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1. Introduction

Let N be the set of natural numbers, Ny := NU {0}, Z the ring of rational integers,
R the field of real numbers, C the field of complex numbers and i = /—1.

For f € N let a : Z — C be a periodic function with period f. We assume that
a is an even or odd function, namely a(—m) = A(a)a(m) for any m € Z, where
Aa) € {£1}. Let

RE={a:Z—Cla(m+ f) =alm), a(—m) = +a(m) (m € Z)}, (1.1)
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and let Ry = fRJf UIR;.
For a; € Ry, (j = 1,2), we choose any f € N with lem(f1, f2) | f. Then we see
that a; € Ry (j = 1,2). In view of this observation, from now on, we assume f > 1.

For a1,as € Ry, we define the double Dirichlet series associated with a; and as
by

o0 o0
Ly (s1,82;a1,a2) = Z stl m+n e (1.2)
for s1,s2 € C. This series is absolutely convergent when
09 >17 o1+ 02 >2, (13)

where 0; = Rs; (j = 1,2). In particular when (s1,s2) € N2, we find that
LY (s1, 82;a1,az), if convergent, is the double L-value denoted by L (s2,s1;az2,a1)
which was first studied by Arakawa and Kaneko [4]. They considered not only
double L-values, but also more general multiple L-values (abbreviated as MLVs).
After their work, several properties for MLVs have been studied (see, for exam-
ple, [25,26,28]). In addition, another type of multiple L-functions was studied by
Akiyama and Ishikawa [2,13].
More generally we define the double series of Eisenstein type

LY (s1, 895 a1, ag; wi,wa) = Z Z (o) mw12(+ 31002) : (1.4)
m=1n=1
where wy,ws € C with Rw; > 0, Rws > 0. This is also absolutely convergent when
(1.3) holds. The special case a; = 1, ag = 1 in (1.4) has been studied in our former
paper [17].

In this paper, we give symmetric functional equations of traditional type for the
above double Dirichlet series (Theorem 2.1). In particular when a; = 1, as = 1, this
coincides with the functional equation for double zeta-functions given in [17] which
is based on a pioneering result of the second-named author [21]. As a corollary of
our present result, for primitive Dirichlet characters x1, x2 of conductor f > 1, we
obtain a symmetric functional equation for the ordinary double Dirichlet L-function

w — o xa(m)xa(n)
Ly (51,823 X1, X2) = Z e (4 ) (1.5)
m=1n=1

(Corollary 2.3). On the other hand, if x; or x2 is a principal character or a non-
primitive character, then the function appearing in the counter-part of the func-
tional equation is not necessarily a (double) Dirichlet L-function (see Remark 2.4).
This is the reason why we work in a general framework of periodic coefficients.

In Section 3, using those functional equations, we evaluate double L-functions
at non-positive integers. Indeed we determine certain trivial zeros of double L-
functions (Theorem 3.2). Also we describe values of double L-functions at non-
positive integers in terms of Dirichlet L-values (Theorem 3.4). This can be regarded
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as a y-analogue of a known fact for double zeta-functions given by Akiyama-FEgami-
Tanigawa [1] and recovered by the authors [17].
This type of double L-functions is attractive from the viewpoint of number
theory. In fact, we have already known that, for example,
1
=L(1; x)Ba (1.6)

LEU(L _1;X7X) = B%,X - )

(see [27, p.167, Remark]), where x is a primitive Dirichlet character of conductor
f>1and {B,,} are the generalized Bernoulli numbers defined by

j)tedt
eﬂ_l ZBnX (1.7)

j=1
(see [29, Chap.4]). This implies that double L-functions have number theoretic
information of abelian number fields.

In Section 4, based on the observation for values of double L-functions, we will
construct p-adic double L-functions by using p-adic measures (see (4.4)). We will
prove some functional relations between p-adic double L-functions and Kubota-
Leopoldt p-adic L-functions (Theorem 4.2). More general investigation for p-adic
multiple L-functions will be written in our forthcoming paper.

A part of the results in the present paper has been announced in [16].

2. The statement of functional equations

First we recall some results of finite Fourier expansions (see, for example, [3, Chapter
8]). Let a1,as € Ry. We can write

Z Je2mivmif(j =1,2), (2.1)

=1

where
1 o
a;j(m) = 7 > aiw)e ™I (j=1,2). (2.2)
v=1

In particular @;(0) = 0 if and only if >, ., a;(r) = 0. Also we can see that
A@;) = Ma;) (j =1,2). When a; and ay are primitive Dirichlet characters ¢ and
1o of conductor f, respectively, then we have

-~ ¥;(m)
pj(m) = (2.3)
’ (W)
where 17] is the complex conjugate of 1; and 7(-) denotes the Gauss sum defined

by

/
= Z x(m)e2™im/ 1, (2.4)
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Therefore
f
b (m)r(W;) = hj(v)e* i (2.5)
v=1

for a primitive character ¢; (j = 1,2) of conductor f.
Now we state the first main result in this paper, that is, the functional equation
for the double series (1.4). For a € Ry we let

Lis,a)= Y a(m) (2.6)

ms

m=1

In particular when a is a Dirichlet character x, L(s, x) is a Dirichlet L-function.

