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From mathcomp Require Import all_ssreflect.
Set Implicit Arguments.

(x MEDTEE *)
Inductive prop : Set :=
| Atom of nat



| Neg of prop
| Conj of prop & prop
| Disj of prop & prop.

Definition Imp pl p2 := Disj (Neg pl) p2.
Notation tt := (Disj (Atom 0) (Neg (Atom 0))).
Notation ff := (Conj (Atom 0) (Neg (Atom 0))).

(x ... %)
Definition eval_lit (v : valuation) (1 : 1lit) :=
if 1.2 then v 1.1 else "~ v 1.1. (* TTOEZTIZEET *)
(x ... %)
Lemma eval_neg_lit v a : eval_lit v (neg_lit a) = "7 eval_lit v a.

Proof. case: a => a [] //=; by rewrite negbK. Qed.

Lemma eval_cnf_cat v 11 12
eval_cnf v (11 ++ 12) = eval_cnf v 11 && eval_cnf v 12.
Proof. by rewrite /eval_cnf all_cat. Qed.

Lemma disj_correct v 11 12

eval_cnf v (disj 11 12) = eval_cnf v 11 || eval_cnf v 12.
Proof.

rewrite /disj.

elim: 11 => //= a 11 IH.

rewrite eval_cnf_cat IH orb_andl.

congr (_ && _). (x BFEZMES *)

elim: 12 {IH 11} => /= [|b 12 IH].
by rewrite orbT.
by rewrite IH orb_andr eval_clause_cat.
Qed.

(+ EMPEREER IXERZ Z Z 2\ %)
Theorem cnf_correct v p : is_nnf p -> eval_cnf v (cnf p) = eval v p.
Proof.
elim: p => [n | p IH | pl IH1 p2 IH2 | pl IH1 p2 IH2] //=.
- by rewrite orbF andbT.
- destruct p => //; by rewrite -IH //= !andbT !orbF.
- move/andP => [] /IH1 <- /IH2 <-. by rewrite eval_cnf_cat.
- move/andP => [] /IH1 <- /IH2 <-. by rewrite disj_correct.
Qed.

(x fliE *)
Lemma eval_clause_true v (a : 1lit) (c : clause)
a \in ¢ -> eval_lit v a -> eval_clause v c.
Proof.
elim: ¢ => //=Db c IH.
rewrite inE => /orP [].
Admitted.

Lemma tautology_notin a (c : seq lit)

neg_lit a \notin ¢ ->

(forall v, eval_clause v (a :: c)) -> (forall v, eval_clause v c).
Admitted.

(x Al *)



(x HEHEDIEL X %)
Lemma tauto_clause_ok c : reflect (forall v, eval_clause v c¢) (tauto_clause c).
Proof.
elim: ¢ => //= [la ¢ IH].
by constructor => /(_ (fun => true)).
case /boolP: (_ \in _) => //= Hna.
constructor => v. (x reflect ... true *)
case Ha: eval_lit => //=.
move/eval_clause_true: Hna; apply.
by rewrite eval_neg_lit Ha.
case: IH => Hv.
Admitted.

Lemma tauto_cnf_ok 1 : reflect (forall v, eval_cnf v 1) (tauto_cnf 1).
Proof.
apply: (iffP allP) => /= [H v | H ¢ Hc].
apply/allP => /= c /H.
Admitted.

(x tauto_cnf FEEXZIELSHELTWS *)
Theorem tauto_ok p : reflect (tautology p) (tauto_cnf (cnf (nnf false p))).
Proof.
rewrite /tautology.
apply: iffP.
Admitted.

(x BERHGR *)

(x FEAHDHE =)
Reserved Notation "h |- p" (at level 69).
Definition hypotheses := seq prop.

(x FEHHDEZ *)
Unset Implicit Arguments. (x Bl ZABIEL RV *)
Inductive provable : hypotheses -> prop -> Prop :=

| AxiomI : forall (h : hypotheses) (p : prop), p \inh ->h |- p
ImpI : forall h p1 p2, p1 :: h |- p2 -> h |- (Imp pl p2)
ImpE : forall pl h p2, h |- pl -> h |- Imp pl p2 -> h |- p2
ConjI : forall h pl p2, |- pl ->h |- p2 -> h |- Conj pl p2
ConjEl : forall p2 h pil, |- Conj pl p2 -> h |- pl
ConjE2 : forall pl h p2, |- Conj pl p2 -> h |- p2
DisjI1 : forall h pl p2, |- p1 => h |- Disj pl p2
DisjI2 : forall h pl p2, h |- p2 -> h |- Disj pl p2

== g = =

DisjE : forall pl p2 h q, O KGRI WEI B E BANZZ ITHLS )
h |-Disjplp2 >pl :: h|l-q->p2::hl-q->h|-q
| NegI : forallgqhp, p ::h|-q->p::h|-Negqg->h |- Negp
| NegE : forall h p, h |- Neg (Negp) ->h |-p
where "h |- p" := (provable h p). (x BIZERLUZGIEZMS %)

(¢ AE 2T 3EHID YT *)

Definition validates v (h : hypotheses) := {in h, forall p, eval v p}.
(x GRERAVIRAE *)
Definition consequence h p := forall v, validates v h -> eval v p.

(* validates D7z DFHE *)
Lemma in_consP (A : eqType) (P : A -> Prop) a s :



P a -> {in s, forall x, P x} -> {in a :: s, forall x, P x}.
Proof. move=> Ha Hs x; by rewrite inE => /orP [/eqP -> | /Hs]. Qed.

(+ GERIGR O HEEME *)

Theorem soundness p h : h |- p —> consequence h p.

Proof.
induction 1 => v Hv /=. (x BHUZRT 2 IRAEE *)
- by apply Hv.

- case Hpl: (eval v pl) => //=.
apply IHprovable.
by apply in_consP.

- move/IHprovable2: (Hv) => /=. (x Hv Z5%9 *)
by rewrite IHprovablel.
Admitted.

(x provable % auto Dk ¥ MZT 5 *)
Hint Constructors provable.

(* AxiomI ODFHI7ZREGE *)

Lemma axiom_head ph : p :: h |- p.
Proof. by apply /AxiomI /mem_head. Qed.
Hint Resolve axiom_head.

(+ AR 2R < U CTHIAEHADATHE *)
Theorem weakening hl h2 h3 p :
hl ++ h2 |- p => hl ++ h3 ++ h2 |- p.
Proof.
move eqgh: (h1++h2) => h H.
move: hl h2 eqh.
induction H => hl h2 eqh; subst h; auto.
- apply AxiomI.
move: H; rewrite !mem_cat.
case/orP => -> //.
by rewrite !orbT.

- apply ImpI.
by apply (IHprovable (pl::h1)). (x B—ftDr vk %)
- apply /ImpE /IHprovable2; auto. (x J#fT apply *)
Admitted.

(x K ESRRZGE *)

Corollary weakening head p h p’ : h |- p’ => p::h |- p’.
Proof. apply (weakening nil h (p::nil)). Qed.

Hint Resolve weakening head.

Lemma excluded_middle h p : h |- Disj p (Neg p).
Proof.
apply NegE, (NegI p). (* jHifit apply, /lem THW L *)
apply NegE, (NegI (Disj p (Neg p))); auto.
apply (NegI (Disj p (Neg p))); auto.
Show Proof.
Qed.

Lemma ex_falso pqh : h |- Conj p (Neg p) -> h |- q.
Admitted.

HEMRE 3.1 DO D Admitted % Qed IZE X kL.



