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Abstract. In the former part of this paper, we give functional equations
for Barnes multiple zeta-functions and consider some relevant results. In
particular, we show that Ramanujan’s classical formula for the Riemann
zeta values can be derived from functional equations for Barnes zeta-
functions. In the latter half part, we generalize some evaluation formulas
for certain series involving hyperbolic functions in terms of Bernoulli
polynomials. The original formulas were classically given by Cauchy,
Mellin, Ramanujan, and later recovered and reformulated by Berndt. From
our consideration, we give multiple versions of these known formulas.

2000 Mathematics Subject Classification. 11M41, 11B68.

1. Introduction

Let N be the set of natural numbers, Z the ring of rational integers, QQ the
field of rational numbers, R the field of real numbers, C the field of complex
numbers, and Ny := N U {0}.
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50 Yasushi Komori, et al.

We begin with the classical work of Cauchy [10] who studied the series
defined by
(=D™
> (se), (1.1)

1 N
meZn (0} sinh(mm)m

where sinhx = (¢* — e¢7¥)/2. He showed that several values at s = 4k + 3
(k € Np) can be written in terms of 7. After his work, this series was consi-
dered by Mellin, Ramanujan, and several other authors (see [8,9,15,16]), and
the following fascinating formula was proved:

Z (=p" = ()3

; 4k+3
meZn (0} sinh(mm)m
2%+2
1 B2i(1/2) Bajya—n;(1/2
x > (=1t 2i1/2) Bakra—,(1/2) (1.2)
= @2 (@Gk+4-2j)!
for k € No, where B;(y) is the jth Bernoulli polynomial defined by
ty 0 )
Ft,y) = —o—= ZBj()’)ﬁ (13)

(see [11]). As a result related to (1.2), it is also known that

2k+2
th 1 B2;(0) Baria_2;(0
> % = oy S (i ;j.( ') 4k4k+2 2];.)' (1.4)
menoy " = Q) (4k +4 —2))!

for k € Ny, which is written in Ramanujan’s notebooks (see Berndt [8, (25.3)
p-293]), where cothx = (e¥ 4+ e™)/(e* — e™). In fact, (1.4) can be easily
derived from Ramanujan’s famous formula (see Berndt [8, p. 275]):

vl — 1
“ [Ei(zN +h+ ; (e — 1)k2N+1]

Y b < 1
=h [55(2N D+ ; (e2K6 — 1) k2N+1 ]

N+
By (0) B —2%(0
SN 2%(0)  Ban+2-2(0) o N+Ik gk (1.5)
k=0

(2k)! (2N +2 — 2k)!

where N is any non-zero integer, oo and f are positive numbers such that
aff = w2 and ¢ (s) is the Riemann zeta-function.
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In the 1970’s, Berndt [4,5] studied generalized Eisenstein series and proved
transformation formulas for them. Using those results, he gave a family of
evaluation formulas for certain Dirichlet series in [6,7], including (1.2), (1.4)
and (1.5) (see also Remark 6.6).

What is the meaning of the above infinite series involving hyperbolic
functions? We can find that they are connected with Barnes multiple zeta-
functions. In fact, in the former half part of this paper, we first show functional
equations for Barnes zeta-functions. Those functional equations imply that
some infinite series involving hyperbolic functions are the “dual” of Barnes
zeta-functions, in the sense that they appear on the right-hand side of func-
tional equations for Barnes zeta-functions (see (2.7)).

Then we show two expressions of the Barnes zeta-functions or their
residues at integers. We observe that Ramanujan’s formula (1.5) (and hence
(1.4)) can be deduced by combining these two expressions in the double case.
Hence in the multiple cases, the combination of these expressions may be
regarded as generalizations of Ramanujan’s formula (see Corollary 2.4).