Theorem 2.1. For any ay,a2 € Ry, the double series LY (s1, $2; a1, a9; w1, ws) can
be continued meromorphically (as a function in s1,s2) to the whole space C?, and
the functional equation

l1—s1—s9

271 2
< ) {F(SQ)LSJ(SuSz;a1,a2;w1,wz)

fwiws

1781782 f
w
— 2 T(1—s)T(s1 + 89— 1)L(s1 + 52 — 1,a9) Zal(u)

fer v=t (2.7)

s1+so—1

27 2 w ~ o~
= fwiw D(1—s1)L5 (1 — s2,1 — s1;G0,a1;w1,w2)
1w2

s1+s2—1
_Y
for

holds on the hyperplane s1 + so = 2k + 1 (k € Z) if Ma1)A(a2) = 1, and on the
hyperplane s1 + s = 2k (k € Z) if Maq)A(a2) = —1.

f
T(s2)0(1 — 51 — 82)L(1 — 81 — 52,01) Zaz(v)}
v=1

Remark 2.2. Formula (2.7) is valid for any k € Z, but double L-functions may be
singular on some of the above hyperplanes. This point will be discussed at the end
of the present paper.

In particular when aq, as are primitive Dirichlet characters x1, x2 of conductor
f>1, it is well-known that

!
> xav) =0, > Xa(v) =0, (2.8)

because of (2.3). Therefore we obtain the following corollary, which is clearly the
“double-analogue” of the functional equation for Dirichlet L-functions. It is an
interesting point that the following formula expresses the duality not only between
s1 and so, but also between y; and xo.
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Corollary 2.3. If x1,x2 are primitive Dirichlet characters of conductor f > 1,
then the functional equation

(2m') T (s,
an Ly (s1,82; X1, X2)
f 7(x1) (2.9)

s1+so—1
omi\ 2 D(1—s1) o
=\ — fLLUl*S%l*Sl;XaX
< 7 ) ) 2 1)

holds on the hyperplane s1 + so = 2k + 1 (k € Z) if x1(—1)x2(—1) =1, and on the
hyperplane s1 + s2 = 2k (k € Z) if xa(=1)x2(-1) = —1.

Remark 2.4. When x; or x2 is a principal character or a non-primitive Dirichlet
character, (2.8) does not hold. Therefore, in this case, (2.9) does not hold while
(2.7) holds. In fact, we will treat this case in Theorem 3.4.

The proof of Theorem 2.1 will be given in the last section of the present paper.

3. Values at non-positive integers

In this section, using the results in the preceding section, we compute the values
LY (—p,—q;a1,a2) (p,q € Ny) under some assumptions for ay, as.
First we assume that aq,a2 € Ry with f > 1 and that @;(0) = @2(0) = 0. Let

fo 7 2mwiv/ f 2mip/ f
PR e e
G(tla t2; ai, a2) = Zl Zl al(y>a2(p) etitta _ 627Ti1//f etz — ezﬂiP/JH (31)
v=1p=
and define Bas, v (a1,a2) by the expansion
G ; = Y t{”tév 3.2
(tr,t25a1,00) = ZﬁM,N(ahaz)M!N!- (3.2)

M=0 N=0

Theorem 3.1. Assume that ai,as € Ry with f > 1, and a1(0) = a2(0) = 0.
Then LY(s1, $2;a1,a2) can be analytically continued to the whole space C? with no
singularities. For p,q € Ny,

Ly (=p, —g; a1, a2) = (=1)P T, g (a1, az). (3-3)

Proof. We use the method of contour integrals (see, for example, [29, Proof of
Theorem 4.2]). We define T which consists of the positive real axis [e,00) for a
small positive € (top side), a circle C around 0 counterclockwise of radius €, and the
positive real axis [g, 00) (bottom side). Note that we interpret ¢° to mean exp(slogt),
where the imaginary part of logt¢ varies from 0 (on the top side of the real axis) to
27 (on the bottom side). Let

H(Sl,SQ;al,ag):/T/rG(tl,tg;al,ag)tililtgzildﬁdtg. (34)
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We can easily see that H(sy,sa;a1,as) is holomorphic for any (sg,ss) € C?, and
H(Sl, So,a1, G,Q) = (eQﬂ—isl — 1 27”52 — / / G tl, tg, ay, ag)tsl 1t;2_1dt1dt2
+ (e — 1)/ / G(t1,ta; an, an)ts 152~ Lty dty
€ Ce
. o0
+ (627”81 - 1) / / G(tl,tz; ai, ag)tililtgzildtldtg

/ / th,tg,al,ag)tsl 1ts2 ldtldtg.

When Rs; > 1 and Rsy > 1, we see that sz — 0 as € — 0 (because a1(f) =
a2(f) = 0 by the assumption, while if v < f — 1, p < f — 1 then the denominator
on the right-hand side of (3.1) does not tend to 0 when ¢;,t2 — 0). Therefore, in
the usual way, we have

H(s1,s92;a1,a2) = (62”51 -1) (627”52 — 1) T(s1)T(s2) LY (1, 52;a1,a2).  (3.5)

This implies that LY (s1, $2; a1, az) can be continued meromorphically to the whole
space C2.

