MIXED PENTAGON EQUATION AND DOUBLE
SHUFFLE RELATION

HIDEKAZU FURUSHO

ABSTRACT. This paper is a review of the paper [F4] where a geo-
metric interpretation of the generalized (including the regulariza-
tion relation) double shuffle relation for multiple L-values is given.
In precise, it is shown that Enriquez’ mixed pentagon equation
implies the relations.

0. INTRODUCTION

Multiple L-values L(kq, -+, km;Ci, -+, (n) are the complex numbers
defined by the following series

ni N,
(1) Lky, - ki oee ) ) o= Z ﬁ
0<ny <-<m =L m
for m, ky,..., ky € N(= Zso) and (3. ..,Gn € un(:the group of N-th
roots of unity in C). They converge if and only if (k,,,(,) # (1,1).
Multiple zeta values are regarded as a special case for N = 1. These
values have been discussed in several papers [AK, BK, G, R| etc. Multi-
ple L-values appear as coefficients of the cyclotomic Drinfel’d associator
45% 7 (5) in U§n41: the non-commutative formal power series ring with
N + 1 variables A and B(a) (a € Z/NZ).

The mixed pentagon equation (4) is a geometric equation introduced
by Enriquez [E]. The series %, satisfies the equation, which yields
non-trivial relations among multiple L-values. The generalised dou-
ble shuffle relation (the double shuffle relation and the regularization
relation) is a combinatorial relation among multiple L-values. It is for-
mulated as (6) for h = &% ,. It is Zhao’s remark [Z] that for specific N’s
the generalized double shuffle relation does not provide all the possible
relations among multiple L-values.

Our main theorem is an implication of the generalised double shuffle
relation (6) from the mixed pentagon equation (4).
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Theorem 1. Let UFny1 be the universal enveloping algebra of the free
Lie algebra §n41 with variables A and B(a) (a € Z/NZ). Let h be
a group-like element in UF 11 with cpy(h) = 0 satisfying the mized
pentagon equation (4) with a group-like series g € UFa. Then h also
satisfies the generalised double shuffle relation (6).

The contents of the article are as follows: We recall the mixed penta-
gon equation in §1 and the generalised double shuffie relation in §2. In
§3 we calculate the 0-th cohomologies of Chen’s reduced bar complex
for the Kummer coverings of the moduli spaces M4 and Mg5. Two
variable cyclotomic multiple polylogarithms and their associated bar
elements there are introduced in §4. By using them, we prove theorem
1in §5.

1. MIXED PENTAGON EQUATION

This section is to recall Enriquez’ mixed pentagon equation [E].

Let us fix notations: For n > 2, the Lie algebra t, of infinitesimal
pure braids is the completed Q-Lie algebra with generators t¥ (i # j,
1 < 4,7 < n) and relations ¢t = /¢ [t ¢ + /%] = 0 and [t7,t"] = 0
for all distinct 4, 5, k, [. We note that {5 is the 1-dimensional abelian Lie
algebra generated by t'2. The element z,, = Y, <i<j<n 7 is central in t,,.
Put t° to be the Lie subalgebra of t,, with the same generators except t'"
and the same relations as t,,. Then we have t, = t?L ® Q- z,. Especially
when n = 3, ] is a free Lie algebra §5 of rank 2 with generators A := ¢
and B = t?3. For a partially defined map f: {1,...,m} — {1,...,n},
the Lie algebra morphism t, — t, : z — 2/ = I W) g
uniquely defined by (#9)/ = doief-10) e f-10) 7’

For a pair (i, g) € Q X exp §2 the pentagon equation is the following
equation in exp t{

1,2,34 12,34 _ 234 1234 123
(2) g7 =gy :

9

and two hexagon equations the following two equations in exp§s =
exp t)

(3) g(A,B)g(B,A) =1 and

1A nC uB
exp{=-}9(C, A) exp{=-}9(B, C) expi—-}9(4, B) = 1
with C'= —A — B. These
By our notation, the equation (2) can be read as
Remark 2. Tt is shown in [F2] that the two hexagon equations (3) are
consequences of the pentagon equation (2).
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Remark 3. The Drinfel’d associator Pz = Prz(A, B) € C((A, B))
is defined to be the quotient @r; = G1(2)"'Go(z) where Gy and G
are the solutions of the formal KZ equation

d A B
such that Go(z) ~ z# when z — 0 and G;(2) ~ (1 — 2)® when z — 1
(cf.[Dr]). The series has the following expression