Motivated by this observation, in the latter half part, we first give a very
general form of evaluation formulas (see Theorem 5.1), which is out of the
frame of Barnes zeta-functions. From this form, we deduce a certain explicit
evaluation formula with a parameter y € [0, 1] (see Theorem 6.1) which
may be regarded as a relation of several Barnes zeta-functions at non-positive
integers. This formula especially implies (1.2) and (1.4) (see Corollaries 6.2
and 6.3) and also implies a lot of presumably new formulas, for example,

1 L
Z - N2 d o (1.6
wnjoy ST/ p)om 289
Z coth(mzi/p)? _ 62 . (1.7)
o 2835

meZ\{0}

wherei = /—1and p = (—14+/—3)/2, the cube root of unity, and the same
type of formulas including higher power roots of unity (see Corollary 6.4,
Example 6.5).

2. Functional equations for Barnes zeta-functions

Forf e Rlet HO) = {z = re'tD e C|r > 0, —7/2 < ¢ < 7 /2} be the
open half plane whose normal vector is e . We recall the Barnes zeta-function
defined by the following multiple Dirichlet series:

o0 o0

1
, a; LI = N 21
(s, a; o wy) Z Z (a+omy+ -+ wm,)’ (2.1

m1=0 m;, =0
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where all a, wy,...,w, € H(O) for some 8. Then it is known that this
Dirichlet series converges absolutely uniformly on any compact subset in
Ns > n.

Assume at first that is > n. For x € H(#), we have the formula for the

gamma function
1 e*"eoo
S = e / e s ar. (2.2)
0

a+wmi+ -+ wm, € HE@) (2.3)

Since

formy,...,m, € Ng, we can apply (2.2) to each term in (2.1) to get

{Vl(saa; CO], >a)7l)

— Z Z / —(a+w1m1+---+wnm,,)tts—1dt
2T

m1=0

1 (01+++w,—a)t
= —/ e
T =D e =1

elw1++o,—a)t

1
= — KA _ t_g—]dt’ 2‘4
F(S)(eznls -1 c) (@1t — 1) ... (e@nt — 1) (2.4)

where the argument of ¢ is taken in —6 < argt < —6@ + 2z and C(0) is

a contour which starts at e ?co, goes counterclockwise around the origin
with sufficiently small radius, and ends at e %00, Let 0 < VipeosYn < 1
and put

a=ay,....,y) =011 =y + - +w,(1 -y, € HO).
Then

tn(s,a(yi, ..oy yn); @1, ..., Wy)

1 e(w1y1+~-~+(uny,,)t ‘
B s *dt
F(S)(eznu -1 c©) (e@1t —1)---(e@nt — 1)
—1
H] ]a)

=—= J F(w;t,y;) | ' ldr. (2.5)
L(s)(e*™s — 1) Je) ]1;[1 e

If t € C(0) is sufficiently far from the origin, then R(w;r) > 0 (1 <
Jj < n). Therefore the integral on the rightmost side converges absolutely uni-
formly on the whole space C, so (2.5) gives the meromorphic continuation of
tn(s,a(y1, ..., yn); @1, ..., @y,) to the whole space C.
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In the following, we assume that n > 2 and J(w;/w) # O for any pair
(J, k) with j # k. From the above integral expression we obtain the following
functional equations for Barnes zeta-functions. When y; = --- = y, = y,
we write a(y, ..., y) = a(y) for brevity.

Theorem 2.1 (functional equations). We have

(s, a(y); or, ..., wy)

_ 2rwi
- _F(s)(eZEiS -1

n n
-1
> 2 e ((
k=1 meZ\{0} j=1
J#k

e(Zmn'i(uj/a)k)y

- —1\s—1 2mrmiy
emmioj/op _ 1))(2m7”wk ) ¢ >

(2.6)

where —0 < arg(2m7ria),:1) < —0 + n and the right-hand side converges
absolutely uniformly on the whole space C if 0 < y < 1, and on the region
Ns <0ify=0.