The zeros of e?™% — 1 (j = 1,2), that is s; = [; € Z, are candidates of sin-
gularities of L§'(s1, s2;a1,az). However they are cancelled by the gamma factors if
l; <0. When {1 > 1 or I > 2, they should not be singularities because of (1.3). To
prove that the remaining case sy = 1 is also not singular, we show that the series
(1.2) (in that order of summation) is convergent uniformly in the region Rso > 0,
R(s1 +s2) > 1. In fact, 37, ., az(n) is bounded uniformly in z, because a2(0) = 0.
Therefore by partial summation we have

> as(n) . & a(n dx
z:(m—kn)s2 B 2/1 Z 2(n) (m + x)s2+!

n<lz

< o dx < 1
L G S e

so the double series (1.2) is

la(m
< Z m01+¢72'

This is convergent when o; + o9 > 1, which implies the assertion. Therefore
LY (s1, 82501, az) is entire.

Lastly, putting s; = —p, so = —¢ in (3.4), substituting (3.2) into the right-hand
side, and using the well-known fact

k
lim (e*™ — 1)I'(s) = (2m)( L

s——k k! (k € NO)’

we can obtain (3.3). O
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In particular when aq, as are primitive Dirichlet characters x1, x2 of conductor
f > 1, it was already shown that LY (s, s2; X1, Xx2) is entire ([23,24]). In this case,
we proved that (2.9) holds (Corollary 2.3). From this, we can explicitly determine
the ‘trivial zeros’ of LY'(s1, s2; X1, x2) as follows.

Theorem 3.2. For primitive Dirichlet characters x1,x2 of conductor f > 1, and
p,q,k € N with p <2k and ¢ <2k — 1,

LY (p—2k,1—p;x1,x2) =0 (if xa(=1)x2(-1) =1), (3.6)
L¥(g+1—2k1—q;x1,x2) =0 (if xa(=1)x2(~1) = —1).

Proof. For (s1,s2) = (l1,la) € N2, we see (as in the proof of Theorem 3.1)
that LY (I1,12; x1, x2) converges when f > 1. Hence, from (2.9), we see that if
x1(=1)x2(=1) = 1 then L (1 —1ls,1—11;X32,Xx1) = 0 with Iy + I3 = 2k + 1, because
of the I-factor. Putting p = I3 and replacing (Xz,%1) by (x1,x2), we obtain (3.6).
Similarly we can obtain (3.7). O

Remark 3.3. Unlike the Dirichlet L-function, it is unknown whether the double
L-function LY (s1,s2;a1,a2) has an Euler product or not. Hence we cannot prove
that, for example, LY (s1,s2;a1,a2) # 0 when Rs; > 1 and Rse > 1. Therefore
there might exist other ‘trivial zeros’ of L5 (s1, s2; a1, az) besides (3.6) and (3.7).

Next, when a; is a primitive Dirichlet character y of conductor f > 1, and as
is the principal character xo, that is, xo(m) = 1 (m € Z). Then we can see that
Xo € fRf and

0 (ffm).

It is known that (see [29, Chapter 4])
B
L ~kx)=-=% (keN),

—1)k-1 7 i\ *
uhm_({;if(i) Bix (keN),

where {B,, ,} are the generalized Bernoulli numbers defined by (1.7). Hence, by
putting (s1,s2) = (—p, —¢q) with p € N, ¢ € Ny in (2.7), we obtain the following
result, which can be regarded as a y-analogue of the known fact for double zeta-
functions given by Akiyama-Egami-Tanigawa [1, Equation (8)] and recovered by
the authors [17, Corollary 2.4].

Theorem 3.4. Let x be a primitive Dirichlet character x of conductor f(> 1). For
p € N, g € Ny with the condition that p + q is odd (resp. even) if x(—1) =1 (resp.
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=),

w _ _ P +q)! -~
L3 (=p, =4 X, x0) = —WL(P-FQ-FLX) .
— (*1)p+Q+1 Bp+q+1,x _ (*l)erq L( ) .
T2 ptg+l 2f P X0
Example 3.5. It is known that (see, for example, [25,26,27])
3 1
Ly (1,254h3,13) = §L(17¢3)L(27¢3) - §L(371/J32,)= (3.9)

where 13 is the odd quadratic Dirichlet character of conductor 3. Putting (s1, $2) =
(8,3 —5) in (2.9) and letting s — 1 we have

.\ —1
() Tz

o (2mi . LY(s—2,1—s;93,13)
O e

Hence we have

d

=Ly (t =1, —t; 43, ¢3)

dt = 8% {3L(1,93)L(2,93) — L(3,43) } .

