ON WEIGHTS OF l-ADIC POLYLOGARITHMS AND p-ADIC POLYLOGARITHMS

HIDEKAZU FURUSHO

Abstract. In this note, we report a l-adic behavior of Wojtkowiak’s l-adic polylogarithms and a p-adic behavior of Coleman’s p-adic polylogarithms with respect to weights.

1. l-adic polylogarithms In this section, we employ notations in [NW]. Namely, let l be a prime and F be a subfield of C. Put σ ∈ Gal(F /F ) and z ∈ P^1(F )\{0, 1, ∞}.

The distribution {κ^{z,(a)}_ln (σ) ∈ Z^×_l }^{a∈Z/ln}_{n=0,1,2,...} (loc. cit. Definition 2) which determines a measure μ^{z,σ}_F of Z_l satisfies the following:

(1) κ^{z,(a)}_ln (σ) = κ^{zl,(la)}_{ln+1} (σ).

Let us note that actually the definition of κ^{z,(a)}_ln (σ) in LHS depends on a choice of a topological path in π^{top}_1 (P^1(C)\{0, 1, ∞}; −→ 01, z) and we take its corresponding image in π^{top}_1 (P^1(C)\{0, 1, ∞}; −→ 01, z^l) by the endomorphism of P^1(C)\{0, 1, ∞} sending x → x^l when we consider the definition of κ^{zl,(la)}_{ln+1} (σ) in RHS.

For m � 1, the l-adic generalized Soulé element χ̃^z_m : Gal(F /F ) → Z_l is defined by the following congruence property (loc. cit. Definition 3):

χ̃^z_m(σ) ≡

l^n−1∑

a=0 a^{m−1}κ^{z,(a)}_ln (σ) mod l^nZ_l (n � 1),

which gives its integral expression

χ̃^z_m(σ) = ∫ Z_l

x^{m−1}dμ^{z,σ}_F .

Particularly when σ ∈ Gal ( F /F (z^{1l∞} ) ) , we have ℓ^z_m(σ) = (−1)^{m−1 χ̃zm (σ)}_{(m−1)!} (loc. cit.

Corollary) where ℓ^z_m(σ) stands for the l-adic polylogarithm studied by Wojtkowiak. Put χ^{(l),σ}_m (z) := χ̃^{zl}_m(σ) − l^{m−1}χ̃^z_m(σ) ∈ Z_l.

Proposition 1. Fix σ ∈ Gal(F /F ) and z ∈ P^1(F )\{0, 1, ∞}. Let m, m^′, M ∈ N. If m ≡ m^′ mod (l − 1)l^M , then

χ^{(l),σ}_m (z) ≡ χ^{(l),σ}_m′ (z) mod l^{M+1}Z_l.

Date: February 29, 2004. 1

2 HIDEKAZU FURUSHO

Proof . By (1), we compute

χ̃^z_m(σ) = lim_{n→∞} ∑ 0⩽a⩽l^n−1

a^{m−1}κ^{z,(a)}_ln (σ) = lim_{n→∞} 1 l^{m−1} ∑ 0⩽a⩽l^n−1

(la)^{m−1}κ^{zl,(la)}_{ln+1} (σ)

= lim_{n→∞} 1 l^{m−1} ∑ 0⩽a⩽l^{n+1}−1 l|a a^{m−1}κ^{zl,(a)}_{ln+1} (σ) = 1 l^{m−1} ∫ lZ_l

x^{m−1}dμ^{zl ,σ}_F .

Then we have

χ^{(l),σ}_m (z) = χ̃^{zl}_m(σ) − l^{m−1}χ̃^z_m(σ) = ∫ Z^×_l

x^{m−1}dμ^{zl,σ}_F .

The equality x^{m−1} ≡ x^{m′ −1} mod l^{M+1}Z_l for x ∈ Z^×_l by m ≡ m^′ mod (l − 1)l^M gives an expression x^{m−1} − x^{m′−1} = l^{M+1}h(x) for h(x) ∈ Cont(Z^×_l , Z_l). By ∫ Z^×_l h(x)dμ z^l ,σ

F ∈ Z_l, ∫ Z^×_l

x^{m−1}dμ^{zl ,σ}_F ≡ ∫ Z^×_l

x^{m′ −1}dμ^{zl,σ}_F mod l^{M+1}Z_l,

from which we get the claim. □

Especially by restricting into σ ∈ Gal ( F /F (z^{1l∞} ) ) , we see that a modification

(2) ℓ^{(l),σ}_m (z) := { (m − 1)!l^mℓ^z_m(σ) } − 1 l^{m−1} { (m − 1)!l^mℓ^{zl}_m(σ) } of the l-adic polylogarithm ℓ^z_m(σ) admits a nice l-adic behavior with respect to the weight m.

2. p-adic polylogarithms Let p be a prime. Put m ∈ N. The p-adic polylogarithm studied by Coleman [C] is the following series

Li_m(z) = ∞∑ n=1 z^n n^m , which converges on {z ∈ C_p : |z|_p < 1}. Here | · |_p means the standard multiplicative valuation of C_p. By using his p-adic iterated integration theory (loc. cit.), this function is analytically continued to P^1(C_p)\{1, ∞} as (not a rigid analytic function but) a Coleman function of P^1(C_p)\{0, 1, ∞} (for a brief expository, see [F]). Consider its modification

(3) ℓ^{(p)}_m (z) := Li_m(z) − 1 p^m

Li_m(z^p)

which has an expansion ℓ^{(p)}_m (z) = ∑ (n,p)=1 z^n n^m on |z|p < 1. It was shown in [C]

Proposition 6.2 that actually this function extends to a rigid analytic function of B := P^1(C_p) − { |z − 1|_p < p^{−1p−1} } . Proposition 2. Let m, m^′, M ∈ N. If m ≡ m^′ mod (p − 1)p^M , then

ℓ^{(p)}_m (z) ≡ ℓ^{(p)}_m′ (z) mod p^{M+1}Z_p[[z]].

Proof . It is clear by the congruence n^m ≡ n^{m′} mod p^{M+1}Z for (n, p) = 1. □

WEIGHTS 3

Since the ring of rigid analytic functions on B is embedded into C_p[[z]] by taking expansions at z = 0, we see that the modification ℓ^{(p)}_m (z) = Li_m(z) −^1_{pm} Li_m(z^p) of the p-adic polylogarithm Li_m(z) admits a nice p-adic behavior with respect to the weight m as a rigid analytic function.

But it looks a bit strange because the adjustment factor is^1_{pm} in (3) while it is 1 l^{m−1} in (2). The author would like to clarify this and expects a theoretical argument

to explain both Proposition 1 and Proposition 2 at once.

References

[C] Coleman, R.; Dilogarithms, regulators and p-adic L-functions, Invent. Math. 69 (1982), no. 2, 171–208.

[F] Furusho, H.; p-adic multiple zeta values I – p-adic multiple polylogarithms and the p-adic KZ equation, Inventiones Mathematicae, Volume 155, Number 2, 253-286(2004).

[NW] Nakamura, H. and Wojtkowiak, Z.; On explicit formulae for l-adic polylogarithms, Arithmetic fundamental groups and noncommutative algebra, 285–294, Proc. Sympos. Pure Math., 70, Amer. Math. Soc., Providence, RI, 2002.

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Furo-cho, Nagoya 464-8602 Japan

E-mail address: furusho@math.nagoya-u.ac.jp