In particular, if y = 1/2, we have

_ 1 2wi
= on-—1 F(s)(eZn'is _ 1)

n

S —1 m 1 . —1y\s—1
XZ Z @ (=1 (H sinh(mﬂiwj/wk))(zmmwk) ’

k=1 meZ\{0} j=1
J#k

2.7)

In the case y = 0 of Theorem 2.1, the series expression (2.6) is valid only
for Ms < 0. In order to remove this restriction, we decompose the series into
the terms involving the Riemann zeta-function and the remaining parts. For
kefl,...,n},let 1/<+ ={jel{l,....,n\{k}|S(wj/ox) > O0}and I, ={j €
{1, ..., n]\{k}IS(wj/owx) < 0}. Let

0 (J £ 0)
5(J) = (2.8)
(=1t (J =9)

for J C {1,...,n}.
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Corollary 2.2. We have

é/n(ss a(o)s CU], L) Con)

2wi

szk ‘Z(mew ) 1((1_[ T /(Uk ) ol ))

m>0
/#k
. 1
. —1\s—1 +
+ 2 2mrion v ([ ) —90)
m>0 j=1
J#k

+3UID)Crio ) el —5) + o (—2mic ) T (1 - s)},
(2.9)

where the series on the right-hand side converge absolutely uniformly on the
whole space C.

Proofs of Theorem 2.1 and Corollary 2.2 will be given in Section 4.
In the following, the empty sum should be understood as 0.

Corollary 2.3. Forl € Z (orl > nif y = 0), we have
i Z 71( n e(Zmn'i(uj/(uk)y

: )(2mn_ia)kfl)n717162mn'iy
eZmﬂ:ta)j/a)k -1

k=1 meZ\{0} j=1
Jj#k
( ll n+1
(=) in—1La(y);,w,...,o,) (I =n)
= (2.10)
—(n —1 = D!Ress=p—1 {u(s, a(y); o1, ..., 0p) (I <n).
On the other hand, this is equal to
B _
mj!
mi,....,mp=>0 j=1 J
myteetmy =l
Proof. For k € Z, the expansion
is _L _
r mis _ | + O(ls — kI) (k <0)

2mi (k—l)!(s—k)+0((|s—k|2)) (k > 0)
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holds when s is near to k. Using this and Theorem 2.1, we obtain (2.10).
On the other hand, by use of the integral representation (2.5), we see that the
left-hand side of (2.10) is equal to

n n

-1 ) —1-1

_ H] ;" | Res Hl F(ojt,y) |t , (2.13)
J= J=

which yields (2.11). O
Similarly we have the following.

Corollary 2.4. Forl € Z\{n}, we have

;wkl (Z(2m7ricokl)”l1 ((1_[1 W) - 5(Ik))
= =

m>0 =
J#k
- 1
. \n—l-1 +
+ 2 (2mmio) ((H oo 7) ~ 0 ))
m>0 j=1
ik

+ Ui )Y (1 —n+1)

+ UM (2zio Y e (1 —n + l))

(71 [—n+1

St =1L a©); @1, ..., @) (> n)
—(n—1—1)!ReSs=p—1 u(s,a(0); w1, ..., 0,) (I <n)

N ﬁmw?ﬂ_ (2.14)

In the next section we will show that Ramanujan’s formula (1.5) is a con-
sequence of the case n = 2 of (2.14). Therefore Corollary 2.4 can be regarded
as generalizations of Ramanujan’s formula.

Here we give historical remarks. A kind of functional equations for the
Barnes zeta-functions was first proved by Hardy and Littlewood [13] in the
case n = 2, and a generalization to the case of general n was discussed in
Egami’s lecture note [12]. Our proof of Theorem 2.1 is essentially the same as
those of them. On the other hand, by calculating explicitly the residue (2.13),
we showed an expression of ¢,(n — I, a(y); i, ..., w,) or its residues in
terms of Bernoulli polynomials. This type of results is also classical, already
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studied by Barnes himself [2], [3] (see also [1], [14]). In this sense, both of
the two equalities in (2.10) and (2.11) are classical. The novel point in the
present paper is to combine these two equalities. A consequence of such a
combination is the observation concerning Ramanujan’s formula in the next
section.

3. Ramanujan’s formula

In this section, we show that Ramanujan’s formula (1.5) can be obtained by
combining two equalities given in Corollary 2.4. In Corollary 2.4, consider
the case n = 2, w1 = a'/?, wy = if'/? with a, p € R. Let N € Z\{0}.