t=0

4. p-adic double L-functions

Theorem 3.4 in the previous section suggests that values of the double L-function
at non-positive integers are closely connected with those of the Dirichlet L-function.
Hence, from the viewpoint of p-adic interpolations, it is natural to expect that there
exists the notion of p-adic double L-functions, or more generally, p-adic multiple L-
functions, which is closely connected with the well-known Kubota-Leopoldt p-adic
L-functions [19]. In this section, we construct a certain p-adic double L-function as-
sociated with the Dirichlet character of conductor p, and prove a functional relation
for this function and the Kubota-Leopoldt p-adic L-function. More general investi-
gation for p-adic multiple L-functions will be written in our forthcoming paper.
We prepare the notation and quote some known results (see, for example, [15,
29]). Let p be an odd prime number, and let Z,, Z, and Q, be the ring of p-adic
integers, its unit group and the field of p-adic rational numbers, respectively. For
any a € Z;, let w(a) € Z; be a (p — 1)th root of unity with a = w(a) (mod p).
Note that w is often called the Teichmiiller character (see [29, §5.1]). Further we
define (a) = a/w(a) for a € Z},
decomposition Z; = Wj,_1 x (1 +pZ,), where W;,_; is the set of (p — 1)th roots of

namely, a = w(a){a), which corresponds to the

unity in Z).
Coresponding to the disjoint union Z, = Uy<,<pv (a + pNZ,) for any N € N,
we consider the p-adic measure i on Z, defined by
(=D
5

w(a + pNZp) =
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which is a special type of the Koblitz measure (see [15, Chapter 2]). It is known
that the Kubota-Leopoldt p-adic L-function associated with w® can be expressed
by the following p-adic integral (see [15, Chapter 2, (4.5)]):

Lp(S;w’f) = W /ZX <x>_swk_1($)dp,(x)
1 . PN—l . o (_1)a (4.1)
= ) =T A, 2 (T )
pta

This is the p-adic interpolation of the p-adic integral expression of non-positive
values of L-functions, typically

pN -1

P

m+1 _
o P

m+1
for any m € Ny (see [15, Chapter 2, (3.1)]), where {B,,} are Bernoulli numbers
defined by

t = tm
-N"B, . 4.3
et —1 mZ:O m) (4.3)

Now we define p-adic double L-functions as follows. Let n € pZ, and k,l € N.
For s1, 59 € Zy, we define

Lya(s1,80;0°, whn) = / ()~ (@ + ny) 2w (2)dp(x)dp(y)

Zy XZyp
. pN71pN71 - - - (_1)a+b (44)
= lim_ Z: l;@ Hat b)) ——.

pta

By [29, Proposition 5.8], we see that Ly 2(s1, s2;w*, w!;n) is continuous on Z,, x Z,,.
In the rest of this section, we will prove a certain functional relation between
this p-adic double L-function and the Kubota-Leopoldt p-adic L-function. Let

oo

1 1 2
= bm

1 et—1 e2t_1 — m!’

tm

G(t) ==

(4.5)

Then, by (4.2), we have

Gty =3 /Z deu(x)% _ /Z et dp(z). (4.6)
m=0 P

P

Note that it is possible to change the order of summation and integration because
this double series convergent absolutely with respect to the p-adic metric (see [15,
p.13]).

From the definition of G(t), we can easily see that G(t) + G(—t) = 1. Hence
G(t) — 1/2 is an odd function, so is G(yt) — 1/2 for any y € Z,. Furthermore, for
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k € N, we see that (d*/dt*)G(t) = (d¥/dt*)(G(t) — 1/2) is an odd (resp. even)
function if k is even (resp. odd). For v € Z,, let

()= (560 - (660 - 7). (17)

From (4.6), we have

Hy(t;) :/Z l‘kextdu(x) {/Z evytdu(y) . ;}

P P

e 1 i
= / ke dp(x)dp(y) — = / ek e dp(x)
Zp XLy 2 Jz

P

0o . 1 § o
= { / 2 (@ +7y)"du(@)dp(y) - 5 / ot du(w)} ~
n=0 Lp X Lp Zyp n.
o0 tn
= Z hk,n(7)57
n=0 ’
say. From (4.5) and (4.7), noting by = —By = 1/2, we have
n n '
hk:,n(’Y) = Z <j>bk:+n—jbj’y]- (49)

j=1

We see that Hy(t;7) is an odd (resp. even) function if & is odd (resp. even). Therefore
we have the following.

Proposition 4.1. Fork,l € N with k # | (mod 2) andy € Z,, we have hy () = 0.

Using this fact, we will prove the following functional relation.

Theorem 4.2. Let k,l € N with k # [ (mod 2). For s1,s2 € Z,, and 1 € pZy,

(@772 (2) = 1) Ly(s1 + s23 0T (4.10)

DO =

Lp,2(817 52, wkvwl; 77) =
Proof. Let m,n € N with m =k (mod (p— 1)) and n =1 (mod (p — 1)). Set

1
I = Lya(om, ot i) = 3 [ o™ dula), (4.11)
Z

X
D
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Then, by (4.4) and from the choice of m,n, we have

) p —117 -1 ( 1)a+b 1 ] p—1 N (71)04
B o P e S
pta pta
pN—1pV—1 pN Tl -1pN -1
. m _1)atb . 1)pctb
= Jim 3 Y S @ S Y e e+
| a=0 =0 =0  b=0
N1 PN
. -1) (=1)Pe
| m+n( o m+n
2 N oo ,;) “ 2 s (pe) 2