Dy = 1+Z(—1)mC(/€1, oo k) AP B AMTL B (vegularized terms)

and the regularised terms are explicitly calculated to be linear combi-
nations of multiple zeta values ((ki, - ,kn) = L(k1, ... km;1,...,1)
in [F1] proposition 3.2.3 by Le-Murakami’s method [LM]. It is shown
in [Dr] that the pair (2mv/—1, @k ) satisfies the pentagon equation (2)
and the hexagon equations (3).

For n > 2 and N > 1, the Lie algebra t, 5 is the completed Q-Lie
algebra with generators t'* (2 < i < n), t(a)” (i # j, 2 < 4,7 < n,
a € Z/NZ) and relations t(a)¥ = t(—a)’®, [t(a)¥, t(a+b)*+1(b)*] = 0,
[+ Y+ 3 ez Q)Y H(@)7] = 0, [t 19 + 37y ng t(0)7] = 0,
[t' t(a)*] = 0 and [t(a)¥,t(b)*] = 0 for all a, b € Z/NZ and all
distinct 4, j, k, 1 (2 <4, j, k,l < n). We note that t, is equal to t, for
n = 2. We have a natural injection t,_; y < t, 5. The Lie subalgebra
fon of t, v generated by t'" and t(a)™ (2 <i<n-—1,a € Z/NZ) is
free of rank (n —2)N 41 and forms an ideal of t, y. Actually it shows
that t, y is a semi-direct product of f, v and t,_; . The element
ZaN = ZKKM#J‘ with ¥ = Zan/NZt<a>ij 2<i<j<n)is
central in t, . Put ) y to be the Lie subalgebra of t, y with the same
generators except t'". Then we have t, y = t) y®Q- 2, n. Occasionally
we regard tg’ ~ as the quotient t, y/Q - 2z, n. Especially when n = 3,
t) v is free Lie algebra §n1 of rank N 4 1 with generators A := t'
and B(a) = t(a)*® (a € Z/NZ).

For a partially defined map f : {1,...,m} — {1,...,n} such that

is uniquely defined by (t(a)¥)! = Zi,effl(i),jlefq(j) ta)' " (i #j,2<
i,j < n)and (V) = Zj’ef*l(j) o+ %Zj’,j”ef*l(j) ZceZ/NZ t(c)’?

F S prer i yesit) Doeapa O (2 < 7 < m). Again for a par-
tially defined map ¢ : {2,...,m} — {1,...,n}, the Lie algebra mor-
phism t, = t,ny 1z — 29 = 29 W97 ") i yniquely defined by

(t7)0 = Zz”eg”(i),j’égfl(j) t(o)i/j/ (i #J, 1 <id,j < n).
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For a pair (g,h) € exp§a X exp Fni1, the mized pentagon equation
means the following equation in exp ti N

(4) pl234p1234 _ 92’3’4h1’23’4h1’2’3.

By our notation, each term in the equation (4) can be read as
RE23 = Rt 12(0) + £24(0), 1% (1) + #24(1), ..., tP(N = 1) + *(N = 1)),
R1234 — (13 1 Zt% ), £34(0), £34(1), ..., 34N — 1)),

g = g(t(0), 7534(0>),
h1234 h(t12+t13+zt23 t24(0)+t34<0),...,t24(N—1)+t34(N— 1))7

c

RL23 = p(#12,3(0), t23(1), ... 13 (N — 1)).