The last member of (2.14) is

_ Bl B (0) Bx(0) o 1—0/2 k2.
_(ia!2pV/2)"! Z k e 1-0/2 gk 3.1)

In particular, for / = 2N + 2, we have

2N+2

. - . Bant2-j(0) Bj(0) .
C2N+2=_(la1/2ﬁ1/z) 1 Z i (2N+2]—])' 5 o @N+2— ])/zﬁj/z
Jj=

N+1
121201 x Bani2-2k(0) B (0) G N1k gk
D M T 26)! (2K)! F

(3.2)

where we have used B, 41(0) = 0 (for j > 1).
Next we compute the first member of (2.14). Since 5(11+) =d(,) =0
and 6(I1,") = 5(12+) = —1, this is equal to

1
~1,2 12311
aV Z(mea /2y (e—zmn/)’l/?al/? — + 1)

m>0

1
ezm”ﬁ]/Za—]/Z -1

Ll Z(_zmﬂiafl/Z)lfl

m>0
1
1/2 1/2\1-1
—ip” / Z(zm”ﬁ /) o2mral 2172 _
m>0
1
.n—1/2 —1/2\1-1
—ip7V Z(—Zmﬂﬁ /2 (emexl/zlfl/z_l +1)
m>0

—a PQria” )@ = 1) +ipT A (=22 p7 VA e — 1), (3.3)
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In particular, in the case a!/?1/? = 7, we see that this is equal to

1
- Otil/z Z(Zmn’iail/z)lilWl
e —_

m>0
1
+a /2 Z(—2m7ria_]/2)l_l—2mﬁ 1
m>0 ¢
Lo _ _ 1
—lﬁ 1/2 Z(zmﬂ'ﬁ ]/2)] lezma_l
m>0
o _ _ 1
+lﬁ 1/2 Z(_zmﬂ:ﬁ 1/2)1 lezma_l
m>0

—a ' Pria ) e =) +ip (=2 pT ) - 1)

_ (27[)]_11'1_10:(1_2)/2

o 1
x(—ga—1)+(04ﬁ‘]—1)§:(;%F17$Zﬁ7)

m=1

— n)! gt

- 1
X ((—1)l§(l — 1) + (1 - (—1)171)2 W) . (34)
m=1

Further in the case [ = 2N + 2, we see that (3.4) reduces to

m=1

1 - 1
(i)' @a) N (—a)N (—EC(ZN +1D - Z (e2mF — 1)m2N+1)

o _ 1 ad 1
+ (i) 27) ZN,B’V(Ea(zN+1)+mZ:‘,1 (ezm_l)mm“). (35

By equating (3.2) and (3.5), we finally obtain

N+1
_ 92N Z(_l)k Ban+2-2¢(0) BZk(O)aN“*kﬁk
k=0

(N +2 —2k)! (2k)!

m=1

1 - 1
+a N(Eg(zN +D+ > e 1)m2N+1)’ (3.6)
m=1

which recovers (1.5).

_ 1 - 1
=(=p) N(—ECQN +1) - Z (2B — ])mZN—H)
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4. Proofs

Proof of Theorem 2.1. For z € C and ¢ > 0, let D(z, ¢) be the closed disk
whose center is z with radius ¢. We use the notation x4 = max{x, 0} for
x € R. We first note that for any ¢ > 0, there exists M’ = M'(¢) > 0 such
that for t € C\ U,,cz D(2mn i, ¢) the inequality

1

el — 1

’ < M'e~ 0+ 4.1)

holds. Hence for t € C\ U’} Uppez D(Zmniwj_], ¢), we have

n
[ Fst, »)| < Mirpreim@em=iens (42)
j=1
with a certain M = M (e, wy, ..., w,) > 0. Since
R(wjt)y — R(wj); <0 (4.3)

for 1 < j < n, we see that there exists T = T (¢) > 0 such that for all € C
with |t] =1,

> (Mw;ty — Mot y) < —T. (4.4)
j=1

Hence we see that for all t € C\ U’} U,pez DQmrmiw: !, e),

n
[ F@jt. | < mizre= "1, (4.5)
j=1

If 0 < y < 1, then we can choose T > 0. In fact, since J(w;/wr) # 0
for j # k and n > 2, for any t with |f| = 1 we find at least one j for
which R(w;t) # 0 holds. Then, using 0 < y < 1 we see that R(w;t)y —
R(wjt)+ < 0, from which T > 0 easily follows.