/ 2™ (& + )" dpu(z)dpa(y) — P / 2™z + (0/p)y)"dpu(x)dpu(y)
Lp XLy ZLp XLy

-3 { [ wrdute e [ xm+ndu<x>}
m+nhm,n(77/p)~ (4-12)

When k£ # [ (mod 2), namely m # n (mod 2), we see that the right-hand side of
(4.12) is equal to 0 by using Proposition 4.1 with v = n and n/p € Z,. On the other
hand, by (4.1), the second term on the right-hand side of (4.11) is equal to

=hmn (n)—p

(<2>m+n+1wk+l+1(2) o 1) Lp(—m _ n;wk+l+1)7

DN =

because w™ T+l = WEHFL Therefore (4.10) holds for (si,ss) = (—m, —n) when
(m,n) € (k+ (p—1)N) x (I+ (p— 1)N). Since (k+ (p — 1)N) x (I + (p — 1)N) is
p-adically dense in Z, x Z,, we complete the proof. O

From the above proof we can see that the key underlying fact is that G(t) —1/2
is an odd function, namely Bs,,+1 = 0 (m € N). In other words, we can say that
Proposition 4.1 and Theorem 4.2 are consequences of the existence of trivial zeros
of the Riemann zeta-function.

It should be noted that (4.10) does not hold when k41 is even. In fact, if k41 is
even then L, (s;w**t!*1) is the zero function (see [29, Remark after Theorem 5.11]).
On the other hand, we can see that Ly, 2(s1, s2;w¥, w'; n) is not the zero function (see
below). This phenomenon implies that L, (s1, s2;w*,w!;n) contains information
outside the scope of the theory of the Kubota-Leopoldt p-adic L-functions.

In order to confirm this fact, we again consider I (defined by (4.11)) in the
case when k + [ is even, where the second term vanishes because L, (s;w® 1) is
the zero function. Hence we have I = Ly, 2(—m, —n;w” w';n) by (4.11). Therefore,
combining (4.2), (4.9) and (4.12), we obtain the following.

Proposition 4.3. Let k,l € N with k = 1 (mod 2). For m,n € N with m = k
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(mod (p—1)) and n =1 (mod (p — 1)),

Lyo(—m, —n;w® whin)

n (2mAntl=i — 1) (271 — 1) J mtn—j (4.13)
Z( ) (m+n+1—-75)(G+1) Brtnt1—;Bj1n (1—}? )

Jj=1
For example, we have

e (4.14)

45(1 — p*)
8

Lya(—1,-Lw,w;n) =

Lypa(=2,-2;0%, 0% ) = ByBan (4.15)

which do not vanish.

Remark 4.4. In [10,11], Imai considered a certain multiple analogue of the p-
adic L-function. His theory shares some common feature with ours. In fact, he
constructed a certain multiple analogue of the Kubota-Leopoldt p-adic L-function
by using the p-adic measure and the theory of I'-transforms (see [15, Chapter 2],
[29, Chapter 12]).

For this decade, certain p-adic multiple zeta values have been investigated by Fu-
rusho, Jafari, and so on (see, for example, [7,8,9]). Our p-adic double L-functions are
constructed in a totally different way from their work. Hence it is unclear whether
there is some connection between their theory and ours.

5. Double Hurwitz-Lerch zeta-functions

Define the double zeta-function of Hurwitz-Lerch type by

2ming

e
. . E E 5.1
<2(817827a7ﬂ7w1aw2 a—+ Wl ((OL+17])QJ1+TLW2)S2 ( )

mOnl

for0 < a<1,0< 8 <1, and wy,ws € C with Rw; > 0, wy > 0. We write
0, = argw; (j = 1,2). When w; = 1 and ws > 0, this double zeta-function
was first introduced in [21]. In this section we prove the functional equation for
Ca(s1, 82; @, B; w1, wa), which is necessary for the proof of Theorem 2.1.

Let W(b, c; x) be the confluent hypergeometric function defined by

6

1 e oo
Wo.cia) = g [ e gy, (52)
I'(b) Jo
where ®b > 0, —m < 0 < m, |0 + argz| < 7/2 (see Erdélyi et al. [6, formula 6.5

(3)]), and

. _ 2mida 27i(k/d -1
0'81+82—1(k7a76) — E e2mida, wi(k/ )Bd51+52
d|k
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for k € N, o, 8 € R. Define

Fals1,520,i0) = 3 0oyt g1 (ks 0, )W (s2, 51 + 523 2mkeoe™/2)  (5.3)
k=1
for w € C, —m < argw < m. This function is periodic of period 1 with respect to
both a and 3. Let ¢(s, 3) = > o°_, e*™™Pm~=% be the Lerch zeta-function, which
is known to be continued meromorphically to the whole of C, and is entire unless
B € Z.

