) (719)
+ (=1)P*%¢((g, a, ¢, p, 5,b),0; PU(4)) + (=1)PT<(3((q, 5, ¢, b, a, p), 0; PU(4))
+ (_1)(143((0" q, b7pa S, C), 07 PU(4)) + (_1)q+b<~3((a’ S, b7 c, Q>p)a 03 PU(4))
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+ (=17 ((a.p, b, g, ¢, 5),0; PU(4)) + (=1)77*(3((a, ¢, b, 5,p, ), 0; PU(4))
+ (1) TG (s, ¢, a,0,9), 0, PU(4) + (= 1)PF74 (g, py e, a, b, 5), 0; PU(4))
+ (=1)Pratetecs((q,b, ¢, s, p, a), 0; PU(4))
+ (—1)pratatbiecs((s.b,p, q, ¢, a),0; PU(4))
1

whereJy, Ji, Jo, J3 are the right-hand sides ¢6.4), (7.14) (5.3), (7.15) respectively.

Setting(a, b, ¢, p, q, s) = (2k, 2k, 2k, 2k, 2k, 2k) for k € N, we obtain
Cs((2k, 2k, 2k, 2k, 2k, 2k),0; PU(4)) € Q - n'2*

Also, set(a,b,c,p,q,s) = (2k + 1,2k + 1,2k + 1,2k + 1,2k, 2k + 1) in (7.14), (7.15) and
(7.19). Then, by the same method as in the proof of Proposition 10, we obtain the following.

PrROPOSITION19. Fork € Nandj =1, 3,
C3((2k, 2k + 1,2k + 1,2k + 1,2k 4+ 1,2k + 1), A} ; SU(4))
€ Q<G +1), L(j, xa) | J € N},
and so
C3((2k, 2k + 1,2k 4+ 1,2k + 1,2k + 1,2k + 1), {0}; PU(4))
€ Q< +1), L(jixa) | j € N},
where the rational coefficients can be determined explicitly.
ExAMPLE 20. Setting(a,b,c,p,q,s) = (2,2,2,2,2,s) in (7.14) and (7.15), and using the
dataL(1,x4) = 7/4, L(3,x4) = 72/32, L(5,x4) = (5/1536)7°, we obtain
2{43((3,2,2,2,2,2), N5 SU4)) + ¢G((2,8,2,2,2,2),\]; SU(4))
+(3((2,2,5,2,2,2), \Y; SU(4)) + (3((2,2,2, 8,2,2), A\ ; SU(4))
+3((2,2,2,2,8,2), )\¥; SU(4)) + ¢3((2,2,2,2,2,5), )\Y; SU(4))}
= (3722757194 306) (27577 — 1) ¢(s + 10) + 100w L(s + 9, x4)

32 17

11327576 1 - 4
(1440 +288> (2 — 1) 7*¢(s + 6)
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289 - 27574

L 5
L
T L(s+5,x4) + 541990

+ 35 (27573 = 1) 7%¢(s + 4),

and

Q{Cg((s, 2,2,2,2,2),Ay; SU(4)) + (3((2, 5,2,2,2,2), \y; SU(4))
+¢3((2,2,5,2,2,2),\5; SU(4)) + ¢3((2,2,2, 5,2,2), Ay ; SU(4))
+(3((2,2,2,2,5,2),\y;SU(4)) + (3((2,2,2,2,2,5),AY; SU(4))}

= (3722757194 306) (27577 — 1) ¢(s + 10) + 1007 L(s + 9, x4)
, 32 , 17
+ (7 2758 3> (2757 = 1) n*¢(s + 8) + n
113.27576 1
- - 2—8—5 _ 1 4
( a0 " 288> ( )75 +6)
289 - 27574
241920

7T3L(S + 77 X4)

1
7 L(s + 5, x4) +

+ @7 = 1) 75 + 9.

Note that the reason why the right-hand sides of the above two formulas are the same is given by
(3.13). Settinga, b, ¢, p,q,s) = (2,2,2,2,2,s) in (7.19), we obtain

2{43((5,2,2,2,2,2),0;PU(4)) +(5((2,8,2,2,2,2),0; PU(4))
+(3((2,2,5,2,2,2),0; PU(4)) + (3((2,2,2,5,2,2),0; PU(4))
+(3((2,2,2,2,5,2),0; PU4)) + (5((2,2,2,2,2, 5),0; PU(4))}

_ (9327 33-27°
B 262144 512
7.2725 0 19.27% 49\ , 17
- - iy 8) — —m L(s+7
+< 65536 1536 3)”4(” ) " (s +7,xa)

113-2728  323-27° 353 7o
< ) 7T4C(s—|—6) — aL(s+5,X4)

+ 306) (s 4 10) — 507 L(s + 9, x4)

T 5808240 61440 ' 576
289-272%  31.27° 1 "

- - — 4).

( 61031520 7741440 T 720) T+ 4)

In particular, setting = 2, we again obtain (3.18).

ExAMPLE 21. Similarly to Example 11, We obtain, for example,

<3((2a3737373a3)7 Ya SU(4)) = 63((2a353737373)3 Aga SU(4))

212578 1177 44004924776
= 9 L(10 - (11
45097156608C( )+ 15360 (10, x4) 2254857830404( )
1375 105678654974
L(12 - (13) + 1173 L(14
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and
(3((2,3,3,3,3,3),{0}; PU(4))
8 7 6
2
- sraganars <19 ~ g H0x0) + gy <10
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