From (4.5), we see that the integral on the rightmost side of (2.5) converges
to 0 when the radius of the contour goes to infinity if 0 <y < lor,y =0
with s < 0. Namely, there is a sequence R; — oo such that

n
lim F(w;t, y)| 17 1|dt] = 0. (4.6)
[—o0 lt|=R ]]‘1 J
Hence we can calculate the integral by counting all the residues on the
whole space. Since by the assumption the poles of the integrand are all simple
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except the origin, we obtain

(s, a(y); o, ..., op)

1 @1+t ‘
= . té—ldt
[ (s)(e2ris — 1) c) (@1t — 1) (e@nt — 1)
2mi

n (2m7rtwj/a)k)y

XZ Z (H e2mmiojjop _ )(2m7'['lwk )5 12m7ny 4.7)

k=1 meZ\{0}
/#k
whose absolute and uniform convergence follows from the explicit form of
the series. Therefore we obtain (2.6). O

Proof of Corollary 2.2. We observe that as m — +o0, FQrimw;/wy, 0) =
O(m)if j € Ik+ while F(2rimw;/wi, 0) decays exponentially if j € I, .
Thus we see that if I, # ¢, the series

Z(H mea,j/wk_ )(2mﬂ'lwk ) 1

m>0 j=l1
J#k

converges absolutely uniformly for whole s € C.
Next consider the case I, = ). We have

Z(H mewj/wk )(Zmr”wk )sfl

m>0 j=1
J#k
1 1
-1 . —1\s—1
= > (D" 'Cmrio "y (H(Hm))
m>0 J=l
J#k
_ 1 . —1\s—1
— Z(—])n (2m7rzcok )} (1 + Z (H —2m7tlw,/wk — 1))
m>0 J{l,...n]\{k} jeJ

[J]=1

= ()" Crioy (1 - )

+ (! Z Z(Zmﬂicok_])s_](nm)'

Jc{l,..,n\{k} m>0 jed
[J]=1
(4.8)
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Since all j € I,7, we see that the rightmost side of the above can be contin-
ued to the whole of C, and is equal to

)" eriog Yy e —s)

n
1
2 . —1ys—1 n—1
m>0 j=1
J#k
For the series with m < 0, by exchanging the roles of / k+ and I,", we have

the same type of conclusions as follows: If / k+ # {J, the series corresponding
tom < 0 converges absolutely uniformly for whole s € C, and if I, = #,

n
1 sl
Z(H emmioj/op _ 1)(2m7”a)k )S

m<0 j=I1
J#k

= (=) (=2zio Y e —5)

n

R 1 _
+ 2 cammioy ([ =) - 0"):
m>0 Jj=1
J#k
(4.10)
O

5. A general formulation

In the previous sections, we established some relations between Barnes
zeta-functions and certain series involving hyperbolic functions (see (2.7)).
In order to study this relationship further, it is convenient to introduce a
general framework to evaluate more general series.

Let g(7) be a meromorphic function on C which has possible poles only on
2miZ. For example, we will consider g(¢) = (z/2)/ sinh(t/2) (see (6.8)).