Lemma 5.1. The function Fy(s1,s2;a, B;w) can be continued meromorphically (as
a function in s1,s2) to the whole space C?, and the following functional equation
holds:

Fi(1—s9,1—51;8,00w) = (£27miw)* 7527 Fy (51, 803, B w). (5.4)

Lemma 5.2. The function (2(s1, s2; o, B;w1,w2) can be continued meromorphically
(as a function in s1,s2) to the whole space C2, and the following functional equation
holds:

Ca(51, 825 v, By w1, w2)
I'l—s e
= 7( 1)F(81 + S9 — 1)¢(81 + So — 1,5)&)1_10)% L 2
['(s2)

+T(1 — s1)wy twy 5172

X {F+ (1—=s89,1—s1;8,,wa/wi) + F_ (1 — 89,1 — 81; 8, —a,wa/wr) }
(5.5)

When wy = 1 and wy > 0, these two lemmas are essentially included in [21].
Indeed, Lemma 5.1 in this case is Proposition 2 of [21]. Lemma 5.2 in this case is
not explicitly stated in [21], but it can be immediately shown from Propositions 1
and 2 of [21]. The form of Lemma 5.2 was first stated in [22]; see also [17, (1.8)].

The following proof of these two lemmas is a generalization of that in [20] [21],
so we omit some parts of the proof. However we describe the details of some other
parts carefully, where the existence of complex parameters causes new complication.

Let us start the proof. The series (5.1) is absolutely convergent in the region
(1.3). We first show that, in the subregion o1 > 0, o9 > 1, o1 4+ 02 > 2, the
following integral expression holds:

C2(51, 82;%5;&01,0}2)

1 o yszfl o0 e(l—a)wl(a:+y)x81*1 (56)
= . dxdy.
D(s1)P(s2) Jo e2v=2mif —1 Jy  emrlote) —1

In fact, (5.6) is a generalization of [20, (3.4)], and the proof is quite similar to that
described there. (On line 16, p.391 of [20], the term +w in the exponent is to be
deleted.) A small difference is that, when one tries to mimic the argument on line
10, p.391 of [20], one encounters the path of integration which is the half-line from
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the origin to %1 co. But we can rotate this half-line to the positive real axis, because
|01] < /2.
Next, let

(1—a)wiz 1
h(za) =S~

b
ewiz — 1 w12

and divide the right-hand side of (5.6) as
1 o y82—1 S B
- h s1=1 g0 d
F(Sl)F(SQ) /O ew2y—2mifl _ 1 /0 (l‘ + 9, 05)33 ray

1 0o so—1 o] s1—1
+ / y_ / ? dzdy (5.7)
F(S1)F(32) 0 6w2y_27”ﬂ — 1 0 w1 (x + y)

= g1+ g2,

say. Since h(z + y,a) = O(|z + y|™1) if |z + y| is large and h(z + y,a) = O(1) if
|z 4+ y| is small, we see that g; is absolutely convergent when 0 < o1 < 1, o9 > 1.
On the other hand, if y > 0 and 0 < o7 < 1, then from the beta integral formula
we can easily deduce

Ooxsl—l
dr = y* 71T (s1)T(1 = s1).
| e =y s

Hence g- is convergent when 0 < 07 < 1, 01 + 02 > 2, and in this region we have

T(1—s) [ yote2
g2 = ( 1)/ Y dy
0

wil(s2) Jo e =2m8 —1 (5:8)
NG |
— wwflw;s“”ﬂm + 52— 1)p(s1+52—1,0),
F(SQ)

where the last equality is proved by an argument again similarly to that on line
10, p.391 of [20]. Therefore the decomposition (5.7) is now established in the region
O0<o1<1,01+09>2.
Let T be the contour as in Section 3. Then we have
1
Flo1) ) (2750 — 1) (270 = 1)

y82—1 o1
x/qrm/rh(x—i—y,a)xl dxdy.

The right-hand side of (5.9) is convergent for o; < 1 and any s; € C. Combining
this fact with (5.7) and (5.8), we find that (3(s1, s2; @, 8; w1, wsz) can be continued
meromorphically to ®s; < 1 and any s, € C.

g1 =
(5.9)

Lemma 5.3. For Ns; < 0 and RNsy > 1,
S1+s2—1 F(

g1 = (2m) L= spu ™

X {eﬂ'i(l—sl—SZ)/2F (317 523 _aaﬁ; w2) + eﬂi(31+82_1)/2F+ (817 523 Oé,ﬁ; 2 } .
w1

w1

(5.10)
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Proof. First we replace the contour Y of the inner integral on the right-hand side
of (5.9) by
Tr={r=—y+2r(R+1/2)wi| e’ |0< ¢ <21} (REN),

and let R — oco. A crucial point is that h(x 4+ y,«) = O(1) for x € Tg. This can
be proved similarly to [20, (5.2)], by considering two cases cos(f; + ¢) < 0 and
cos(f1 + ¢) > 0 separately. Therefore, since o1 < 0, by residue calculus similar to
the proof of [20, (5.3)], we obtain