Remark 4. In [E], the cyclotomic analogue &%, € expFn1(C) of
the Drinfel’d associator is introduced to be the renormalised holonomy
from 0 to 1 of the KZ-like differential equation

Tne=C+ Y 29ue)

2 — a
a€Z/NZ N

with (y = exp{%j}, ie., X, = H; 'Hy where Hy and H, are the
solutions such that Hy(z) ~ z* when z — 0 and Hy(z) ~ (1 — 2)B©)
when z — 1 (cf.[E]). There appear multiple L-values (1) in each of its
coefficient;

(5)
Dz =1+ Z V" Lk, ki €1, En) AP T B(ag) - - AR T B(a)

+ (regularized terms)

with & = (7%, ..., &t = (" and &, = (3™, where the
regularised terms can be explicitly calculated to combinations of mul-
tiple L-values by the method of Le-Murakami [LM]. In [E] it is shown
that the triple (27v/—1, Py, X ,) satisfies the mixed pentagon equa-
tion (4). This is achieved by considering monodromy in the pentagon
formed by the divisors y = 0, * = 1, the exceptional divisor of the

blowing-up at (1,1), y =1 and x =0 in Mé{\;) (see §3).

Remark 5. In [EF] it is proved that the mixed pentagon equation
(4) implies the distribution relation for a specific case and that the
octagon equation follows from the mixed pentagon equation and the
special action condition for N = 2.
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2. DOUBLE SHUFFLE RELATION

This section is to recall the generalised double shuffle relation in
Racinet’s setting [R].

Let us fix notations: Let §y, be the completed graded Lie Q-algebra
generated by Y, , (n > 1 and a € Z/NZ) with degY,, , = n. Put UFy,
its universal enveloping algebra: the non-commutative formal series
ring with free variables Y,,, (n > 1l and a € Z/NZ). Let 7y : USn41 —
U3y, be the Q-linear map between non-commutative formal power
series rings that sends all the words ending in A to zero and the word
A"=1B(a,,) - A" 1B(ay) (n1,...,ny =1 and ay,...,a,, € Z/NZ)
to

(_l)mYnm, Y, e Ym,az—ar

—QAm T NMm—1,8m —Am—1
Define the coproduct A, of Uy, by A.Y, . = ZkH:n’cha Yip @Y,
(n > 0and a € Z/NZ) with Yy, :=1if a = 0 and 0 if a # 0. For
h =23 wwora cw (R)W € UF N1, define the series shuffle regularization
hs = heorr - Ty (h) with the correction term

) 1)
hcorr = €xXp (Z ( n) CA”_lB(O)(h)YY}O) :

n=1

For a series h € exp§ny1 the generalised double shuffle relation
stands for the following relation in Ugy,,

(6) A, (h,) = h,®h,.

Remark 6. The series &%, (5) satisfies the generalised double shuffle
relation (6) because regularised multiple L-values satisfy the double
shuffle relation.

3. BAR CONSTRUCTIONS

This section gives a review of the notion of the reduced bar construc-

tion and calculates it for Méﬁ) and Mé{\é).

We recall the notion of Chen’s reduced bar construction [C]. Let
(A* = ©g2, A7, d) be a differential graded algebra (DGA). The reduced
bar complex B®*(A) is the tensor algebra @2°,(A®*)®" with A® = ¢, A’
where A% = A1/dA° and A = A™! (i > 0). We denote a; ® -+ ® a,
(a; € A®) by [ay]---|a,]. The degree of elements in B*(A) is given by
the total degree of A®. Put Ja = (—1)P"la for a € AP. Define

k
dlay| - Jar] =D (=1)'[Ja| - - [Jai_1|dai]aiz] - - - |ay]

=1
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and

k

d"[ay| - Ja) = > (1) [Jaa| -+ [Jai [ Ja; - aialaiyol - ag].

i=1
Then d’'+d” forms a differential. The differential and the shuffle product
(loc.cit.) give B*(A) a structure of commutative DGA. Actually it also
forms a Hopf algebra, whose coproduct A is given by

Al la]) = far] -+ lag) @ [aesal -+ [a].
s=0

For a smooth complex manifold M, Q*(M) means the de Rham
complex of smooth differential forms on M with values in C. We
denote the 0-th cohomology of the reduced bar complex B*((M))
with respect to the differential by H°B(M).