Letn € Nwithn > 2 and y = € i/n that is, the primitive 2n-th root of
unity. Let

n
G =[]t
j=1
We assume that there exist real numbers y, y2 with y; > 0 and a small
positive number ¢ such that
IG@®)| < y1lt]™7?

for all r € C\ U?:_ol Upmez D(@mmin', €). Then we have the following theo-
rem, which is a simple consequence of residue calculus, but is a key result in
the present paper.
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Theorem 5.1. Forh € Z withh + y, > 1,

n—1 n
Z QCmmi)~ ( 7]1(17}') H g(2m7ri77j+l)) _%es g(—1)
meZ\(0) 1=0 j=1 =
JHl#n
n .
= —lt{_eos " Hg(}y/l‘) . 5.1

In particular when g is an even function,

2 Y Cnniy [ ecnrin) Res ()

meZ\ 0} Jj=1
n—1
— —Res{t " J :
t:eos t Hg(n Ht, (5.2)
j=0
where
n—1 n if h=1 (mod2n),
Z, = an(lfh) — if h#1 (mod2n) and?2 fh, (5.3)
j=0 17;]7,1 if h=#1 (mod2n) and?2|h.

Proof. Leth € Z with h + y, > 1. For R € N, we have

1
Res{G(t™" = — Gt "de
t=0 2ri |t|=2¢

:—Z > Res (G

120 0<|m|<R [=2min'

1

27i Ji|=27 R+2¢

n—1
==2_ 2 Res (GU'nG'n™")

1=0 0<|m|<R

1
+— G ()t "dz. (5.4)
27i Ji|=27 R+2¢

Gt "dr
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Since G(£)t™" < y1|t|7"772, we have

’/ Gt "dt 5/ |G (1)t " |d1|
|t|=27 R+2¢ |t|=27 R+2¢

—h—
SVl/ |t]7 72 d1]
[t|=27 R+-2¢

<2791(2x R + 2¢) "2t

—0 (5.5)

as R — oo. Hence by letting R — oo, we obtain

Res{G(t)t = — an(l noy Res {G(;y Nty (5.6)

=0 meZ\{ 0}

because
’ 1

— |G (')t |d1|
21 Jji—omri|=2e

Res G(p't)e™"

t=2mmi

IA

<L 1772 di]
27 Jjt—omri|=2¢
< 2ey1Q2x|m| —2¢e)" 72 (5.7)

and hence the convergence is absolute.
Since # is the primitive 2n-th root of unity, we see that for [ € Z with
0 <l <n — 1, the residue of

n
"GO =" [Te Mo
j=1

att = 2mmi is equal to

n
2mmi) " 2mrin/™y x R —t
Q@mzi) E g@muin/™) x Res g(-1),
J+l#n
which gives (5.1).
In particular when g is even, we have G(5't) = G(t) (0 < < n — 1),
because g(#"t) = g(—#"7"t) = g(y""t) forn + 1 < r < 2n. Therefore

n—1

1(1—h) h _ h
D 2 Res ("GO} =2 3 Res (7"G)).
1=0 meZ\{ 0} meZ\{0}

This completes the proof. o
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It is to be noted that the original method of Cauchy [10] is essentially
similar.

6. Explicit formulas

We recall the Bernoulli polynomials {B;(y)} defined by (1.3):
o

tJ
Z 0%

F(t,y) =

For y € R, let

— F([a y) + F(—l, y) . [et(y*I/Z) +€7t(y*1/2)

H(t,y) > 9 et/2 —e=1/2
_t cosh(.t(y —1/2)) (6.1)
2 sinh(z/2)
Then we see that 00 om
H(t,y) = Z%) BZm(Y)(;—m)!' ©.2)

It follows from (6.1) that H (¢, y) has simple poles at t = 2mmi (m € Z\{0})
and its residue is
Imii eZmﬂ:i(yfl/Z) + 672m71:i(y71/2)

Res H(t,y) = =2mmnicos(mmny).

t=2mmni 2 (=1)m
(6.3)

By (5.2), we have the following result which includes the known formu-
las (1.2) and (1.4) given by Cauchy, Mellin, Ramanujan and so on (see
Section 1.).