—2miwy! s
= - _ wznaIn,
9 [(s1)T(s2) (e2mis1 — 1) (e2mis2 — 1) %;Oe (5.11)

if the summation and the integration can be interchanged, where

sp—1 2 s1—1
In:/ y (_y+ 7”") dy. (5.12)
T

ewzy—27rzﬂ -1 w1

Consider the case n > 0. Since w; > 0, the point —y + 27rmwf1 is in the upper
half-plane, so we may write —y + 27Tinw1_1 = ™y + 27me’”/2w1_1. Replacing the
contour Y on the right-hand side of (5.12) by the half-line [0, 00) (which can be

done because g5 > 1), and putting y = 27rnw1_16_i”/2

I” — (6271'1'52 _ 1)(Qﬂ,nwl—l)sl+527167m'(5175271)/2

ei(01+7/2) o

z, we obtain

< / 252—1(1 + Z)Sl_l d
. z
0 exp(2mnwy twee=T/2, — 2mif3) — 1
_ (6271'1’52 _ 1)(Qﬂ_nw;l)sl+527lem‘(5175271)/2

o#(01+7/2) o

X Z ez’r"ﬁ/ 252711 4 2)" " Lexp (727mrw1_1w267”/22) dz.
r=1 0
(5.13)

To show the second equality of the above, we used the expansion

1 - 27mir i

_ 8 (_2 —1 —im/2 )
. E [ ex TNrw, ~wae z,
1 —exp(2mif — 27rnwf1w2€_”/22) —0 P L

which is valid because arg(2rnrw; wae™/22) = 6y and |f2| < 7/2, and then
changed the summation and integration. Summing up with respect to n(> 0) and
putting nr = k, we obtain

e}
§ e—27rzno¢ In
n=1

) ) o s1+s2—1 oo
— (6271‘282 _ 1) eﬂl(Sl*SQ*l)/Q <> 2031+82_1(k; —O[,ﬂ) (514)
k=1

w1

i O1+7/2) o

22711 4 ) Lexp (—QWkwflwgefm/Qz) dz.

X
S—
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The above interchanges (two times) of summation and integration can be justified by
checking the absolute convergence. This kind of argument of getting formulas similar
to (5.14) by residue calculus goes back to Section 5 of Katsurada and Matsumoto
[14].

The above integral can be written as T'(s3) W (s, 51 + s9; 2mkw] ‘wae™™/?), be-
cause |(01 4 7/2) + arg(2mkw; wae™™/?)| = |fy| < 7/2. Therefore we find that

[eS)
E 67271'27104[”

n=1 e (5.15)
, , o\ f1Te2T
- eyt (5 e ()
w1 w1
If n < 0, then —y + 2minw;' = €™y + 2n|n|e’ /2w !, Putting y =

-1 ; . .. .
21|n|wy e™/22 and proceeding similarly as above, we obtain

—1
E e—27r1naIn

S (5.16)

) ) 2t s1t+s2—1 ws
= (627”52 — 1) €m(351+8273)/2 () F(SQ)F+ <$1, s2; a3 ) .
w1 w1

Substituting (5.15) and (5.16) into the right-hand side of (5.11), and noting

1 - F(l — 81)
D(s1) (e2ms1 — 1) T 2mieTist

we obtain the proof of this lemma. D

Now we prove Lemmas 5.1 and 5.2. Properties of F1(s1, $2; «, §;w) have already
been studied in [21] when w > 0. To prove Lemma 5.1 we have to consider the case
w = wa /w1, which is not necessarily real, but the argument is almost the same.
Therefore we omit the details. We only quote here formula [21, (3.7)], which is valid
in our present situation, and is necessary in the next section:

Fi(Sl,SQ;OZ,ﬁ;(U)
T (1) . ,
=2 P 51);(s2); (20T 2w) T2 G(j — 51 4+ 1, @)d(j + 52, 5)
<!

(5.17)
) e}
+@ret )Ty T (ks )R
k=1
X pn(1— 81,2 — 51 — s9; 27rei”/2kw),
where N € N, (a); =T'(a+j)/I'(a), pn is given by [21, (3.3)], and the infinite sum

on the right-hand side is absolutely convergent, and is holomorphic in s; and ss, in
the region oy < N and 02 > —N + 1.
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The meromorphic continuation of Fy(si,s2;, 8;w) implies, via Lemma 5.3,

the meromorphic continuation of (a(sy, s2; @, 8;wi,ws). Lastly, applying (5.4) to
the right-hand side of (5.10), we obtain

g1 = F(l _ Sl)wl—lw%—m—sz
5.18
X {F+ (152,181,5,01 w) + F_ <152,151;ﬂ,a;w2)}. (5.18)
w

w1

Formula (5.5) immediately follows from this and (5.6), (5.7), (5.8).

6. Proof of Theorem 2.1

Now we give the proof of Theorem 2.1. We first show the fact that
our LY (s1,892;a1,a9;wi,we) can be written as a linear combination of

CQ(Sla 523 O‘aﬂ; w1~w2)'

Lemma 6.1.

v op w2
L5/ (s1, 823 a1, az; wi, wa) = fsl+sgzzal Jaz(p <2(81782af7f7w13 f)
v=1p=1
(6.1)

Proof. Puttingm =v+ fj (1 <v < f, j >0) in (1.2), we have

w . .
LQ (51; S2;01, a2,w17w2)

[ =& a1 (v)as(n)
— Zl (v =+ fiw)* (v + fi)wr + nws)®

v=1j=0n=

SIels (v)az(p)e*om/]