Let Moy be the moduli space {(z1, - ,z4) € (PE)*ai # 2;(i #
7)}/PGLy(C) of 4 different points in P'. Tt is identified with {z €
P&lz # 0,1,00} by sending [(0,2,1,00)] to 2. Denote its Kummer
N-covering

G \iun = {z € Pg|2Y #0,1, 00}

by Mfﬁ). The space HOB(M(()]’X)) is generated by
wp = dlog(z) and w¢ :=dlog(z — () (¢ € un).

We have an identification H°B (M((ﬁ)) with the graded C-linear dual
of U%N—&-l? B

H°BMSY) ~ Uy, ® C,
by Bxp QY =3 "X, - X, ®wi, | wi] € USna1®qH BIMEY).
Here the sum is taken over m > 0 and iy, ,i,,, € {0} U uy and

Xo = A and X, = B(a) when ¢ = (§. It is easy to see that the
identification is compatible with Hopf algebra structures. We note that

the product Iy - I € HOB(MB{X)) for Iy, Iy € HOB(M((){X)) is given by

hlo(f) = X b (A )a(f)) for f € USnn@C with A(f) = 32, /@
fz(i). Occasionally we regard H OB(M&Z)) as the regular function ring of
Fn41(C) = {g € UFn+1®Clg : group-like} = {g € UFn+1 ®Clg(0) =
1, A(g) =g ®g}.

Let Mos be the moduli space {(z1,--- ,25) € (P&)°|z; # x;(i #
J)}/PGLsy(C) of 5 different points in P!. Tt is identified with {(z,y) €
G2 |z # 1,y # 1,7y # 1} by sending [(0, zy,y,1,00)] to (z,y). Denote
its Kummer N2-covering

{(z,y) € G|V # 1,y" # 1, (zy)V # 1}
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by ./\/l((){\é). It is identified with Wy /C* by (z,y) — (zy,y, 1) where
Wy = {(22,23,21) € Gl2)Y # 2 (i # j)}.
The space H'B (Méj\é)) is a subspace of the tensor coalgebra generated
by
wy,; :=dlog z; and w; j(a) := dlog(z — (yz;) (2<1i,7<4,a € Z/N).
Proposition 7. We have an identification
HB(MSY) ~ (U] y)* ® C.

Proof . By [K], H’B(Wy) can be calculated to be the 0-th cohomology
H°B*(S) of the reduced bar complex of the Orlik-Solomon algebra
S*. The algebra S*® is the (trivial-)differential graded C-algebra S*® =
a0 defined by generators
wy,; = dlogz and w; j(a) = dlog(z — (yz;) (2<1i,j<4,a€Z/NZ)
in degree 1 and relations
wij(a) = wji(=a),  wij(a) Awi(a+b) +w;k(b)} = 0,

{wi+wy+ Y w(e)y} Awla)y =0,

cEZ/NZ
W1i A {wlj + Z (J.J(C)ij} = 0,
c€Z/NZ
wi; Aw(a)r =0 and w(a);; Aw(b)y =0

for all a, b € Z/NZ and all distinct ¢, j, k, | (2 < i,5,k,l < n). By
direct calculation, the element

4
D hi@wiit 2. tij(a) @ wi(a) € (tan) ™ @ S
i—2

2<i<j<4,a€Z/NZ

yields a Hopf algebra identification of HB(Wy) with (Utyy)* ® C
since both are quadratic.
By the long exact sequence of cohomologies induced from the G,,-

bundle Wy — Mé{\é) = Wx/C*, we get
0— H'(MY) = H (W) — H (G,,) = 0

and A
H(MP) ~ H (Wy)  (i>2).

It yields the identification of the subspace H°B (/\/l(()]\é)) of H'B(Wy)
with (Ut y)* ® C. O
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The above identification is induced from
Exp O =3 "ty oty @ s, |- lwi] € Ut) x@ HOBM(Y)
where the sum is taken over m > 0 and Jy,---,J,, € {(1,7)]2 < i <

4} UA{(1,7,0)]2<i< j<4,a € Z/NZ}.
Especially the 1dent1ﬁcat10n between degree 1 terms is given by

Q) = Zthdlogzer > > tila)dlog(z — Chz)

2<i<j<4 a€Z/NZ
ety ® Hhp(MSY).
4,N DR

In terms of the coordinate (x,y),

QY = t1pdlog(xy) + tisdlogy + Y tas(a)dlog y(w — (%)
+ ) ta(a)dlog(zy — (i) + Y tsa(a)dlog(y — )
= tlglegSC + Z tgg(a)dlog(m — Cg]) + (t12 + t13 + tzg)legy

+ Y taa(a)dlog(y — () + Y taa(a)dlog(zy — ).