Theorem 6.1. Assume O <y < land p € Z, ory = 0,1 and p > n/2.
Forn e Nwithn > 2 and n = emim

—1 .
cosmny) [ coshQmzin(y —1/2))
Z2p+1 Z m2p+i-n H sinh(mzint)
meZ\{0} =1

2"=lQri)?pti-n Bom, (¥) n?
— &Y 7 (V l)mv
1 =D;2 Z H 2myt ! , (64
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where Zy, is defined by (5.3). Furthermore, assume 0 <y < land p > n/2.
Then the both sides of (6.4) are also equal to

(27Ti)2p+1_” (_1)1—n
2Q2p —n)!

n—1
x> D> aln=2p Dy g,
j=0

yoe{y,1=y}  yn—1€{y,1-y}

(6.5)

Proof. Since H(—t,y) = H(t, y), we can apply (5.2) with g(¢) = H(t, y)
and i = 2p+ 1. In this case y; is arbitrarily large for0 < y < l and y = —n
for y = 0, 1, and hence the condition 4 4+ y, > 1 is satisfied because we
assume p > n/2if y =0, 1. By (6.2), we have

. 0 7]2jmt2m
Hp/t,y) = B .
/1, 3) =D Ban(y) !
m=0
Hence we obtain
T " B, ()
Res { 2P ' T HG/t, y) } = D2y V) 20 —)m,
Res H ('t ) > 11 G !
Jj=0 mi,...,n,>0 v=1
mi+---+mp=p

Therefore, by using (6.1) and (6.3), we have

ZZp-H Z (27!17[1')72‘071
meZ\{0}

2mmicos(mmy)

" cosh@mmind(y —1/2))
X Hmmn . —
e sinh(mmin/)

_ - B2mu(y) 2(v—1)m,,
N 2. 1l Qm) " ‘

miy,....,mp >0 v=I
mi+--+my=p

Thus we obtain (6.4).
Assume O <y < land p > n/2. Thenh =2p + 1 > n + 1. Note that

_tefty tet(lfy)
F=t.y) = P

=F(t,1-—y).
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Then we have

n—1 n—1 . .
; F(lt,y) + F(n/t,1—y)
GO =[]H@W . =]] 5
=0 =0

n—1
=27 > . > T FGinyp. (6.6)

yoe{y,1—y} Yn—1€{y, 1=y} j=0
Hence
Res{G (1)1 ™"}
t=0

n—1

—n .
= 71 E ... E / H F(ﬂ]t, )’j) l‘(n'H_h)_”_]dL
Tl |t|=¢

yoely,1=y}  yn—1€{y,1-y} Jj=0

6.7)

Since 0 <y < 1,weseethat1, ..., " " and Z?;(l) 7/ (1 —y;) are belong-
ing to the half plane H(6,), where 8,, = /2 — n /(2n). Therefore, deforming
the path |¢| = ¢ to C(6,), we find that each integral on the right-hand side of
(6.7) is of the same form as the integral on the right-hand side of (2.5) with

s = n+ 1 — h. Using (2.5) and (2.12), we obtain that the right-hand side of
(6.7) is equal to

2—n’7n(n—1)/2 Z Z Zﬂi(—l)h_n_]
2wi h—n—1)!
g yoe{y, 1=y} yn—1€{y,1-y} ( " )

n—1

X {n n—{—l—h,z;yj(l—yj); Lo, ...,n"!
=0

_ 2—n (_l)h—n—l nn(n—])/Z

(h—n—1)! 2 2

yoe{y,1=y}  yu—1€{y,1-y}

n—1
XCn n+1_h9zrl]yjslsr]s 377”_1 )
j=0
which implies (6.5). O

In particular when y = % in (6.4) and (6.5), we have the following formula,
which can be regarded as a multiple generalization of (1.2).
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Corollary 6.2. For p € Z,n € Nwithn > 2 and n = e*'/"
(—1)"
Byt Y
(Hj=1 smh(mm'nf)) m2p+i-n

meZ\{0}
Bom, (1/2) 20=Dm - (6.8)

2n71 (27”')2p+lfn
Z H (2m,)!

=" =Dz

.....

Furthermore if p > n/2, then (6.8) is equal to

2 2p+1—n -1 ]—nzn—l
emiy?” 7 (-1) =2, (=i Lo ™Y, (69)

2Q2p —n)!
Now we consider the case n = 2, # = e/ = j and p = 2k + 2 in (6.4)

Then we obtain the following.