- 1 f ay (v
_WZZZZ (/[ + 3w (W] f + Jlwr + nwa/ f)*

v=1 p: J: n=1

f

1 / ~ .
- e 3 s s . B %),

v=1 p=1

where we used (2.1) for the second equality. O

From Lemmas 5.2 and 6.1, the assertion on the meromorphic continuation in
Theorem 2.1 immediately follows. To prove the functional equation, we use (6.1)
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and (5.5) to obtain

w . .
L2 (81782aa17a2aw1;w2)

v=1p=1
wl §1—82 f f
+ 22— ar(»)ax(p)I(1 - s1)
for A
v=1 p=
PV wo p vV w
x 4 F 1527151;7;>+F—<152,151;7;>}
{ *( [T f ff o
=31+ X,

say. From (2.1) we see that

f o 1 f ‘
> an( (sf) => ﬁZaQ(p)e%”mp/f = L(s,az) (6.3)

p=1 m=1 p=1

(this is Corollary 1 in [12, Section 1]), by which we find that

1—s51—s f
wy T2 I(1 — sq)
¥ =2 r - 1)L —1 : 4
1 For  T(s2) (s1+s2 —1)L(s1 + 52 ,02);%(’/) (6.4)
By Lemma 5.1, we see that
1 S1—8o s1+s2—1
2Tiwo v op w2>
Y I(1—s) a Fy(s1,80,—=, =5 —
S 1;;1 (fwl) *(”ffwl
1—s1—so f f . s1+s2—1
wy . 2miwg vV op wr
+ ——7FTI(1 -5 a1(v)a — F_s1,895—=,=;— | .
o TS w)aale) (- 2722 (snom-2. 222 )
(6.5)

In the second double sum of (6.5), we replace indices (v, p) by (f —v, f — p). Noting
the periodicity of a1, as and Fy (with respect to a, ) and the fact A(a2) = A(az),
we find that the second term of (6.5) is

1—s1—52 f . s1+s2—1
wy 2miws
2 TA-s)> (-5

fwi ( ) ( fwr >

v=1

f
x;al(y)ag(p)/\(al)/\(ag)F_ (51’32»; ;;Z)

Now we consider the situation when (s1, $2) is on the hyperplanes s; + so = 2k 4 1
(k€ Z) if Ma1)A(az) =1, or on s1 + s9 =2k (k € Z) if M(a1)A(az) = —1. Then

Man)Maz)(~1) 52t = 1,
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and so (6.5) can be rewritten to

i
o= 0 @ 325 it
1 v=1p=1 (6.6)

X {F+ (51752; ;,;,;ﬁl) + F_ (sl,SQ; ?,*% ;::jl)}

We again apply (5.5) with replacing (s1, s2) by (1 — s2,1 — s1) to (6.6). Then (6.6)
can be rewritten to

etet [T =81) 1 oo ~ p v w
(2mi)*t %2 {w% 5 Szzzal(u)az(/_’)@ (182,151; >

fT(s2) == [ I fer
1—s1—s2 f
- W1s +s F(l S1— 82) Zzal(y)aQ(p)¢ (1 — 81 52, > }
f ' ’ v=1 p=1 f
= (2mi)* et {(fw )18182FF1(82§1)L5(1 9,1 — s1;02,a1)
1—s1—s2
- w}wsz (L—s1—s2)L(1 =81~ 32@1)252@)}

(6.7)

Substituting (6.4) and (6.7) into (6.2), we obtain formula (2.7). This completes the
proof of Theorem 2.1.

Remark 6.2. Finally we discuss whether hyperplanes s1 +so = 2k+1, s1+52 = 2k
are singular or not. It is clear from (5.17) that a hyperplane of the form s; 4+ so =1
(I € Z) is not a singular locus of 3s. Formula (2.7) is actually a relation between
two X8, so in this sense (2.7) is valid for any k € Z.

However double L-functions themselves may be singular on those hyperplanes.
In fact, (6.4) shows that ¥; may have a singular locus of the form sy + so = [. If
a1(0) = 0, then X7 = 0, hence there is no singular locus. (This is also seen from
Theorem 3.1.) Consider the case a1 (0) # 0. Formula (6.3) implies that L(s, as) can
be continued meromorphically to the whole of C. It is entire if a2 (f) = @2(0) = 0. If
not, then L(s, as) has a pole of order 1 at s = 1 with the residue a5(0). Therefore,
if a2(0) # 0, then the hyperplane s; + so = 2 is a singular locus of 3;. Also, the
gamma factor I'(s; + s3 — 1) is singular (of order 1) when s; + s3 = 1 —m, m € Ny.
If L(—m,as) = 0, then this singular locus is cancelled, but if not, this is also a
singular locus of LY (s1, so; a, 5 w1, wa).

Remark 6.3. It is desirable to generalize our result in the present paper to the case
of more general multiple sums. Recently we proved a certain functional equation
for Barnes multiple zeta-functions (see [18]). The method there is also based on
the residue calculus, but it seems impossible to use this method in order to prove
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functional equations for multiple sums in the present context. Also, the method
suggested at the end of [21] has not been successful yet.

Acknowledgements. The authors would like to express their sincere gratitude to
the referee for valuable comments.
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