It is easy to see that the identification is compatible with Hopf algebra
structures. We note again that the product [y - [, € H OB(M )Y for
lh, Iy € HOB(M )} is given by [ - ( ) o= S0 L () () for fe

Ut} y ® C with A( )= > f1 ® £ (A: the coproduct of Ut] n)-

Occasionally we also regard H°B (./\/l(()]\é)) as the regular function rlng

of K}Y(C) = {g € Ut} y ® Clg : group-like}.

By a generalization of Chen’s theory [C] to the case of tangential
basepoints, especially for M = Méﬁ) or Mé{?, we have an isomorphism
p: H'BM) ~ I,(M)
as algebras over C which sends >, crlwi,| - |wy] (1 € C)

to >, elt [ w;, 0 ow;. Here Y, ¢/lt [ w;, o ---ow;, means the
iterated integral defined by

DX e[ ) e () ()

for all analytic paths v : (0,1) — M(C) starting from the tangential
basepoint o (defined by £ for M = ./\/l(()y and defined by - and d

for M = Mé{\;)) at the origin in M (for its treatment see also [De]§15)
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and I,(M) stands for the C-algebra generated by all such homotopy
invariant iterated integrals with m > 1 and w;,,...,w;,, € Hhz(M).

4. TWO VARIABLE CYCLOTOMIC MULTIPLE POLYLOGARITHMS

We introduce cyclotomic multiple polylogarithms, Li,(¢(z)) and

Liap(C(x),7(y)), and their associated bar elements, I and lgfi)’ﬁ(y),

which play important roles to prove our main theorems.

For a pair (a,{) with a = (ay,---,a;) € Z%, and { = ({1, ..., )
with ¢; € py: the group of roots of unity in C (1 < ¢ < k), its
weight and its depth are defined to be wt(a,() = a; + --- + a5 and
dp(a, () = k respectively. Put ((z) = (¢1,..., (1, Gz). Put 2 € C
with |z| < 1. Consider the following complex analytic function, one
variable cyclotomic multiple polylogarithm

Lia(((2)) == Y. S (G2)

al k—1 ag
0<my <---<my, 1 k=1 """k

It satisfies the following differential equation

d %Li(al’...7%71,%,1)(5(2)) if ay, 7& L,
Eua(é(z)) — Cle_zL@'(%...,ak_l)(cl, oy oy Ger2) ifap =1,k # 1,
q}_z if ap =1,k=1.

It gives an iterated integral starting from o, which lies on IO(ME){Z)).

Actually by the map p it corresponds to an element of the Q-structure
U8y, of V(/\/Iéﬁ)) denoted by I$. It is expressed as

lg = (_1)k[w0| <o |wo |ng*1 |wo -+ + |wo |ng*1gk*_11 [ EEEEEE |w0|w§;1mg1]'
ap—1 ap—1—1

By the standard identification p ~ Z/NZ sending (y = exp{%} >
1, for a series ¢ = > 1. worq Cw ()W it is calculated by

C k
lg(‘ﬂ) = (-1) CAak—1B(—ek)Aak7171B(—ek—ek_1)mA“1*lB(—ek—m—el)(90)
with §; = (§ (e; € Z/NZ). B
For a = (a17“' aa'k:) S Z];()a b = (bla"' 7bl) S Zl>07 C: (Cl?"'?Ck)a
n=(m,...,m) with {;,n; € uy and z,y € C with |z| < 1 and |y| <
1, consider the following complex function, the two variables multiple
polylogarithm

mi . mk_l(ckx)mk . fr/{"l e n?jil(nly)nl

Liap(C(a) i(y) = Y 2t TR

al DY ak71 ak . DY
0<my <---<my, my My My - Ty 4y
<np<--<ny
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It satisfies the following differential equations.