Corollary 6.3. Fork e Ngpand0 <y <1,

cos(mmny) (coshQmn(y —1/2))
meZZ\{O} mAk+3 ( sinh(m) )

2Ut2
B 443 v+ B2 () Baka—2;(y)
= (2m) ZZO( b’ Qi) @Gk+4—2j)1 (6.10)

= % we obtain (1.4) and (1.2), respectively.

In particular when 'y = 0 and y
Next we consider the case n = 3. Let # = ¢"'/3 = —p? with p = &27/3
= —1and Zg+1)+1 = 3 by (5.3).

and p = 3k + 3. Then we have 53G—1/2

From (6.4), we have

Z cosmny) { cosh@mmi(—p?)(y — 1/2)) coshQmzip(y — 1/2))
meZo) mok+4 sinh(mmi(—p?))sinh(mmip)
22(27fi)6k+4 & BZmu (y) 2(w—1)m,
_ ) H] T , 6.11)

-3
my,my,m3>0  v=

my+my+m3=3k+3
Note that p? = 1/p and p = —1/p — 1. Hence, by using
sinh(mzip) = —(—1)" sinh(mni/p),

we can rewrite (6.11) as follows.



Barnes multiple zeta-functions 67

Corollary 6.4. Fork e Ngand0 <y <1,

(=D cosmmy)
>

Py
meZ\{0}
cosh(mmi/p)(y — 1/2)) coshQmmip(y — 1/2))
X ( sinh(mmi/p)? )
_A=DFEr)SH Bomy () Bamy () Bons () s 2m
N 3 @m1)! 2ma)! (2m3)! '

my,mz,m3>0
my+mo+m3=3k+3

(6.12)
In particular when y = 0and y = %, the following equations hold:
coth(mmi/p)?
2 e
meZ\ {0}
_ 4(_1)k(2ﬂ)6k+4 BZm] (0) BZmz (0) BZm; (O) m2+2m3
3 w0 2mDt @ma)l 2m3)!
my+my+m3=3k+3
(6.13)

1
Z ; ; 2,,,6k+4
meZn(0) sinh(mmi/p)*m

_4(=DQm)o Bom (1/2) Bomy(1/2) Bomy(1/2) )+ 2ms
N 3 Z @m1)!  (2ma)!  (2m3)! '

my,my,m3>0
mi+moy+m3=3k+3

(6.14)
Example 6.5. From (6.13) and (6.14), we obtain
z coth(mzi/p)> 62 , 6.15)
7 = T, .
= m 2835
Z coth(mzi/p)? 40247 10 6.16)
m10 = 1915538625 '
m#Q
1
> =———n", (6.17)
= s1nh(m7rz/p)2m4 2835
_ 703 0
> = 10, (6.18)
o smh(mm /p)2m! 1915538625
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Additionally, by setting (p, n) = (4, 4), (5, 5) in equation (6.8), we obtain

=~ R
sinh(mz ) sinh(mzi¢y) sinh(mzicg 'ym3 37800

>

m#0
(6.19)
> s L
20 o sinh(mmis) sinh(mzi¢2) sinh(mmi3) 31nh(m7rlg“4)m6 467775
(6.20)

where ¢ = 2"1/k (k € N).

Remark 6.6. By using the same method as introduced in this paper, we can
recover the known formulas, for example,

i (=D
4= cosh(2m + Dm /2)((2m + 1)/2)%+1

2k

_ Q= )4/‘+1 E3j(1/2) Eqr—2;(1/2)
Z(_ )J Qi) @k -2’

> (D"
2.

“ cosh((2m + 1)v/3r/2)((2m + 1)/2)0k+]

(=D 2 )SkH] % E2j100) Bo2j(0) ((2j + 1)n)
N 2 — (2 + D! (6k —2)! 3

for k € Ny (see Watson [17] and Berndt [7]), where {E,(x)} are the Euler
polynomials defined by

e~ o0 "
1=§mmﬁ
n=

More generally, we can give relevant analogues of these results like those in
Example 6.5.
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