d _
%L’La,b(g(l’),ﬁ(g]))
Ck LZ(al S,ak—1), b(Cl; s Ck727 <k71x7?7(y)) - (% + 41:11,1) '
Li(ay e an_1,00), (b2, 00) (C1s -+ - Gty G, My - - i1, MY
ifay=1,k#114#1,
= ¢ =i Lin(n(y)) - (% + Cl—%r) Lii(by), bg.r b0) (1M, 125 -5 =1, my)
ifapg=1,k=1,1%#1,
Ck Ll(al ak71)7b1(<-17 cee 7Ck—1$7 771y) - (% + C;le_GC) :
Li(a ,ak—_1,b1) (Cl?"'aCk 1, Ck:nlxy) if akzlak#lal:]-a
<* Lzbl(my) <i C’ ) Liy, (Gimzy) ifap=1,k=1,1=1,
diyua,b@(x), ()
%Lia(b Sbi—1,bi— 1)(§(x) ( )) if bl 7é 17
= mTl_yLia e (C(@)ym, e, my) i =10,
nTl_yLza(C(mxy)) ifo=1101=1
1

By analytic continuation, the functions Lian(((x), 7(y)), Liva(7i(y), C(2)),
Lia(C(z)), Lia(¢(y)) and Lza(C( y)) give iterated integrals starting

from o, which lie on I, (./\/l0 5 ) They correspond to elements of the
Q-structure (Ut} y)* of V(M( ) by the map p denoted by I; ( )
lga (@) lC 11® and 2 respectively. Note that they are expressed

as
Z crlwiy,| -+ |ws,]
T=(im - yi1)
for some m € N with ¢; € Q and w;; € {7,<—z, %y, i—yy,%(( €
/n)}-
5. PROOF OF MAIN THEOREMS

This section gives a proof of theorem 1.

Proof of theorem 1. Let a = (ay,...,a) € Z5o, b= (by,...,b) €
Zl>07 C = (Cla'-wgk) and 77/ = (nlv'-_" ) with Cmnj € UN - C

(1 <i<kand1l < j <) Put ((z) = (G, 1, Gr) and
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7(y) = (1, ..., m—1,my). Recall that multiple polylogarithms satisfy

the following analytic identity, the series shuffle formula in IO(M((){\;)):

Lia(C(x)) - Lin(w) = > Lizey)™”
o€Sh< (k)
Here Shs(k, 1) := UX_1{o : {1, -+ ,k+l} — {1,--- ,N}|o is onto, o (1) <
-<ok),olk+1)<---<a(k+1}, o(a,b) := (c1, -+ ,cn) with
as+ by if o71(i) = {s,t} with s <,
¢ = { ag if o71(s) = {s} with s <k,
bs_k if c7'(i) = {s} with s >k,
and o ((z), 7(9)) = (o, .., 2n) with
oy if o71(i) = {s,t} with s < ¢,
2 =< T, if o71(i) = {s} with s <k,
Ysx  if o71(i) = {s} with s>k,
for v; = G (1 # k), Gv (1 = k) and y; = n; (J # 1), nyy (J =

[). Since p is an embedding of algebras, the above analytic identity
immediately implies the algebraic identity, the series shuffle formula in

the Q-structure (Ut] y)* of V(/\/l((){\g))

(8) lg(a:) _lz(y) — Z l;égfgyﬁ(y)).

c€Shs(k,l)
Let (g,h) be a pair in theorem 1. By the group-likeness of h, i.e.
h € expFn+1, the product hH234pL23 ig group-like, i.e. belongs to
exp tiN. Hence A(RL2ApL23) = (BL23AR123) R (R123 4h1 23) where A
is the standard coproduct of Ut] y. Therefore

lg(a:) . lz(y)(h1’23’4h1’2’3) _ (lg(’:)®lz(y))(A(h1’23’4h1’2’3))
_ lf(z)(h1,23,4h1,2,3) ) lz(y)(h1’23’4h1’2’3).

Evaluation of the equation (8) at the group-like element hlZ4pt23
gives the series shuffle formula

(9) ORI S
a€Sh<(k,l)

for admissible pairs ' (a,¢) and (b,#) by the results in [F4] because
the group-likeness and (4) for h 1mp11es co(h) =1 and ca(h) = 0.

LA pair (a,¢) with a = (a1, ,ax) and ¢ = (C1,...,C) is called admissible if
(ak,Ck) # (1,1).
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By putting 11°(h) := —T and I$5(h) := I§(h) for all admissible pairs
(a, (), the series regularized value I$% (k) in Q[T (T: a parameter which
stands for log z, cf. [R]) for a non-admissible pair (a, ¢) is uniquely de-
termined in such a way (cf.[AK]) that the above series shuffle formulae
remain valid for {$:%(h) with all pairs (a, ().

Define the integral regularized value ($7 (k) in Q[T for all pairs (a, ()
by 1$7(h) = 1$(e"BOh). Equivalently I$7(h) for any pair (a,() can
be uniquely defined in such a way that the iterated integral shuffle
formulae (loc.cit) remain valid for all pairs (a, ¢) with " (h) == =T
and 1$7(h) := I§(h) for all admissible pairs (a, () because they hold for
admissible pairs by the group-likeness of h (Cf loc.cit).

Let L be the Q-linear map from Q7] to itself defined via the gen-
erating function:

L(expTu) = ZL (T")— —exp{—Zl}l’I(h)%}.
n=1

Proposition 8. Let h be an element as in theorem 1. Then the requ-
larization relation holds, i.e. 1$5(h) = IL,(ZCI( )) for all pairs (a, ().

Proof . We may assume that (a,() is non-admissible because the
proposition is trivial if it is admissible. Put 1" = (1,1,---,1). When
———

a=1" and { = 1", the proof is given by the same argument to [F3] as
follows: By the series shuffle formulae,

m

SRS () - 1S (h) = (m DS (h)
k=0

for m > 0. Here we put l@’s(h) = 1. This means

SR (R) - S () = 3 (DI (R

k,1>0 m=0
Put f(u) =3, Z}Z’S(h)u”. Then the above equality can be read as

Z< D18 (h)u = %log f(u).

k=0

Integrating and adjusting constant terms gives

Dl (R = exp {— Z(—l)”li’s(h)%ﬂ} = oxp {— ST (=1 ()

n=>0 n>1
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because 15 (h) = z}l (h) = I(h) for n > 1 and 1M5(h) = 1M (h) = -T.
Since ziZ’I( ) = S we get 11,05 (h) = L(1; ' (h).

When (a,() is of the form (a’1!,{"1!) with (a’,(’) admissible, the
proof is given by the following induction on [. By (8),

@Y Ly = 3 ljg(f))’fl‘y”(h’)
ceSh(kl)
for b/ = TP OO+ O} 1234123 with | = dp(a’). The group-
likeness and (4) for h implies ¢o(h) = 1 and ca(h) = 0 and the group-
likeness and our assumption cpy(h) = 0 implies cpyn(h) = 0 for
n € Z-o. Hence by the results in [F4]

& 17 (¢ 1), T
)1y = ) (.
oc€Sh< (k)

Then by our induction assumption, taking the image by the map L
gives

2 7l,S ’/717 o ’,ll S
() -1 ) = LIS )+ 3 Iy,
o#ideSh< (k)
Since lg’s(h) and lﬂ’s(h) satisfy the series shuffle formula, L(lg’f(h))
must be equal to [$°(h), which concludes proposition 8. U
Embed Ugy, into U§yi1 by sending Y, , to —A™ *B(—a). Then
by the above proposition,

155(h) = LIS (h)) = L(I§

a a

= I (exp {— S 2 } -y (h))

CA"lB(O)(h)Yf?o} -y (h)) = I§(e”10R,)

for all (a, () because I1(h) = 0. As for the third equality we use (L ®q
id) o (id®qls) = (id®qlS) o (L®qid) on Q[T]®q UTn4+1. AllISS(h)s
satisfy the series shuffle formulae (9), so the 1§(e"™10h,)’s do also.
By putting 7' = 0, we get that [§(h.)’s also satisfy the series shuffle
formulae for all a. Therefore A,(h,) = h,®h,. This completes the
proof of theorem 1. 0
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